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Abstract
Large reasoning models (LRMs) generate long reasoning traces before producing final answers. While these
traces may contain useful signals for hallucination detection, harnessing them is non-trivial because long
trajectories often include noisy steps that obscure the cues relevant to truthfulness assessment. In this paper,
we identify two prevalent forms of reasoning noises, i.e., irrelevant steps and repetitive steps, and show that
both substantially degrade hallucination detection performance. Existing confidence-based scores and naive
embedding-based filtering fail to reliably separate noisy from informative steps. To address this challenge,
we propose REDE, a novel learning framework for denoising reasoning traces for hallucination detection.
Specifically, REDE leverages final-answer attention as an automatic supervision signal to shape the step-level
representation space, yielding refined embeddings in which noisy steps can be reliably identified and filtered.
REDE can be readily plugged into diverse hallucination detectors by operating on the filtered reasoning
trajectory after removing noisy steps. Extensive experiments on multiple reasoning benchmarks show that
REDE consistently improves detection performance over competitive baselines.
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1. Introduction
Hallucination detection for large reasoning models (LRMs) is critical for building reliable AI systems.
Recent LRMs, such as OpenAI’s o series [27] and DeepSeek-R1 [17], generate long reasoning traces before
producing final answers. While these traces can improve reasoning capability, hallucination remains a serious
reliability concern [4, 17, 24, 39]. Existing studies have begun to leverage reasoning traces for hallucination
detection [40, 54], motivated by the intuition that intermediate reasoning may reveal useful signals about the
final answer correctness. However, harnessing reasoning traces is non-trivial. Recent evidence shows that,
although long reasoning traces can improve reasoning performance, they can also obscure the cues useful
for hallucination detection [10]. This suggests that naively incorporating the full reasoning trace does not
consistently benefit detection.

A key challenge is that long reasoning traces often contain noisy steps that are weakly informative for
hallucination detection. By examining LRM trajectories, we identify two prevalent forms of noisy steps:
irrelevant steps, which do not contribute meaningful problem-specific information, and repetitive steps, whose
information is already covered by later steps in the trajectory. As shown in Figure 1(a), these noisy steps can
substantially degrade hallucination detection performance, while removing them yields clear improvements.
This observation suggests that identifying and filtering noisy reasoning steps is crucial for effectively using
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Figure 1 | (a) Long reasoning traces contain irrelevant and repetitive steps, which hurt hallucination detection;
removing them yields clear improvements, as validated with supervised probing [3] using the last-layer embeddings. (b)
Confidence-based signals fail to distinguish informative and noisy steps, as their score distributions overlap heavily. (c)
Naive 𝑘NN-based on raw step embeddings can identify irrelevant steps but fails to separate repetitive from informative
ones. Experiments are based on AIME 2024 [26] with Qwen3-8B [64]. We annotate the reasoning steps into informative,
irrelevant, and repetitive categories. Annotation details are in Appendix A.3.

reasoning traces in hallucination detection.

A natural approach is to identify noisy steps using confidence-based signals. Recent work has used
confidence for improving reasoning-time generation [51, 55, 58, 73]. However, these methods are designed
to improve generation quality, rather than to identify which reasoning steps are informative for detecting
hallucination in the final answer. Confidence reflects how certain the model is about what it generates, not
how useful a step is for downstream hallucination detection. Indeed, Figure 1(b) shows that the confidence
distributions of informative and noisy steps overlap heavily, making confidence-based filtering ineffective.

Another possible route is to identify noisy steps in the embedding space. While irrelevant steps may
behave as outliers and can sometimes be detected by simple representation-similarity methods such as
𝑘NN, this strategy remains inadequate for repetitive steps. Unlike irrelevant steps, repetitive steps are often
semantically similar to informative ones and therefore remain close in the raw representation space. As shown
in Figure 1(c), naive 𝑘NN-based filtering can identify some irrelevant steps but fails to distinguish repetitive
from informative ones. These limitations suggest that effective noisy-step filtering requires a signal beyond
confidence or raw semantic similarity—one that better reflects each step’s contribution to the final answer and
to hallucination detection.

To address this challenge, we propose Reasoning Denoiser (REDE), a novel framework for filtering
noisy reasoning steps by shaping the step-level representation space. Our key idea is to use the attention
score between the final answer token and each reasoning step as a supervision signal, which requires no
human annotation. Intuitively, this attention reflects how much a step contributes to forming the final answer:
irrelevant steps tend to receive low attention because they are weakly connected to the answer, while repetitive
steps can also receive low attention because their information has already been covered by later steps in the
reasoning trajectory. Based on this observation, REDE learns a lightweight projection that pulls informative
steps closer together while pushing noisy steps away. The resulting refined step embeddings allow noisy steps
to be reliably identified and filtered by simple distance-based methods such as 𝑘NN.

REDE can be readily plugged into diverse hallucination detection methods by operating on the filtered
reasoning trajectory after removing noisy steps, including probing-based [3, 7], uncertainty-based [50],
and verbalized methods [36]. Extensive experiments on four representative reasoning tasks show that
REDE consistently improves hallucination detection performance across diverse datasets. Specifically, on a
representative benchmark TruthfulQA, REDE improves detection performance by up to 18.69% over using
the original unfiltered reasoning trace, and achieves state-of-the-art performance of 87.32%, demonstrating
that reasoning-step denoising is an effective and general strategy for hallucination detection in LRMs.

Our key contributions are summarized as follows:
• We identify noisy reasoning steps as an overlooked obstacle to hallucination detection. We further show
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Figure 2 | Attention scores from the final-answer token to each reasoning step on a representative AIME 2024 [26]
example with Qwen3-8B [64]. Irrelevant and repetitive steps receive low attention, while informative steps receive high
attention. The computation of attention scores is detailed in Section 4.1.

that these noisy steps degrade hallucination detection performance, establishing reasoning-step filtering
as an important solution for reliable hallucination detection.

• We propose Reasoning Denoiser (REDE), a novel learning framework that leverages final-answer
attention to shape the step-level representation space, enabling reliable filtering of noisy reasoning steps
without human annotation.

• Extensive experiments (Section 5.2 and Appendix B) and theoretical analyses (Appendix E) show when
and why REDE improves detection performance. We also demonstrate that REDE can be plugged into
diverse hallucination detection methods for consistent gains.

2. Problem setup
We study hallucination detection for large reasoning models that generate reasoning traces before final answers,
which have become increasingly prominent in today’s foundation model landscape.

Reasoning generation. Let an 𝐿-layer causal LRM take a prompt p and generate a response autoregressively.
In reasoning-centric settings, we decompose the generated response into a reasoning trace C = (c1, . . . , c𝐾)
and a final answer a, where each c𝑘 is a contiguous token span corresponding to one reasoning step. Both the
number of reasoning steps 𝐾 and the length of each step can vary across inputs.

Hallucination detection. Given (p,C,a), the goal is to determine whether the final answer a is truthful
under the task-specific criterion. Let 𝑦 ∈ {0, 1} denote the label, where 𝑦 = 0 means the answer is truthful
and 𝑦 = 1 means it is hallucinated. We aim to learn a binary detector 𝐺(p,C,a) ∈ {0, 1}, which predicts the
truthfulness of the final answer [40, 54, 59, 70].

Challenge of long reasoning traces. Unlike standard generation, the reasoning trace in an LRM is not
uniformly useful for hallucination detection. Long traces often contain noisy steps that are weakly informative
about the correctness of the final answer, thereby diluting the signals most relevant to truthfulness assess-
ment [10]. Consequently, naively using the original reasoning trace may hurt detection performance. This
motivates our goal of denoising the reasoning trace before hallucination detection. We provide analysis on the
noisy reasoning steps next.

3. Understanding noisy reasoning steps for hallucination detection
Before introducing our method, we first seek to better understand the nature of noisy reasoning steps and
to identify a suitable signal for detecting them. Our analysis leads to two main observations. First, the
final-answer attention in LRMs provides a meaningful signal for distinguishing informative steps from noisy
ones. Second, among semantically similar steps, earlier steps are more likely to be redundant, whereas later
steps tend to preserve the information most relevant to the final answer. These observations motivate the
design of our framework in Section 4.

3



Reasoning Denoiser: Denoising Reasoning Traces for Hallucination Detection in Large Reasoning Models

Final-answer attention reflects step informativeness. We examine whether the LRM’s own internal signals
can reveal which reasoning steps are useful for hallucination detection. Our key observation is that the
attention score from the final-answer token to each reasoning step provides a meaningful relevance signal:
steps that contribute more directly to the final answer tend to receive higher attention.

We verify this on our annotated AIME 2024 [26] (cf. Appendix A.3) using Qwen3-8B [64], where we
compute the attention score assigned by the final-answer token to each reasoning step (formally defined in
Eq. 1). Figure 2 shows a representative example. Three patterns emerge clearly: (1) irrelevant steps receive
low attention; (2) repetitive steps, whose content is effectively subsumed by later steps, also receive low
attention; and (3) informative steps that directly support the final answer receive substantially higher attention.
This pattern also holds at the dataset level. Averaged over all examples, informative steps receive a mean
attention score of 6.5× 10−3, compared to 2.1× 10−3 for irrelevant steps and 3.3× 10−3 for repetitive steps.
These results suggest that final-answer attention offers a practical and unsupervised signal for separating noisy
steps from informative ones. We further validate the effectiveness of this signal in Appendix C.7.

Earlier semantically similar steps are often redundant. Our analysis shows low-attention steps are
not homogeneous: some are irrelevant, while others are part of repeated reasoning. We next focus on
the latter case. When multiple semantically similar steps appear in a reasoning trajectory, an important
question is which occurrence preserves the information most relevant to the answer. If later steps con-
sistently retain the essential information better than earlier ones, this suggests earlier occurrences are re-
dundant. To study this, we cluster reasoning steps based on embedding similarity and, from each cluster,
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Figure 3 | (a) Cosine similarity between
the answer embedding from the retained
earliest/latest steps and that from the full
reasoning trace. (b) Hallucination detec-
tion performance of linear probing based
on the retained earliest/latest steps. Re-
sults on AIME 2024 [26] with Qwen3-
8B [64].

retain either the earliest or the latest step; details are in Ap-
pendix A.5.

For each retained subset, we concatenate the selected steps with
the original question and answer, and then extract the resulting
answer embedding from the LRM. We evaluate two criteria: (1)
the cosine similarity between the new answer embedding and the
original full-trace answer embedding, which measures how well the
retained steps preserve the original reasoning signal; and (2) the
hallucination detection performance obtained by applying a linear
probe to the new answer embedding. Figure 3 shows retaining the
latest steps consistently yields higher cosine similarity and stronger
detection performance than retaining the earliest steps. This result
suggests that earlier steps are often redundant, whereas later steps
might preserve the information relevant for hallucination detection.

4. Method
Our novel framework REDE addresses the challenge of denoising reasoning traces for hallucination detection.
The key idea is to learn a step-level representation space in which informative reasoning steps form a compact
region, while noisy steps become isolated and hence easy to filter. Rather than using the raw reasoning
trace directly, REDE first identifies an annotation-free supervision signal from the LRM itself, then learns a
lightweight projection that reshapes the step embeddings, and finally performs filtering in the learned space
before applying a downstream hallucination detector. Our framework is illustrated in Figure 4.

Framework overview. Given a prompt p, a reasoning trace C = {c1, . . . , c𝐾}, and a final answer a
generated by an LRM, our framework encompasses three components addressing the following questions:
(1) How can we obtain a reliable supervision signal without human annotation? We estimate how much
each reasoning step contributes to the final answer using final-answer attention, yielding an annotation-free
step score (Section 4.1). (2) How can we learn a representation space favorable for noisy-step filtering?
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Figure 4 | Overview of the REDE framework for hallucination detection in LRMs. During training, REDE scores
each reasoning step via final-answer attention and learns a lightweight projection 𝑓𝜑 that maps step embeddings into a
denoised representation space where informative and noisy steps are well separated. During inference, step embeddings
are projected by 𝑓𝜑 and noisy steps are filtered via distance-based scoring for downstream hallucination detection.

Using the attention scores as supervision, we train a projection network that maps step embeddings into a new
space where informative and noisy steps are more separable (Section 4.2). (3) How can we perform efficient
filtering at test time? We filter noisy steps in the shaped space and feed the resulting trace to a downstream
hallucination detector (Section 4.3). The training and inference procedures are summarized in Algorithms 2
and 3.

4.1. Scoring reasoning steps with final-answer attention
REDE estimates the usefulness of each reasoning step for producing the final answer. As shown in Section 3,
the internal attention of LRMs provides a natural signal for this purpose.

Let 𝑎𝑇 denote the last token of answer a, x1:𝑁 = (𝑥1, . . . , 𝑥𝑁 ) denote the full causal context visible to
𝑎𝑇 , and 𝐼𝑖 ⊆ {1, . . . , 𝑁} denote the set of token indices corresponding to the 𝑖-th reasoning step c𝑖. We
define the score of step c𝑖 as the total attention mass assigned by 𝑎𝑇 to the tokens in that step:

𝑠𝑖 =
∑︁
𝑡∈𝐼𝑖

exp
(︀
q(𝑎𝑇 )

⊤k(𝑥𝑡)/
√
𝜔
)︀∑︀𝑁

𝑢=1 exp(q(𝑎𝑇 )
⊤k(𝑥𝑢)/

√
𝜔)

, (1)

where q(·) and k(·) are the query and key projections, and 𝜔 is the query/key projection dimension.

The score 𝑠𝑖 measures how strongly the final answer attends to step c𝑖, which admits a simple interpretation.
If a step is irrelevant to the answer, its key representations are weakly aligned with the query of the answer
token, resulting in a low score. If a step is repetitive, its content is often subsumed by later steps, and the
attention tends to concentrate on the later occurrence, again leading to a low score. By contrast, informative
steps that directly support the answer receive higher scores.

From attention scores to representation shaping. While directly thresholding the attention score 𝑠𝑖 at
test time and discarding low-attention steps is feasible, this approach has two important limitations. First,
it requires recomputing attention scores for every test sample, which incurs non-trivial inference overhead.
Second, although attention provides a meaningful signal when aggregated across many examples, per-instance
attention scores can vary with reasoning trace length and structure, and prior work has shown that vanilla
attention may not reliably transfer to downstream tasks without further learning [28, 61]. We verify this
empirically in Section 5.2, where direct attention-based filtering consistently underperforms our learning-based
approach.

Instead of using attention as a direct filter, we use it as an annotation-free supervision signal to shape the
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step-level representation space. By learning a lightweight projection over many examples, REDE converts the
per-instance attention signal into a more stable embedding structure that reflects step informativeness. We
introduce this process next.

4.2. Learning a denoised step representation space
We now describe how REDE extracts step embeddings and learns a shaped representation space for noisy-step
filtering.

Step embedding extraction. A reasoning step often contains both informative and uninformative tokens. To
construct a step representation that emphasizes content-bearing tokens, we follow [44] and adopt a perplexity-
weighted aggregation of token embeddings. Specifically, for the 𝑖-th reasoning step c𝑖 spanning token indices
𝐼𝑖, we define

e𝑖 =

∑︀
𝑡∈𝐼𝑖

PPL(𝑥𝑡)h(𝑥𝑡)∑︀
𝑡∈𝐼𝑖

PPL(𝑥𝑡)
, PPL(𝑥𝑡) =

1

𝑝𝜃(𝑥𝑡 | 𝑥<𝑡)
, (2)

where h(𝑥𝑡) ∈ R𝑑 denotes the hidden representation of token 𝑥𝑡 and 𝑝𝜃(𝑥𝑡 | 𝑥<𝑡) is the next-token probability
assigned by the LRM. This weighting assigns larger importance to less predictable tokens, which typically
carry richer semantic information (different strategies are compared in Appendix B.7).

Selecting informative and noisy proxies. For each training trace, we rank the steps by the attention scores
{𝑠𝑖}𝐾𝑖=1 (Eq. 1). We denote by 𝒯 the top-𝜌% steps and by ℬ the bottom-𝜌% steps. The set 𝒯 serves as a
proxy set of informative steps, whereas ℬ serves as a proxy set of noisy steps (the effect of 𝜌 is studied in
Appendix B.1).

Projection learning. We train a lightweight projection network 𝑓𝜑 : R𝑑 → R𝑑′ to map each step embedding
e𝑖 to a projected embedding z𝑖 = 𝑓𝜑(e𝑖). Throughout, the underlying LRM is frozen and only the projection
parameters 𝜑 are optimized.

The goal of the projection is to induce an embedding distribution favorable for distance-based filtering:
informative steps should form a compact cluster, noisy steps should remain scattered rather than collapse
together, and the two groups should be well separated. To realize this, we define the cosine similarity between
projected steps 𝑖 and 𝑗 as sim𝑖𝑗 = z⊤𝑖 z𝑗/(‖z𝑖‖2‖z𝑗‖2), and optimize the following objective:

ℒ = E𝑖̸=𝑗, 𝑖,𝑗∈𝒯 (1− sim𝑖𝑗)⏟  ⏞  
ℒcompact

+ 𝜆disperse · E𝑖̸=𝑗, 𝑖,𝑗∈ℬ sim𝑖𝑗⏟  ⏞  
ℒdisperse

+ 𝜆separate · E𝑖∈𝒯 , 𝑗∈ℬ sim𝑖𝑗⏟  ⏞  
ℒseparate

. (3)

Each term plays a distinct role. ℒcompact pulls informative steps together, forming a compact region.
ℒdisperse discourages noisy steps from clustering with one another, so that they remain individually identifiable
as outliers. ℒseparate pushes informative and noisy steps apart, improving their global separability. Overall,
these three terms shape a representation space in which noisy steps have large distances to the informative
region and can therefore be filtered effectively using simple non-parametric rules (sensitivity to loss weights
is analyzed in Appendix B.4).

Discussion. Our design is intentionally lightweight: the projection network operates on frozen step rep-
resentations and requires only annotation-free supervision from the LRM itself. Moreover, the learned
embedding distribution is detector-agnostic—once the noisy steps are removed, the filtered trace can be passed
to any downstream hallucination detector. We further provide a formal mathematical analysis showing that
hallucination detection based on the filtered trace admits a bounded detection error, where the bound depends
directly on the quality of noisy-step filtering induced by the learned projection. The full theorem and proof
are deferred to Appendix E.
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Table 1 | Comparison with competitive hallucination detection methods. “Single Generation” indicates whether the
method requires only one generation during inference. “Supervision” indicates whether the method requires ground-truth
annotations during training or testing. We report the results of REDE with CCS and supervised probing as downstream
detectors. The best results are highlighted in bold.

Method Single
GenerationSupervision

Qwen3-8B DeepSeek-R1-
Distill-Llama-8B

TruthfulQA MATH CodeElo MULTIHOPQATruthfulQA MATH CodeElo MULTIHOPQA

Lexical Similarity [38]✗ ✗ 52.00 49.02 55.44 58.26 44.09 66.28 52.57 54.33
SelfCheckGPT [43] ✗ ✗ 53.11 47.20 51.85 52.61 58.54 51.81 63.33 50.21
Semantic Entropy [30] ✗ ✗ 54.35 40.69 53.76 66.83 49.43 51.11 72.52 50.13
EigenScore [8] ✗ ✗ 49.50 55.31 53.88 60.27 45.31 51.17 55.20 58.12
P(True) [29] ✓ ✗ 64.47 75.16 55.62 75.59 42.93 45.64 53.88 65.25
HaloScope [15] ✓ ✗ 67.22 61.43 57.19 61.03 54.19 64.18 54.22 51.31
TSV [47] ✓ ✓ 69.91 71.88 59.42 67.43 52.59 68.75 59.28 59.71
CED [32] ✓ ✗ 70.29 68.42 60.23 72.18 54.51 65.30 61.72 57.32
HaMI [45] ✓ ✓ 71.42 70.05 60.44 70.63 58.72 67.41 60.57 61.74

LRM-based

RHD [54] ✓ ✗ 58.08 64.15 62.21 58.16 57.16 57.63 65.20 63.02
RACE [59] ✗ ✗ 80.82 70.55 77.14 74.58 61.23 62.62 59.02 64.62
HalluGuard [69] ✓ ✗ 51.67 53.58 56.52 55.73 51.15 57.57 51.86 53.55
ARS (CCS) [70] ✓ ✗ 81.92 77.03 80.05 70.31 75.42 72.18 73.97 68.40
REDE (CCS) ✓ ✗ 87.32±0.83 81.33±2.1482.17±1.76 73.41±2.53 78.30±1.91 74.24±2.3779.09±0.62 72.85±2.85

REDE (Probing) ✓ ✓ 86.44±0.47 87.06±1.2387.19±0.95 82.94±1.67 74.37±2.08 83.91±0.7182.55±1.42 78.71±1.89

4.3. Inference-time filtering and hallucination detection
During inference, REDE performs step filtering without requiring either attention scores or ground-truth labels.
Given a test trace C̄ = {c̄1, . . . , c̄𝐾̄}, we first extract the step embeddings {ē𝑖}𝐾̄𝑖=1 using Eq. 2 and project
them into the learned space: z̄𝑖 = 𝑓𝜑(ē𝑖). We then compute a distance score 𝑆𝑖 for each step as its 𝑘-nearest
neighbor cosine distance with respect to all other steps within the same trace: 𝑆𝑖 = 1−z̄⊤𝑖 z̄

(𝑘)
𝑖 /(‖z̄𝑖‖2‖z̄(𝑘)𝑖 ‖2),

where z̄
(𝑘)
𝑖 denotes the 𝑘-th nearest neighbor of z̄𝑖 among {z̄𝑗}𝑗 ̸=𝑖. Intuitively, informative steps cluster

together in the shaped space and thus have small 𝑘-NN distances, while noisy steps are scattered and yield
larger distances. We remove the top-𝜁% steps with the largest distance scores and retain the remaining
steps as the filtered trace C̄fil ⊆ C̄. The filtered trace is passed to a downstream hallucination detector 𝐺,
which outputs 𝑦 = 𝐺(p̄, C̄fil, ā). Importantly, REDE is an agnostic denoising module for diverse downstream
detection pipelines.

5. Experiments
Datasets and Models. We evaluate REDE on four reasoning benchmarks: TruthfulQA [37], MATH,
constructed by combining MATH500 [18], AIME 2024 [26], and AIME 2025 [46], CODEELO [49], and
MULTIHOPQA, which is built following prior work [54] by sampling from HotpotQA [65], 2WikiMulti-
hopQA [19], MuSiQue [56], and Bamboogle [48]. These datasets cover open-domain question answering,
mathematical reasoning, code generation, and multi-hop question answering, respectively. For all datasets, we
use 25% of the available data for testing, reserve 100 examples for validation, and use the remaining data for
training. We evaluate all methods using AUROC, and all reported results are averaged over three random
seeds.

We evaluate our method on two widely used LRM families: Qwen3-8B/32B [64] and DeepSeek-R1-Distill-
Llama-8B/DeepSeek-R1-Distill-Qwen-32B [17]. Correctness labels are obtained using a strong external
judge model Qwen3-32B following prior work [66] (robustness to alternative labeling methods is verified
in Appendix C.5). By default, model outputs are generated with greedy decoding. Additional prompt,
dataset, sampling strategies, and implementation details are provided in Appendices A.1, A.2, C.3, and A.4,
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Table 2 | Comparison of detecting hallucination using the original reasoning trace vs. our filtered one. All values
are percentages (AUROC) on different detection methods. The best results are highlighted in bold.

Model Dataset CCS [7] Supervised Probing [3] Perplexity [50] Verbalized Certainty [36]

Original Filtered Original Filtered Original Filtered Original Filtered

Qwen3-8B

TruthfulQA 68.63 87.32 80.42 86.44 58.17 63.46 50.37 61.10
MATH 63.27 81.33 81.05 87.06 65.16 71.03 57.19 65.13
CodeElo 61.64 82.17 82.82 87.19 61.78 72.03 78.89 83.89
MULTIHOPQA 58.19 73.41 77.84 82.94 52.79 65.84 63.75 69.50

DeepSeek-R1-
Distill-Llama-8B

TruthfulQA 54.14 78.30 70.02 74.37 52.79 67.72 56.61 61.94
MATH 63.62 74.24 77.19 83.91 65.85 69.14 69.71 76.13
CodeElo 55.16 79.09 75.07 82.55 69.35 78.49 79.13 84.49
MULTIHOPQA 60.77 72.85 70.05 78.71 55.13 64.45 50.87 59.56

respectively. We also report qualitative case studies, results on GSM8K [11], the impact of filtering on task
accuracy, and additional evaluation metrics in Appendices C.1, C.6, C.9, and C.10, respectively.

Baselines. We first compare detection performance using the original unfiltered reasoning trace and our filtered
one under four representative hallucination detectors: probing-based detector (Supervised Probing [3] and
Contrast-Consistent Search, CCS [7]), uncertainty-based detector (Perplexity [50]), and verbalized detector
(Verbalized Certainty [36]). We then compare our method with a comprehensive set of baselines, including:
(1) embedding-based methods: Truthfulness Separator Vector (TSV) [47], HaloScope [15], CED [32],
and HaMI [45]; (2) consistency-based methods: Lexical Similarity [38], SelfCheckGPT [43], Semantic
Entropy [30] and EigenScore [8]; and (3) verbalized methods: P(True) [29]. We further include methods
specifically designed for LRMs, including Reasoning and Answer Consistency Evaluation (RACE) [59],
Reasoning Hallucination Detection (RHD) [54], HalluGuard [69], and Answer-agreement Representation
Shaping (ARS) [70]. For fair comparison, all baselines are evaluated on the same test sets under the default
settings reported in their original papers. Implementation details of all baselines are provided in Appendix A.4.

5.1. Main results
Effect of reasoning step filtering. Table 2 compares hallucination detection using the original unfiltered
reasoning trace versus our filtered trace across four representative detectors. Across all datasets and two
LRMs, our step selection consistently yields substantial improvements, indicating that the benefit stems from
filtering noisy steps rather than from any particular downstream detector. For example, on Qwen3-8B over
TruthfulQA, AUROC improves from 68.63 to 87.32 for CCS, and from 80.42 to 86.44 for supervised probing.
Similar trends hold on DeepSeek-R1-Distill-Llama-8B, confirming that REDE generalizes across different
LRM families.

TruthfulQA (t) MATH (t)
CodeElo (t)

MULTIHOPQA (t)

TruthfulQA (s)

MATH (s)

CodeElo (s)

MULTIHOPQA (s)

86.44 81.02 78.24 78.51

83.17 87.06 70.19 64.37

75.25 85.66 87.19 68.37

88.19 78.94 88.04 82.94

(a) Cross-dataset transferability

Qwen3-32B DeepSeek-R1-
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65

70

75

80

85

90

AU
R

O
C

 (%
)

85.14

65.84

81.36

71.82

90.87

78.95

(b) Results on Large LRMs
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Figure 5 | (a) Cross-dataset transferability of REDE.
Each row corresponds to a source dataset, and each column
corresponds to a target dataset. (b) Scalability to larger
LRMs. On Qwen3-32B and DeepSeek-R1-Distill-Qwen-
32B, REDE outperforms state-of-the-art baselines on Truth-
fulQA.

Comparison with competitive baselines. Ta-
ble 1 compares REDE against a comprehen-
sive set of baselines spanning embedding-based,
consistency-based, verbalized, and LRM-specific
detectors. REDE achieves the best performance
across nearly all settings. With supervised prob-
ing, REDE reaches 87.06% on MATH, 87.19%
on CodeElo, and 82.94% on MULTIHOPQA with
Qwen3-8B. Even without supervision, REDE with
CCS substantially outperforms all unsupervised
baselines, achieving 87.32% on TruthfulQA. No-
tably, REDE surpasses the strongest and most rele-
vant representation-shaping baseline ARS [70] by a
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large margin (e.g., 81.33 vs. 77.03 on MATH), demonstrating that reasoning-step denoising is a key strategy
for hallucination detection. Computational cost is analyzed in Appendix A.7.

Generalization across data distributions. Following prior work [47], we train REDE on a source dataset
𝑠 and apply the learned projection 𝑓𝜑 to a different target dataset 𝑡 for downstream detection. As shown
in Figure 5 (results are based on Qwen3-8B with supervised probing as the downstream detector), REDE

transfers reliably across diverse datasets: for example, training on MULTIHOPQA and testing on CodeElo
achieves 88.04% AUROC, slightly surpassing the in-domain result of 87.19%. These results indicate that the
learned projection captures a general denoising signal that is largely invariant to dataset-specific surface form.

Scalability to larger LRMs. To assess scalability, we evaluate REDE on Qwen3-32B and DeepSeek-R1-
Distill-Qwen-32B. As shown in Figure 5(b) (results are based on TruthfulQA with supervised probing as the
downstream detector), REDE consistently outperforms the two strongest baselines across both models: on
Qwen3-32B, REDE achieves 90.87% AUROC, improving over RACE by 5.73%; on DeepSeek-R1-Distill-
Qwen-32B, REDE reaches 78.95%, outperforming RACE by 13.11%. The consistent gains confirm that
reasoning-step denoising remains effective in larger LRMs. Additional results over other benchmarks are
provided in Appendix C.2.

5.2. Analysis
We provide analysis to understand REDE. Due to space limitations, we defer additional experiments to
the Appendix, including (1) further ablations on design choices (Appendix B), (2) qualitative case studies
(Appendix C.1), (3) step selection accuracy against human annotations (Appendix C.4), and (4) further
analyses on the black-box applicability, and robustness across sampling, labeling, and additional metrics
(Appendices C.3–C.10).

Ablation on selection strategies. We compare REDE with six alternative strategies in Table 3: random selec-
tion, four existing selection methods [12, 34, 35, 68], and an LLM-as-Judge baseline using Qwen3-32B [64].
Random selection degrades all detectors below the original baseline, confirming that naive subsampling
discards useful signal. The other methods also fail to yield consistent improvements over the original reasoning
trace, and in some cases even degrade detection performance.

Table 3 | Comparing step selection strategies. Re-
sults are on TruthfulQA using Qwen3-8B.

Selection Strategy CCS [7] Probing [3] PPL [50] Verb. [36]

Original 68.63 80.42 58.17 50.37

Random 63.18 74.57 54.23 47.12
STEP [35] 80.17 84.92 60.52 58.33
SPIRIT [12] 83.22 78.14 57.93 56.78
ASAP [68] 76.39 79.18 54.33 52.57
Step Entropy [34] 82.33 87.31 61.49 60.03
LLM-as-Judge [64] 70.11 74.81 59.17 50.94
REDE 87.32 86.44 63.46 61.10

This is because they are designed to improve generation
quality and efficiency rather than to filter the proper noisy
steps for improved detection, whereas REDE specifically
shapes representations with final-answer attention signal
for this purpose. The LLM-as-Judge baseline also strug-
gles because the long reasoning trace impairs its ability
to reliably filter noisy steps. REDE avoids this by oper-
ating in the representation space where noisy steps are
identified via the LRM’s own internal attention signal.

Can attention scores alone identify noisy steps?
As shown in Table 4, direct attention-based fil-
tering consistently underperforms REDE across all detectors (e.g., 80.51 vs. 87.32 for CCS).
Although attention scores provide a useful signal for distinguishing informative from noisy steps (e.g.,
80.51 for filtering by final-answer attention signal vs. 58.08 for RHD [54]), they might be sensitive to the
heterogeneous reasoning traces and suboptimal as a direct filtering rule for detection. In contrast, REDE uses
attention as supervision to learn a projection that reshapes step embeddings, such that informative steps form
a compact region while noisy steps become outliers. This enables more reliable distance-based filtering at test
time, while avoiding attention computation during inference.
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Figure 6 | Ablation studies. (a) Effect of individual loss components, (b) effect of drop ratio 𝜁, (c) effect of output
dimension 𝑑′, and (d) effect of training layer. Results are based on TruthfulQA using Qwen3-8B with supervised probing.
The orange horizontal line denotes the performance of using the unfiltered reasoning trace.

Table 4 | Comparison of direct attention-based
filtering and REDE on TruthfulQA.

Detector Attention Ours

CCS 80.51 87.32
Supervised Probing 84.97 86.44
Perplexity 60.11 63.46
Verbalized Certainty 59.73 61.10

Effect of individual loss components. We ablate each loss
component by removing it from the full objective (Equation 3).
As shown in Figure 6 (a) (results are based on TruthfulQA us-
ing Qwen3-8B with supervised probing), removing any single
component degrades performance. Removing ℒdisperse causes
the largest drop (e.g., 86.44→80.06), as noisy steps cluster
together and become indistinguishable from informative ones
with 𝑘NN. Removing ℒcompact causes informative steps to
spread out and overlap with noisy ones, and removing ℒseparate reduces the distance between the two groups.
We visualize the projected embeddings via t-SNE in Appendix B.2, confirming that each loss induces a distinct
embedding shaping effect.

Effect of the drop ratio 𝜁 . We vary the drop ratio 𝜁 during inference, which controls the fraction of reasoning
steps removed as noisy. As shown in Figure 6 (b), performance improves steadily from 𝜁 = 0 (no filtering) and
peaks at 𝜁 = 70%, then declines as 𝜁 increases further. The results suggest that a large fraction of reasoning
steps are noisy, while overly filtering will remove informative steps.

Effect of different distance metrics. We compare alternative distance metrics (cosine, Euclidean, and
Mahalanobis) for identifying noisy steps in the projected space at test time. All three metrics yield comparable
results, confirming the robustness of the learned projection. We defer the detailed comparison to Appendix B.3.

Effect of the output dimension 𝑑′. We vary the output dimension 𝑑′ of the projection module 𝑓𝜑. As shown
in Figure 6 (c), performance peaks at 𝑑′ = 1024 and remains competitive across a wide range, suggesting that
the denoising signal can be effectively captured at various dimensionalities.

How do different layers impact REDE? In Figure 6 (d), we train REDE using embeddings from different
layers. Consistent with prior findings [8, 70], intermediate-to-late layers are most discriminative. REDE

improves separability across all layers (i.e., above 82.58 at all layers vs. 80.42 for the original trace), indicating
that it does not rely on a specific layer depth.

6. Related work
Hallucination detection has attracted broad interest across multiple paradigms, including logit- and probability-
based uncertainty [29, 50, 58], consistency-based scoring [7, 30, 38, 43], verbalized confidence [36],
embedding-based approaches [3, 5, 8, 15, 25, 45, 47], and methods that reveal mechanistic distinctions
between factual and reasoning-driven hallucinations [41]. While effective for standard LLMs, these methods
are not designed for LRMs, whose long reasoning traces introduce additional complexity. Empirical studies
show that the reasoning trace actively obscures hallucination signals [10, 66]. Recent LRM-specific detectors
exploit reasoning traces more directly [39, 40, 53, 54, 59, 69], but none address the noise steps embedded
within the trace itself. The most relevant work is ARS [70], which shapes answer-level representations via
latent perturbations at the trace boundary but treats the reasoning trace as a monolithic context, without
considering the reasoning noise steps. REDE fills this gap by filtering noisy steps before hallucination
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detection.

Reasoning step selection has been explored recently to select reasoning steps for better generation quality
and efficiency [14, 16, 20, 21, 23, 42, 57, 62, 63]. Representative approaches include measuring perplexity
shifts upon step removal (SPIRIT [12]), using first-token surprisal to identify logical pivots (ASAP [68]),
compressing traces via step-level entropy (Step Entropy [34]), training hidden-state probes to evaluate step
contributions (STEP [35]), and using various step-level importance signals to identify critical or redundant
steps [2, 60, 67]. All of them target generation rather than hallucination detection. As we show in Section 5.2,
their selection signals do not reliably identify noisy steps for detection. More broadly, attention scores have
been used for token-level filtering and KV cache compression in LLMs [9, 33, 71]. Prior work applies
attention patterns to identify pivotal reasoning sentences for interpretability [6]. We explore using final-answer
attention as a training and filtering signal to shape a representation space tailored for hallucination detection.

7. Conclusion
We propose REDE, a novel framework for filtering noisy reasoning steps to detect hallucination in LRMs.
Our framework leverages final-answer attention to shape the step-level representation space, enabling reliable
identification and removal of noisy steps. REDE is lightweight, requires no human annotation, and can be
readily plugged into diverse downstream hallucination detectors. Extensive experiments show that REDE

consistently improves hallucination detection performance across datasets, models, and detector families. We
hope our work can inspire future research on reasoning-trace denoising and more broadly on building reliable
methods for assessing LRMs.
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A. Additional experimental details

A.1. Input prompts
We provide the detailed prompts used in our experiments for two purposes: (1) generating the original
reasoning traces and final answers, and (2) evaluating the correctness of model-generated answers with an
external judge model.

Generation prompts. For each dataset, we prepend a task-specific system instruction before the question.
The system instructions are as follows:

• TruthfulQA: “You are a factual question answering expert. Provide one concise and direct final answer.”
• MATH: “You are a mathematical reasoning expert. Solve the following problem step by step and give the

final answer in the format \boxed{YOUR_ANSWER}. Answer concisely.”
• CodeElo: “You are a competitive programming expert. Solve the following Codeforces problem and provide

a correct and efficient C++17 solution. Return only one final C++ code block. Answer concisely.”
• MULTIHOPQA: “You are a multi-hop question answering expert. Reason across the evidence1 and

provide one concise final answer.”

These system instructions are combined with the model-specific prompt templates below.

Qwen Prompt

<|im_start|>user
{system_instruction}
Question: {question}
<|im_end|>
<|im_start|>assistant

Figure 7 | Prompt used to generate reasoning traces and final answers for Qwen models.

DeepSeek-R1 Prompt

<|begin_of_sentence|><|User|>
{system_instruction}
Question: {question}
<|Assistant|><think>

Figure 8 | Prompt used to generate reasoning traces and final answers for DeepSeek-R1 models.

Correctness evaluation prompt. Following prior work [66, 70, 72], we use Qwen3-32B as an external judge
to assess whether a model-generated answer is correct, using the prompt shown in Figure 9. Answers graded
as INCORRECT or NOT_ATTEMPTED are treated as hallucinations.

A.2. Dataset details
We evaluate REDE on four tasks: TruthfulQA, MATH, CodeElo, and MULTIHOPQA.

1Here, “evidence” refers to the multiple pieces of supporting information that must be connected to answer a multi-hop question.
For example, answering “Was the director of Jaws born in the same country as the author of Hamlet?” requires combining evidence
about the film and its director, the play and its author, and their birth countries.
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Judge Prompt

Your job is to look at a question, multiple acceptable gold targets, and a predicted answer,
and then assign a grade of either "CORRECT", "INCORRECT", or "NOT_ATTEMPTED".

IMPORTANT: The question has multiple acceptable correct answers provided as gold targets. The
predicted answer is CORRECT if it matches any one of the gold targets according to the
criteria below.

A predicted answer is CORRECT if:
- It fully contains the important information from at least one gold target.
- It does not contain any information that contradicts any gold target.
- Only semantic meaning matters; capitalization, punctuation, grammar, and order do not matter.
- Hedging or guessing is allowed as long as at least one gold target is fully included and the

response contains no incorrect or contradictory statements.

A predicted answer is INCORRECT if:
- Any factual statement in the answer contradicts all the gold targets.
- Hedging statements are still considered incorrect if they introduce contradictory content.

A predicted answer is NOT_ATTEMPTED if:
- The important information from any gold target is not included.
- No statements in the answer contradict any of the gold targets.

Additional notes:
- Numerical answers must match the last significant figure of the gold target.
- If the gold target contains more information than the question requires, the predicted answer

only needs to match the information requested by the question.
- Do not penalize omissions that are clearly inferable from the question.
- Do not penalize small typos in names if the intended meaning is clear.

Question: {question}
Gold targets: {targets}
Predicted answer: {predicted_answer}

Return only one of the following:
A
B
C

where:
A = CORRECT
B = INCORRECT
C = NOT_ATTEMPTED

Figure 9 | Prompt used to evaluate the correctness of model-generated answers with Qwen3-32B.
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Verbalized Uncertainty Prompt for Qwen Models

<|im_start|>user
A language model was asked: {question}
The model's answer was: {answer}

a. Very Certain
b. Fairly Certain
c. Moderately Certain
d. Somewhat Certain
e. Not Certain
f. Very Uncertain

Analyze its answer. How certain are you of the model's answer?
<|im_end|>
<|im_start|>assistant

Figure 10 | Prompt used for verbalized uncertainty estimation with Qwen models.

Verbalized Uncertainty Prompt for DeepSeek-R1 Models

<|begin_of_sentence|><|User|>
A language model was asked: {question}
The model's answer was: {answer}

a. Very Certain
b. Fairly Certain
c. Moderately Certain
d. Somewhat Certain
e. Not Certain
f. Very Uncertain

Analyze its answer. How certain are you of the model's answer?
<|Assistant|><think>
</think>
Answer:

Figure 11 | Prompt used for verbalized uncertainty estimation with DeepSeek-R1 models.
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TruthfulQA. We use TruthfulQA [37], which contains 817 questions covering factual knowledge across
diverse topics.

MATH. We construct the evaluation set by combining MATH500 [18], AIME 2024 [26], and AIME 2025 [46],
resulting in 560 problems in total.

CodeElo. We use CodeElo [49], which contains 408 Codeforces problems requiring competition-level code
generation.

MULTIHOPQA. We construct the evaluation set following prior work [54] by sampling 1,000 questions from
HotpotQA [65], 2WikiMultihopQA [19], MuSiQue [56], and Bamboogle [48].

For all datasets, we reserve 25% of the available examples for testing, use 100 examples for validation,
and use the remaining examples for training. Unless otherwise specified, model outputs are generated with
greedy decoding.

Reasoning trace statistics. Table 5 reports the average number of reasoning tokens and reasoning steps per
sample across datasets and models. Reasoning trace length varies substantially across tasks: CodeElo produces
the longest traces (up to 7,808 tokens and 254.3 steps on average), while TruthfulQA and MULTIHOPQA are
considerably shorter. Math problems fall in between, reflecting the iterative nature of symbolic reasoning.
These statistics motivate the need for effective step filtering, as longer traces contain more opportunities for
noisy steps to accumulate.

Table 5 | Average reasoning trace length (tokens) and number of reasoning steps per sample.

Model Dataset Avg. Tokens Avg. Steps

Qwen3-8B

TruthfulQA 2,294 65.8
MATH 5,606 145.0
CodeElo 7,808 254.3
MULTIHOPQA 2,969 86.6

DeepSeek-R1-Distill-Llama-8B

TruthfulQA 2,090 54.5
MATH 4,251 112.4
CodeElo 7,656 267.2
MULTIHOPQA 2,210 50.4

A.3. Annotation details on AIME 2024
To better understand the structure of noisy reasoning traces, we annotate the reasoning steps on AIME 2024
generated by Qwen3-8B. These annotations are used for analysis, including the examples in Figure 1 and the
step-selection accuracy evaluation in Section 5.2.

Step segmentation. Before annotation, we segment each reasoning trace into step-level units. Following
prior work on reasoning hallucination analysis [54], we adopt a hybrid segmentation strategy that combines
discourse-marker cues with formatting-based boundaries. Specifically, we split the trace at explicit discourse
markers that typically indicate a transition in reasoning, such as “Wait”, “But”, “However”, “Hmm”, and
“Alternatively”. We further use formatting-based boundaries, such as paragraph breaks, when they correspond
to coherent changes in reasoning. This procedure yields a sequence of contiguous reasoning steps for
subsequent annotation.

Annotation labels. Each reasoning step is assigned exactly one of three labels:

• Informative, if it provides non-redundant, problem-specific information that directly supports the final
answer.
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Table 6 | Statistics of manual step annotations on AIME 2024 with Qwen3-8B.

Step Category Count

Informative 1,178
Irrelevant 1,050
Repetitive 2,127

• Irrelevant, if it does not contribute meaningful problem-specific information for solving the problem
or verifying the answer.

• Repetitive, if its main content is semantically redundant with later reasoning steps and is expressed
more completely or more decisively afterwards.

Annotation procedure. We adopt a two-stage procedure to ensure annotation quality. In the first stage, we
conduct three successive rounds of labeling on the segmented reasoning steps, where the label guidelines
are iteratively refined based on observed ambiguous cases before producing an initial label for each step.
In the second stage, three graduate students with relevant expertise in mathematical reasoning and NLP
independently verify the initial labels on a randomly sampled subset without access to each other’s judgments;
disagreements with the initial label are resolved by majority vote among the verifiers, and the result serves as
the final label for the sampled subset. The three verifiers achieve a Fleiss’ 𝜅 of 0.76 on this subset, indicating
substantial agreement [31], which supports the reliability of the initial labels.

Annotation statistics. Table 6 summarizes the distribution of the final labels across the three categories.
Overall, repetitive steps form the largest category (2,127 steps, 48.8%), while informative steps account for
1,178 steps (27.1%) and irrelevant steps for 1,050 steps (24.1%). Taken together, irrelevant and repetitive
steps make up 3,177 steps (73.0%) of the annotated traces, so we treat them as a single noisy class for the
accuracy evaluation in Section 5.2.

A.4. Implementation details
REDE. For each reasoning trace, we first segment the trace into reasoning steps and extract a step-level
embedding from the hidden representations of the backbone model. Unless otherwise specified, we use the
final-layer hidden states and compute each step embedding by perplexity-weighted averaging over its tokens,
as described in the main paper. The projection module 𝑓𝜑 is implemented as a two-layer MLP with ReLU
activation. We train it using Adam with learning rate 1e−4, weight decay 1e−5, cosine learning rate decay,
and batch size 128. The projection dimension, the loss weights, the top/bottom selection ratio, and the step
drop ratio are selected on the validation set. At test time, noisy steps are identified using 𝑘NN distance in the
projected space with 𝑘 = 15, and the remaining steps are used to construct the final detection representation.
For the step score in Eq. 1, we uniformly average the per-head attention probabilities over all heads in the
chosen layer.

Downstream detectors. We evaluate REDE with four downstream detectors: supervised probing [3], CCS [7],
verbalized uncertainty [36], and perplexity [10, 50]. For supervised probing, we follow prior work [3] and
adopt an MLP classifier with a 512-dimensional hidden layer. We use dropout 0.6, Gaussian input noise with
𝜎 = 0.008, and BatchNorm momentum 0.05. The classifier is trained with BCEWithLogitsLoss using SGD
with learning rate 8× 10−3, momentum 0.9, and weight decay 5× 10−2 for 100 epochs with batch size 128.
A ReduceLROnPlateau scheduler is used with factor 0.5, patience 7, and minimum learning rate 10−4. Unless
otherwise specified, we extract representations from layers 0–35 and use the last-token representation for
classification. For CCS, we follow its original setup [7] and train a lightweight CCS classifier instantiated as
a single linear layer, optimized with AdamW (learning rate 1e-3, weight decay 1e-2). The model is trained
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on balanced positive–negative embedding pairs constructed via difference vectors for 1000 epochs and with
a logical consistency loss. We repeat training for 10 random initializations and retain the best-performing
checkpoint. For verbalized uncertainty, we follow prior work [36] and prompt the backbone model to self-
assess its confidence using a six-level certainty scale and use the resulting score for AUROC evaluation. For
perplexity-based detection, we follow prior work [10, 50] and use the mean perplexity over answer tokens as
the detection score.

Baselines. For lexical similarity [38] and semantic entropy [30], we reproduce them based on the original
papers using multiple sampled responses from the same backbone model. SelfCheckGPT [43] is implemented
with its NLI-based variant, which uses a fine-tuned DeBERTa-v3-large model2 to estimate the contradiction
or entailment relation between the most-likely answer and sampled responses. For P(True) [29], we reproduce
it following the original paper. For TSV [47], we follow the default settings described in the original paper
and train it on the same dataset using embeddings extracted from the same layer as in our main experiments.
For HaloScope [15], we train it on the same unlabeled training set as our method and use pseudo-labels
generated via PCA to train the lightweight MLP classifier. For EigenScore [8], we search the optimal number
of sampled generations on the validation set and report the best AUROC. For RACE [59], we follow the
original implementation and adopt the setting without pre-extracted chains of thought, where reasoning steps
are summarized automatically by the built-in extractor. For RHD [54], we reproduce it based on the official
code. For HalluGuard [69], we follow the default configuration described in the original paper. For ARS [70],
we use the officially released codebase with the default hyperparameters reported in the paper. All baselines
are evaluated on the same test sets under the default settings reported in their respective papers.

A.5. Clustering details for Section 3
We describe the procedure for clustering semantically similar reasoning steps and retaining representative
steps from each cluster. The full procedure is summarized in Algorithm 1.

Given a reasoning trace C = {c1, . . . , c𝐾}, we first extract step embeddings {e1, . . . , e𝐾} using
perplexity-weighted averaging (Eq. 2). We then iteratively assign each step to an existing cluster if its
cosine similarity to the cluster centroid exceeds a threshold 𝜏𝑐, or create a new cluster otherwise. After all
steps are assigned, we retain either the earliest or latest step from each cluster based on its position in the
trace. The retained steps are concatenated with the original question and answer, and the resulting sequence is
fed through the LRM to extract the last-token hidden state of the answer as the answer embedding. We set
𝜏𝑐 = 0.7.

A.6. Training and inference algorithms of our REDE

We provide the complete training and inference procedures of REDE in Algorithm 2 and Algorithm 3,
respectively. During training, REDE computes step-level attention scores from the LRM’s own attention
mechanism and uses them as supervision to train a lightweight projection module 𝑓𝜑. During inference,
REDE applies the learned projection to identify and remove noisy steps without requiring attention scores or
ground-truth labels, and passes the filtered reasoning trace to a downstream hallucination detector.

A.7. Compute resources and time
Software and hardware. We conduct all experiments using Python 3.10 and PyTorch 2.3.1 on NVIDIA
A100 GPUs with 80 GB memory.

2https://huggingface.co/MoritzLaurer/DeBERTa-v3-large-mnli-fever-anli-ling-wanli
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Algorithm 1: Step Clustering and Retention

Input: Reasoning trace C = {c1, . . . , c𝐾}, similarity threshold 𝜏𝑐, retention mode
𝑚 ∈ {earliest, latest}

Output: Retained reasoning trace Cret

Extract step embeddings {e1, . . . , e𝐾} via Eq. 2
Initialize cluster list 𝒢 ← ∅
for 𝑖 = 1, . . . ,𝐾 do

assigned← False
for each cluster 𝐺 ∈ 𝒢 do

Compute centroid ē𝐺 = 1
|𝐺|

∑︀
𝑗∈𝐺 e𝑗

if cos(e𝑖, ē𝐺) ≥ 𝜏𝑐 then
𝐺← 𝐺 ∪ {𝑖}
assigned← True
break

if assigned = False then
Append singleton cluster {𝑖} to 𝒢

Initialize retained index set ℐret ← ∅
for each cluster 𝐺 ∈ 𝒢 do

if 𝑚 = earliest then
ℐret ← ℐret ∪ {min(𝐺)}

else
ℐret ← ℐret ∪ {max(𝐺)}

Sort the indices in ℐret in ascending order
Construct Cret by retaining {c𝑖 | 𝑖 ∈ ℐret} in the original trace order
return Cret

Training and inference time. We report the training and inference time of REDE on TruthfulQA with
Qwen3-8B. Based on tracked runs, training REDE takes 681 seconds, and inference on the TruthfulQA test
set takes 49 seconds. For comparison, Semantic Entropy [30] requires 1141 seconds, RACE [59] requires
1507 seconds, and SelfCheckGPT [43] requires 2077 seconds under the same setting. These results show that
REDE has a clear efficiency advantage over these baselines while achieving better hallucination detection
performance.

A.8. Licenses of existing assets
We list the licenses of the datasets and pre-trained models used in this work. All assets are used in accordance
with their respective licenses and intended research use.

Datasets. TruthfulQA [37], 2WikiMultihopQA [19], and CodeElo [49] are released under Apache License
2.0; MATH [18], AIME 2024 [26], AIME 2025 [46], Bamboogle [48], and GSM8K [11] are released under
MIT License; HotpotQA [65] is released under CC BY-SA 4.0; and MuSiQue [56] is released under CC BY
4.0.

Pre-trained models. Qwen3-8B and Qwen3-32B [64] are released under Apache License 2.0. DeepSeek-
R1-Distill-Llama-8B and DeepSeek-R1-Distill-Qwen-32B [17] are released under MIT License, with their
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Algorithm 2: Training Procedure of REDE

Input: Training set 𝒟train = {(p(𝑖),C(𝑖),a(𝑖))}𝑁𝑖=1, frozen LRM with parameters 𝜃, selection ratio 𝜌,
loss weights 𝜆disperse and 𝜆separate, number of epochs 𝐸

Output: Trained projection module 𝑓𝜑
Initialize projection module 𝑓𝜑 : R𝑑 → R𝑑′

// Step 1: Construct proxy sets from final-answer attention
for each training sample (p,C,a) in 𝒟train do

Let C = {c1, . . . , c𝐾}
for 𝑖 = 1, . . . ,𝐾 do

Compute PPL-weighted step embedding e𝑖 via Eq. 2
Compute step-level attention score 𝑠𝑖 via Eq. 1

𝒯 ← indices of the top 𝜌% steps ranked by {𝑠𝑖}𝐾𝑖=1

ℬ ← indices of the bottom 𝜌% steps ranked by {𝑠𝑖}𝐾𝑖=1

Store ({e𝑖}𝐾𝑖=1, 𝒯 ,ℬ) for training

// Step 2: Train the projection module
for epoch = 1, . . . , 𝐸 do

for each mini-batch of stored ({e𝑖}, 𝒯 ,ℬ) do
Compute projected embeddings z𝑖 = 𝑓𝜑(e𝑖) for all steps in the mini-batch
Compute ℒcompact, ℒdisperse, and ℒseparate from the projected embeddings and proxy sets
Compute total loss ℒ = ℒcompact + 𝜆disperseℒdisperse + 𝜆separateℒseparate via Eq. 3
Update 𝜑 by gradient descent on ℒ

return 𝑓𝜑

base models additionally subject to the Llama 3.1 Community License and Apache License 2.0, respectively.
The DeBERTa-v3-large-mnli-fever-anli-ling-wanli model used for the NLI variant of SelfCheckGPT [43] is
released under MIT License.

B. Additional ablation studies
We conduct additional ablation studies to validate the key design choices of REDE. Unless otherwise specified,
all experiments are conducted on TruthfulQA using Qwen3-8B with supervised probing as the downstream
detector.

B.1. Effect of training selection ratio
During training, we select the top 𝜌% and bottom 𝜌% of steps by attention score to form the informative
and noisy sets, respectively. Table 7 reports detection performance under varying 𝜌 across four downstream
detectors. A small 𝜌 provides insufficient contrast between the two groups, weakening the contrastive
signal; a large 𝜌 reduces the separation between the two ends of the attention distribution, leading to less
discriminative contrastive samples. Performance consistently peaks in the range 𝜌 ∈ [20, 25], confirming that
well-separated contrastive samples are important for learning a discriminative projection. The training-time
ratio 𝜌 complements the inference-time drop ratio 𝜁 = 70%: 𝜌 selects the most contrastive samples at the two
ends of the attention distribution for effective supervision, while 𝜁 enables thorough denoising at test time.
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Algorithm 3: Inference Procedure of REDE

Input: Test sample (p̄, C̄, ā), trained projection 𝑓𝜑, number of nearest neighbors 𝑘, drop ratio 𝜁,
downstream detector 𝐺

Output: Hallucination prediction 𝑦 ∈ {0, 1}
Let C̄ = {c̄1, . . . , c̄𝐾̄}
// Step 1: Extract and project step embeddings
for 𝑖 = 1, . . . , 𝐾̄ do

Compute PPL-weighted step embedding ē𝑖 via Eq. 2
Compute projected embedding z̄𝑖 = 𝑓𝜑(ē𝑖)

// Step 2: Compute within-trace 𝑘NN distance scores
for 𝑖 = 1, . . . , 𝐾̄ do

Let z̄(𝑘)𝑖 denote the 𝑘-th nearest neighbor of z̄𝑖 among {z̄𝑗}𝑗 ̸=𝑖 within the same trace

Compute distance score 𝑆𝑖 = 1− z̄⊤𝑖 z̄
(𝑘)
𝑖 /(‖z̄𝑖‖2‖z̄(𝑘)𝑖 ‖2)

// Step 3: Filter noisy steps

ℐdrop ← indices of the top-𝜁% steps with the largest scores in {𝑆𝑖}𝐾̄𝑖=1

Construct C̄fil by retaining {c̄𝑖 | 𝑖 /∈ ℐdrop} in the original trace order
// Step 4: Downstream hallucination detection

𝑦 ← 𝐺(p̄, C̄fil, ā)
return 𝑦

Table 7 | Effect of training selection ratio 𝜌 (%) on hallucination detection (AUROC, %) on TruthfulQA with Qwen3-8B.
The best result in each column is highlighted in bold.

𝜌 (%) CCS [7] Supervised Probing [3] Perplexity [50] Verbalized Certainty [36]

10 82.19 84.06 59.11 54.42
15 84.52 82.29 61.05 57.82
20 87.32 83.60 63.46 61.10
25 87.05 86.44 62.74 59.18
30 85.53 85.51 63.02 53.67
35 84.41 86.07 60.31 57.93
40 86.07 84.05 60.85 54.13

B.2. Visualization of loss ablation
Figure 12 provides t-SNE visualizations corresponding to the loss ablation in Section 5.2. In the original
embedding space, informative and noisy steps are heavily mixed. The full model produces a compact
informative cluster clearly separated from scattered noisy steps, while removing any single loss leads to
increased overlap.

B.3. Effect of different distance metrics
We compare alternative distance metrics for the 𝑘NN-based filtering in the projected space at test time. Our
default method uses cosine distance. We additionally evaluate Mahalanobis distance and Euclidean distance.
As shown in Table 8, all three metrics yield strong and comparable results, confirming that the learned
projection produces a well-separated score distribution where noisy steps can be reliably identified regardless
of the specific distance metric.
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Original Full model

Figure 12 | t-SNE visualization of step embeddings under each ablated loss variant on AIME 2024 [26] with Qwen3-8B.
Orange and blue points denote noisy and informative steps, respectively.

Table 8 | Effect of distance metrics for 𝑘NN-based filtering on hallucination detection on TruthfulQA with Qwen3-8B
using supervised probing.

Distance Metric Supervised Probing [3]

Cosine (Ours) 86.44
Mahalanobis 81.51
Euclidean 83.02

B.4. Effect of loss weights
REDE uses two weighting hyperparameters 𝜆disperse and 𝜆separate to balance the three loss components (Eq. 3).
We independently vary each weight while fixing the other to its default value, and report detection performance
with supervised probing on TruthfulQA with Qwen3-8B in Figure 13. Note that 𝜆 = 0 corresponds to
removing the respective loss component entirely. Performance remains stable across a moderate range of both
weights, indicating that REDE is not overly sensitive to the precise choice of loss weights. A small weight
weakens the corresponding geometric constraint, reducing the quality of the learned projection; a large weight
dominates the objective and suppresses the contributions of the other two losses.

B.5. Effect of the number of nearest neighbors 𝑘
At inference time, we compute each step’s distance score as its 𝑘-NN cosine distance with respect to all other
steps within the same trace. Table 9 reports detection performance under varying 𝑘 across four downstream
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Figure 13 | Effect of loss weights 𝜆disperse and 𝜆separate on hallucination detection on TruthfulQA with Qwen3-8B,
evaluated with supervised probing. 𝜆 = 0 indicates the corresponding loss is removed.

detectors. Across all values of 𝑘, REDE consistently outperforms the original unfiltered reasoning trace,
demonstrating that the learned projection produces a stable density structure that is robust to the choice of
𝑘. Performance peaks at 𝑘 = 15 across all four detectors, confirming that this setting best captures the local
density signal induced by the learned projection.

Table 9 | Effect of the number of nearest neighbors 𝑘 on hallucination detection (AUROC, %) on TruthfulQA with
Qwen3-8B. The best result in each column is highlighted in bold.

𝑘 CCS [7] Supervised Probing [3] Perplexity [50] Verbalized Certainty [36]

5 83.97 82.61 60.42 57.13
10 85.34 85.78 61.89 60.27
15 87.32 86.44 63.46 61.10
20 86.18 85.39 62.07 59.45
25 85.91 84.02 62.83 58.74
30 84.05 84.71 60.51 58.06

B.6. Effect of step score aggregation
In Eq. 1, we compute the step-level attention score 𝑠𝑖 by aggregating attention weights from the final answer
token to each reasoning step. We ablate two design choices for this aggregation: the position of the answer
token used as the query, and the layer from which the attention is extracted.

Answer token position. We compare four choices: the first token, the middle token (1/2), mean pooling
over all answer tokens, and the last token. As shown in Table 10, using the last answer token yields the best
performance across all downstream detectors, suggesting that it accumulates the most complete contextual
information from the answer sequence and therefore provides the most informative relevance signal for each
reasoning step.

Layer. Fixing the query to the last answer token, we further vary the transformer layer from which the
attention score is computed. As shown in Figure 14, early layers (0–7) are generally less effective (∼ 83%
AUROC), while intermediate-to-late layers yield stronger results, with local peaks around layer 10, 20, and
22. Layers 27–28 show a mild drop to around 84.5%, after which performance recovers and peaks at the final
layer (86.44%). This supports our default choice of computing the step score from the last answer token at the
final transformer layer.
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Table 10 | Effect of answer token position for step score computation on TruthfulQA with Qwen3-8B. The best result
in each column is highlighted in bold.

Token Position CCS [7] Supervised Probing [3] Perplexity [50] Verbalized Certainty [36]

First token 86.17 82.15 54.09 52.96
Middle token (1/2) 85.09 85.35 57.48 55.72
Mean pooling 86.71 86.34 61.30 60.27
Last token (Ours) 87.32 86.44 63.46 61.10
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Figure 14 | Effect of the layer used to compute the attention score in Eq. 1. Results are on TruthfulQA with Qwen3-8B,
evaluated with supervised probing. The orange horizontal line denotes the performance of using the unfiltered reasoning
trace.

B.7. Effect of step embedding weighting
In Eq. 2, we compute the step-level embedding e𝑘 by applying perplexity (PPL)-weighted averaging over
the token hidden states within each step. Specifically, the token-level perplexity is defined as PPL(𝑥𝑘𝑗 ) =
exp(− log 𝑝𝜃(𝑥𝑘𝑗 | 𝑥<𝑘𝑗 )), where 𝑝𝜃(𝑥𝑘𝑗 | 𝑥<𝑘𝑗 ) is the model’s predicted probability for token 𝑥𝑘𝑗 given
its preceding context. Tokens with higher perplexity receive larger weights, as they are less predictable and
therefore more likely to carry discriminative information for hallucination detection. Table 11 compares
three step embedding strategies: using only the last token, uniform averaging over all tokens in the step, and
PPL-weighted averaging. The results show that PPL-weighting consistently achieves the best performance
across all detectors, while the last-token representation is generally stronger than uniform averaging but
remains inferior to PPL-weighting.

Table 11 | Effect of step embedding weighting strategy (AUROC, %) on TruthfulQA with Qwen3-8B. The best result in
each column is highlighted in bold.

Weighting Strategy CCS [7] Probing [3] Perplexity [50] Verbalized [36]

Uniform average 82.56 85.41 60.88 59.08
Last token 86.18 86.05 63.31 60.09
PPL-weighted (Ours) 87.32 86.44 63.46 61.10
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B.8. Effect of embedding extraction location
Following prior work [15, 47], we investigate the effect of the multi-head attention (MHA) architecture on
step-level representation quality. Specifically, the MHA can be conceptually expressed as:

𝑓𝑖+1 = 𝑓𝑖 +𝑄𝑖Attn𝑖(𝑓𝑖), (4)

where 𝑓𝑖 represents the output of the 𝑖-th transformer block, Attn𝑖(𝑓𝑖) denotes the output of the self-attention
module in the 𝑖-th block, and 𝑄𝑖 is the output projection matrix of the attention sub-block. We evaluate
hallucination detection performance using step embeddings extracted from three different locations within the
MHA architecture, as shown in Table 12. The results show that the block output 𝑓 is a favorable choice for
detecting hallucinations across both LRM architectures.

Table 12 | Effect of embedding extraction location on hallucination detection (AUROC, %) based on supervised
probing [3]. The best result in each column is highlighted in bold.

Embedding Location Qwen3-8B DeepSeek-R1-Distill-Llama-8B

TRUTHFULQA MATH TRUTHFULQA MATH

Attn(𝑓) 82.40 84.06 72.08 80.05
𝑄Attn(𝑓) 85.50 83.44 73.18 78.52
𝑓 (Ours) 86.44 87.06 74.37 83.91

C. Additional analysis

C.1. Qualitative analysis
We present step-level case studies and trace-level embedding visualizations to illustrate how REDE improves
hallucination detection in practice. All reasoning traces are generated by Qwen3-8B [64] on the MATH

benchmark with greedy decoding, and detection scores are computed using supervised probing [3].

Step-level filtering examples. Figures 15 and 16 show two representative traces after REDE filtering, where
each reasoning step is marked as either kept or filtered. In Figure 15, the model gives an incorrect answer due
to an arithmetic error. The original 84-step trace contains substantial repetitive and tangential content, leading
to a low detection score of 0.41. After REDE removes 70% of the steps, the score increases to 0.86, making
the error more salient to the detector. Figure 16 shows the complementary case, where the model reaches the
correct answer through a verbose but valid derivation. The original trace receives a score of 0.77, incorrectly
suggesting hallucination. After REDE removes 71% of the steps, the score drops to 0.28, reducing this false
positive. Together, these examples show that REDE improves detection for both hallucinated and truthful
responses by filtering noisy reasoning steps.

Answer embedding visualization. We further examine whether step-level denoising improves the sepa-
rability of truthful and hallucinated traces. Figure 17 shows the answer-level embeddings on TruthfulQA
with Qwen3-8B. In the original space (left), the two classes are heavily mixed. After REDE filtering (right),
they become more clearly separated, with only limited overlap near the decision boundary. This is consis-
tent with Proposition E.3 in Appendix E, which suggests that removing noisy steps improves downstream
discriminability by reducing within-class variance.

C.2. Additional results on larger LRMs
Figure 5(b) demonstrates the scalability of REDE on TruthfulQA. Here we extend this evaluation to the
other three benchmarks. As shown in Table 13, REDE consistently outperforms two competitive LRM-
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Sample 1 Kept Filtered

Problem. Tetrahedron ABCD: AB =CD =
√

41, AC =BD =
√

80, BC =AD =
√

89. Point I inside equidistant to all faces at distance
m

√
n

p
. Find m+n+p. GT: 104

Pred: 102 ✗

S1 Equidistant point = incenter, distance = inradius r.

S2 In a triangle, incenter equidistant from sides.

S3 2D: r = A/s for area A, semiperimeter s.

S4 Incenter splits tet into 4 sub-tetrahedra.

S5 Each has base = face, height = r.

S6 V = 1
3
Bh. Basic formula.

S7 Sub-volumes: 1
3
rSi.

S8 V = r
3
Stot, so r = 3V/S.

S9 Need volume V and surface area S.

S10 Opposite edges equal ⇒ disphenoid.

S11 All 4 faces:
√

41,
√

80,
√

89.

S12 △ABC:
√

41,
√

89,
√

80.

S13 △ABD: same. △ACD: same.

S14 △BCD: same. Confirmed.

S15 S = 4×area(one face).

S16 Check right triangle? 41, 80, 89.

S17 41+80=121 ̸=89. Not right.

S18 41+80 = 112, 80+89 = 132. Unhelpful.

S19 Need other method for area.

S20 Law of cosines at C.

S21 41 = 169 − 2
√

7120 cosC.

S22 cosC = 16/
√

445.

S23
√

7120 = 4
√

445. ✓

S24 cos2 C = 256/445 < 1, acute.

S25 sin2 C = 189/445.

S26 Area = 2
√

189.

S27
√

445 cancels in product.

S28
√

189 = 3
√

21. Area = 6
√

21.

S29 Alt verify: 16A2 = 12096. A2 = 756. ✓

S30 6
√

21 ≈ 27.5. Reasonable.

S31 S = 4 × 6
√

21 = 24
√

21.

S32 Now compute V via Cayley–Menger.

S33 288V 2 = |CM|, 5×5 det.

S34 CM with AB2 =41, . . . , CD2 =41.

S35 Write out full matrix.

S36 Use row reduction.

S37 Row ops: R′
2, R′

3, R′
4.

S38 Verify R′
2. ✓

S39 Verify R′
3. ✓

S40 Verify R′
4. ✓

S41 CM = − det(M), 4×4 minor.

S42 Antisymmetry in rows. Disphenoid.

S43 Reduce to 3×3: N.

S44 Verify R′′
1 . ✓

S45 Verify R′′
2 . ✓

S46 Verify R′′
3 . ✓

S47 N symmetric as expected.

S48 Expand det(N) row 1.

S49 Minor 1: 28480 − 16384 = 12096.

S50 160×178 = 28480. ✓

S51 Minor 2: 5696 − 6400 = −704.

S52 32×178 = 5696. ✓

S53 Minor 3: 4096 − 8000 = −3904.

S54 32×128 = 4096. ✓

S55 160×50 = 8000. ✓

S56 det(N) = −82(12096) − 32(704) + 50(3904).

S57 = −991872 − 22528 + 195200 = −819200.

S58 Verify sub-products. ✓

S59 −991872 − 22528 = −1014400. ✓

S60 CM = 819200.

S61 819200 = 214 × 50. Clean.

S62 V 2 = 25600/9. V = 160/3.

S63 819200/16 = 51200, /18 = 25600/9. ✓

S64
√

25600 = 160. ✓

S65 V ≈ 53.3. Plausible.

S66 r = 3V/S = 160/(24
√

21).

S67 gcd(160, 24) = 8: r = 20/(3
√

21).

S68 160 = 25×5, 24 = 23×3. ✓

S69 Rationalize: r = 20
√

21/(3×21) = 20
√

21/61.

S70 3×21 = 60 + 1 = 61.

S71 61 prime. gcd(20, 61) = 1. ✓

S72 21 = 3×7, square-free. ✓

S73 m=20, n=21, p=61. m+n+p = 102.

S74 Alt coords: a=2, b=5/2, c=4. Same V . ✓

Steps Redundancy Ratio Score

Original Trace 74 0% filtered 0.41

REDE-filtered 22 (of 74) 70% filtered 0.86 +0.45 ↑

Figure 15 | Sample 1 (incorrect answer). REDE step-level filtering on a tetrahedron inradius problem from MATH
with Qwen3-8B. Green: kept; gray: filtered. Detection scores are from supervised probing [3]. After filtering 70% of the
steps, the score increases from 0.41 to 0.86, correctly flagging the hallucinated response.

specific baselines, RACE [59] and ARS [70], across all benchmarks on both Qwen3-32B and DeepSeek-R1-
Distill-Qwen-32B. For example, compared with ARS, REDE improves by 14.63%, 4.27%, and 8.41% on
MATH, CodeElo, and MULTIHOPQA with Qwen3-32B, respectively. Similar trends hold on DeepSeek-
R1-Distill-Qwen-32B, where REDE surpasses ARS by 2.99% on MATH, 3.55% on CodeElo, and 5.47%
on MULTIHOPQA. These results confirm that reasoning-step denoising remains effective across diverse
reasoning tasks as LRMs scale up.

C.3. Effect of sampling strategies
We evaluate hallucination detection performance when REDE generates reasoning traces under different
sampling strategies. Our main results are obtained with greedy decoding, which selects the most likely next
token at each step. We additionally compare it with multinomial sampling using a temperature of 0.5. As
shown in Table 14, greedy decoding consistently outperforms multinomial sampling across all detectors.
The improvement is particularly notable for the Perplexity and Verbalized detectors, suggesting that more
deterministic reasoning traces provide more reliable signals for downstream hallucination detection.
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Sample 2 Kept Filtered

Problem. Find the largest possible real part of (75+117i)z + (96+144i)/z where z ∈ C, |z| = 4. GT: 540 Pred: 540 ✓

S1 Find max Re[(75+117i)z + (96+144i)/z], |z| = 4.

S2 |z| fixed, z on a circle.

S3 Parameterize by angle.

S4 z=x+iy, x2+y2 =16, messy.

S5 Use z = 4eiθ ; simplifies z and 1/z.

S6 Reduces to single variable θ.

S7 Re becomes A cos θ + B sin θ.

S8 Could use 1/z = z̄/16, not needed.

S9 Plan: substitute, expand, collect Re, max.

S10 Maximization is standard.

S11 Maybe z=4 maximizes? Just a guess.

S12 Do the algebra carefully.

S13 Let E = (75 + 117i)z + (96 + 144i)/z.

S14 Substitute z = 4eiθ .

S15 1/z = 1
4
e−iθ .

S16 x+iy reciprocal less clean.

S17 E = (75+117i)(4eiθ) + (96+144i)( 1
4
e−iθ).

S18 One coeff ×4, other /4.

S19 Manageable.

S20 Two rotating vectors. Not needed.

S21 4(75+117i) = 300+468i.

S22 Second coeff smaller after /4.

S23 Direct expansion is fine.

S24 (96+144i)/4 = 24+36i.

S25 Let c=cos θ, s=sin θ.

S26 eiθ =c+is, e−iθ =c−is.

S27 Expand each, keep Re.

S28 Don’t need Im for answer.

S29 Expand (300+468i)(c+is).

S30 One real, one imaginary component.

S31 300c and 468s opposite signs.

S32 Will expand explicitly.

S33 300c + 300is + 468ic + 468i2s.

S34 i2 =−1, negative real term.

S35 Don’t jump ahead.

S36 = (300c−468s) + i(300s+468c).

S37 Re of first: 300c − 468s.

S38 Matches expected signs.

S39 Sine coeff negative.

S40 Sign error would ruin answer.

S41 Expand (24+36i)(c−is).

S42 Only care about Re.

S43 Full product safest.

S44 Direct mult simpler.

S45 24c − 24is + 36ic − 36i2s.

S46 Last term +36s.

S47 Positive contribution.

S48 = (24c+36s) + i(−24s+36c).

S49 Add Re: (300c−468s) + (24c+36s).

S50 Combine real parts.

S51 Collect c- and s-terms.

S52 Could test θ=0.

S53 Re(E) = 324 cos θ − 432 sin θ.

S54 A cos θ + B sin θ form.

S55 324, 432: scaled 3–4 pair.

S56 Standard trig maximization.

S57 Max =

√
A2 + B2.

S58

√
3242 + 4322.

S59 Minus sign irrelevant.

S60 Amplitude formula cleaner.

S61 324=108·3, 432=108·4.

S62 3-4-5 pattern.

S63 Simplifies nicely.

S64 108
√

9 + 16 = 108
√

25.

S65 32 + 42 = 25.

S66 Max = 108 × 5 = 540.

S67 Verify attainability.

S68 (c, s) ∝ (324,−432).

S69 c=3/5, s=−4/5.

S70 Matches 3-4-5.

S71 Fourth quadrant.

S72 (3/5)2+(4/5)2 = 1. ✓

S73 Derivative check: tan θ = −4/3. Consistent.

S74 Plug in: 324(3/5) − 432(−4/5) = 2700/5 = 540. ✓

S75 Both methods agree.

S76 z = 12/5 − 16i/5. |z| = 4. Admissible.

S77 True max, not just bound.

S78 Largest possible real part is 540 .

Steps Redundancy Ratio Score

Original Trace 78 0% filtered 0.77

REDE-filtered 23 (of 78) 71% filtered 0.28 −0.49 ↓

Figure 16 | Sample 2 (correct answer). REDE step-level filtering on a complex-number optimization problem from
MATH with Qwen3-8B. Green: kept; gray: filtered. Detection scores are from supervised probing [3]. After filtering
71% of the steps, the score decreases from 0.77 to 0.28, correctly reducing the false-positive rate.

C.4. Accuracy of step selection
We further evaluate whether REDE can accurately identify noisy steps. On AIME 2024 [26] with Qwen3-8B,
we compare the steps flagged as noisy by REDE against human annotations that categorize each step as
informative, irrelevant, or repetitive. REDE achieves an accuracy of 86.37% in classifying steps as informative
versus noisy, confirming that the learned projection reliably identifies genuinely noisy steps and that the
downstream detection gains stem from accurate step filtering.

C.5. Effect of truthfulness labeling methods
In our main experiments, the correctness of model-generated answers is judged using a strong external model
Qwen3-32B. In this ablation, we show that the results remain robust under different judgment methods,
including ROUGE-L, BLEURT [52], and a different judge model, DeepSeek-R1-Distill-Qwen-32B [17]. For
ROUGE-L, a generation is deemed truthful when the similarity score between the generation and the ground
truth exceeds a threshold of 0.3. For BLEURT, we use the bleurt-base-128 variant, a learned metric built
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(a) Original Trace

Truthful
Hallucinated

(b) Filtered Trace

Truthful
Hallucinated

Figure 17 | Answer embeddings on TruthfulQA with Qwen3-8B via supervised probing [3]. Left: original full traces,
where truthful and hallucinated responses overlap heavily. Right: after REDE denoising, the two groups become clearly
more separable.

Table 13 | Additional results on larger LRMs across three benchmarks. All values are AUROC with supervised probing
as the downstream detector. The best result in each column is highlighted in bold.

Method Qwen3-32B DeepSeek-R1-Distill-Qwen-32B

MATH CodeElo MULTIHOPQA MATH CodeElo MULTIHOPQA

RACE [59] 77.14 80.96 77.83 67.66 63.72 67.91
ARS [70] 70.09 78.94 73.26 82.44 78.63 70.47
REDE 84.72 83.21 81.67 85.43 82.18 75.94

upon BERT [13] and augmented with diverse lexical and semantic-level supervision signals. As shown in
Table 15, REDE consistently achieves strong detection performance across all labeling methods, confirming
that our approach does not rely on a specific judge model or evaluation metric.

C.6. Results on an additional dataset
To further evaluate the effectiveness of REDE beyond the datasets used in the main paper, we conduct
experiments on GSM8K [11]. For mathematical reasoning, we use the train split, which contains 7,473
problems. Following the same experimental setup as in our main experiments, we reserve 25% of the data
for testing, use 100 examples for validation, and use the remaining examples for training. As shown in
Table 16, using REDE-selected steps consistently outperforms using the original reasoning trace across all
detectors and both model families. The gains are particularly substantial for CCS and remain consistent for
probing, perplexity, and verbalized confidence, showing that reasoning-step denoising remains effective on
this additional mathematical reasoning dataset.

C.7. Validating the attention signal
We further investigate (i) whether final-answer attention reflects a meaningful notion of step usefulness, and
(ii) the advantage of REDE over simple position-based filtering strategies. Experiments are conducted on
all four benchmarks with Qwen3-8B, using supervised probing as the downstream detector. All filtering
operations use the same drop ratio 𝜁 = 70% as REDE.

Final-answer attention reflects step usefulness. We compare three filtering strategies against the original
unfiltered trace: dropping the top-70% and the bottom-70% of reasoning steps ranked by their final-answer
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Table 14 | Hallucination detection results under different sampling strategies on TruthfulQA with Qwen3-8B. The best
result in each column is highlighted in bold.

Sampling Strategy CCS [7] Probing [3] Perplexity [50] Verbalized [36]

Multinomial sampling 86.49 85.07 58.11 57.14
Greedy decoding (Ours) 87.32 86.44 63.46 61.10

Table 15 | Hallucination detection results (AUROC, %) under different truthfulness labeling methods on TruthfulQA
and MATH. For REDE, we report results using probing as the downstream detector. The best result in each column is
highlighted in bold.

Labeling Method ROUGE-L BLEURT DeepSeek-R1-Distill-Qwen-32B

TruthfulQA MATH TruthfulQA MATH TruthfulQA MATH

RACE [59] 85.82 77.34 86.21 76.95 65.21 69.02
ARS (CCS) [70] 93.56 81.71 90.18 84.75 80.07 65.49
REDE (Probing) 95.08 83.77 92.77 85.04 85.13 78.41

attention score. For each strategy, we evaluate the cosine similarity between the answer embedding of the
remaining trace and that of the full trace, together with the downstream detection AUROC. As shown in
Table 17, dropping high-attention steps substantially degrades both metrics compared with the original trace
(e.g., AUROC drops from 80.42 to 57.18 on TruthfulQA), whereas dropping low-attention steps preserves
and often improves detection quality (e.g., 84.97 vs. 80.42 on TruthfulQA) while maintaining a high cosine
similarity to the full-trace answer embedding. This asymmetry shows that final-answer attention reliably
captures step-level usefulness for hallucination detection: high-attention steps carry information essential to
the final answer, while low-attention steps are largely dispensable.

Comparison with position-based filtering strategies. We compare REDE against two position-based
baselines under the same drop ratio: Drop-Latest removes the latest 70% of steps, and Drop-Earliest removes
the earliest 70% of steps. As shown in Table 18, Drop-Latest performs worst across all datasets, and while
Drop-Earliest is stronger, it still falls well below REDE (e.g., 86.44% vs. 77.53% on TruthfulQA). This
demonstrates that our attention-based supervision captures step-level usefulness beyond simple positional
patterns, and REDE effectively leverages this signal to identify informative steps throughout the reasoning
trace.

C.8. Applicability in a black-box setting
Our main setup assumes white-box access to the target LRM in order to compute final-answer attention
and step embeddings. We further study whether REDE can be applied when the target LRM is a black box,
by using a separate white-box LRM as a proxy. Specifically, for each input generated by the black-box
target, we feed the same prompt and its generated reasoning trace into the proxy to compute the final-answer
attention and step embeddings, and then apply REDE to obtain the filtered trace. The filtered trace is passed
back to the target model for verbalized certainty estimation, which does not require internal access. We use
Qwen3-32B [64] as the proxy and evaluate on two target models: DeepSeek-R1-Distill-Llama-8B [17] and
Qwen3-8B [64].

As shown in Table 19, the proxy-based variant consistently improves detection over the original trace
across all four benchmarks and both target models, improving over the original by 5.92% on MultiHopQA with
DeepSeek and 8.04% on TruthfulQA with Qwen3-8B, recovering most of the gain obtained with white-box
REDE. This suggests that REDE remains effective in black-box settings where a suitable proxy LRM is
available.
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Table 16 | Comparison of hallucination detection using the original reasoning trace versus REDE-selected steps
on GSM8K. All values are percentages (AUROC). The best results are highlighted in bold.

Model CCS [7] Probing [3] Perplexity [50] Verbalized [36]

Original Filtered Original Filtered Original Filtered Original Filtered

Qwen3-8B 60.08 91.01 87.50 92.44 55.21 60.03 50.07 60.09
DeepSeek-R1-Distill-Llama-8B 58.31 84.22 78.61 84.66 52.31 58.07 53.81 62.30

Table 17 | Effect of dropping steps ranked by final-answer attention score on Qwen3-8B, compared against
the original unfiltered trace. “Cos Sim” denotes the cosine similarity between the answer embedding of the
remaining trace and that of the full trace (1.000 for the original trace by definition); AUROC is computed with
supervised probing [3].

TruthfulQA MATH CodeElo MULTIHOPQA

Method Cos Sim AUROC Cos Sim AUROC Cos Sim AUROC Cos Sim AUROC

Original trace (no filtering) 1.000 80.42 1.000 81.05 1.000 82.82 1.000 77.84
Drop top-70% attention 0.427 57.18 0.361 52.84 0.483 61.07 0.394 50.62
Drop bottom-70% attention 0.872 84.97 0.815 83.62 0.846 85.11 0.829 79.48

C.9. Impact of step filtering on downstream task accuracy
Our main experiments measure hallucination detection performance (AUROC). Here we examine a comple-
mentary aspect: whether the filtered reasoning trace preserves the LRM’s ability to produce correct answers.
This evaluation targets task-level accuracy, which is distinct from hallucination detection. Concretely, for
each reasoning trace generated by Qwen3-8B on MATH, we remove the steps identified as noisy by REDE

and regenerate the final answer conditioned on the retained steps. Task accuracy is evaluated using the same
judge model as in our main experiments. After filtering, the reasoning traces are reduced by approximately
70% in length. Despite this substantial reduction, the filtered traces achieve an accuracy of 80.00%, compared
to 81.43% for the original traces, maintaining a comparable level of task performance. This confirms that the
vast majority of discarded steps are uninformative for solving the task, and that REDE’s filtering preserves the
reasoning capability of the LRM even with a significantly compressed trace.

C.10. Results with additional metrics
Our main experiments use AUROC as the primary evaluation metric, as it measures discrimination ability
across all decision thresholds. To provide a more complete evaluation, we additionally report Accuracy and
F1 score. As shown in Table 20, using REDE-Filtered steps consistently improves over using the Original
reasoning trace across all three metrics for both CCS and probing. Notably, beyond the substantial gains in
AUROC, REDE also achieves strong improvements in ACC and F1, further confirming the effectiveness of
reasoning-step denoising.

D. Broader impact and limitations
Broader Impact. Large reasoning models (LRMs) are increasingly used in applications where users may rely
on the factuality of generated answers. Our work proposes REDE, a lightweight framework that denoises
reasoning traces for hallucination detection, and we expect it to have a positive impact on the reliability of
LRM-based systems, such as question answering, educational assistants, and coding support. By filtering
noisy reasoning steps before downstream detection, REDE can help flag potentially unreliable outputs prior
to user-facing deployment. At the same time, REDE is not a guarantee of truthfulness. Like other detection
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Table 18 | Comparison of REDE against position-based filtering baselines, all using drop ratio 𝜁 = 70%
on Qwen3-8B. Drop-Latest removes the latest 70% of steps (retaining the earliest 30%), and Drop-Earliest
removes the earliest 70% of steps (retaining the latest 30%). AUROC is computed with supervised probing [3].
The best result in each column is highlighted in bold.

Method TruthfulQA MATH CodeElo MULTIHOPQA

Drop-Latest 68.42 65.71 70.83 66.94
Drop-Earliest 77.53 75.68 79.14 74.29
REDE (Ours) 86.44 87.06 87.19 82.94

Table 19 | Applicability of REDE in a black-box setting with Qwen3-32B as the white-box proxy. Detection
uses verbalized certainty, which does not require internal access to the target. “REDE (proxy)” uses Qwen3-
32B for attention scoring and step embedding, while “REDE (white-box)” has direct access to the target and
is shown as an upper-bound reference. All values are AUROC (%). The best result among black-box methods
is highlighted in bold.

DeepSeek-R1-Distill-Llama-8B Qwen3-8B

Method TruthfulQA MATH CodeElo MULTIHOPQA TruthfulQA MATH CodeElo MULTIHOPQA

Original trace 56.61 69.71 79.13 50.87 50.37 57.19 78.89 63.75
REDE (proxy) 59.85 74.26 82.07 56.79 58.41 62.83 82.14 67.62

REDE (white-box) 61.94 76.13 84.49 59.56 61.10 65.13 83.89 69.50

methods, it may still make incorrect predictions, which could either over-trust hallucinated answers or suppress
correct but unconventional reasoning traces. Therefore, we view REDE as a reliability-enhancing component
rather than a substitute for human oversight, especially in high-stakes settings.

Limitations. REDE currently operates as a filtering module on reasoning traces. It does not intervene during
the generation process itself. A promising direction for future work is to integrate the denoising signal into
the LRM, for example by incorporating the step-level informativeness objective into model training so that
the LRM learns to suppress noisy steps during generation.
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Table 20 | Hallucination detection results under additional evaluation metrics on TruthfulQA with Qwen3-8B.
We compare using the Original reasoning trace versus REDE-Filtered steps. The best result in each group is highlighted
in bold.

Setting CCS [7] Probing [3]

AUROC ACC F1 AUROC ACC F1

Original 68.63 58.91 65.03 80.42 66.57 63.08
Filtered 87.32 70.47 73.95 86.44 71.09 68.82

E. Theoretical analysis
In this section, we provide a theoretical perspective on why REDE improves hallucination detection. Our
analysis follows the practical inference rule in Section 4.3, where steps are filtered by their intra-trace 𝜅-NN
distances in the shaped space. At a high level, we formalize the following story: (1) the oracle informative
trace provides a more discriminative representation for hallucination detection than the full trace containing
noisy steps; (2) after representation shaping, informative steps become locally dense while noisy steps remain
locally sparse, which separates their 𝜅-NN distance scores; (3) under rank-based removal of the top-𝜁%
largest 𝜅-NN distances, the resulting filtering errors are small; and (4) small filtering errors imply that the
hallucination detection risk on the filtered trace is close to that on the oracle informative trace.

To keep the analysis analytically tractable, we introduce in Assumption E.1 an 𝜀-approximate form of
conditional label-uninformativeness of the noisy perturbation, parameterized by two scalar quantities (𝜀𝜇, 𝜀𝑐).
Proposition E.3 is correspondingly stated as an additive perturbation bound whose slack decays continuously
with (𝜀𝜇, 𝜀𝑐) and vanishes in the strict-independence limit, so that our bounds remain meaningful across a
broad range of noisy-step behaviors.

E.1. Setup and definitions

Consider a test-time prompt-answer pair (p̄, ā) with reasoning trace C̄ = {c̄1, . . . , c̄𝐾̄}, following the
test-time notation in Section 4.3. Let C̄info ⊆ C̄ denote the subset of informative reasoning steps, and let
C̄noise = C̄ ∖ C̄info denote the subset of noisy steps. At test time, REDE produces a filtered trace C̄fil ⊆ C̄
by removing steps that are identified as noisy in the learned representation space.

Let 𝜓(c̄) ∈ R𝑑Φ denote the representation of reasoning step c̄ used by the downstream hallucination
detector, and let the trace-level representation be

Φ(p̄, C̄, ā) = Φ0(p̄, ā) +
1

𝐾̄

∑︁
c̄∈C̄

𝜓(c̄), (5)

where Φ0(p̄, ā) captures the prompt-answer component independent of the reasoning steps. This form covers
common downstream detectors that operate on pooled hidden states or other additive trace summaries. We
normalize by the original trace length 𝐾̄ so that filtered and oracle traces are compared under a common scale.

Let 𝑔 : R𝑑Φ → R be a downstream detector, and let ℓ(𝑔(Φ), 𝑦) be the detection loss for truthfulness label
𝑦 ∈ {0, 1}. We define the population risk on a trace subset C̄′ ⊆ C̄ as

ℛ(𝑔; C̄′) = E
[︀
ℓ(𝑔(Φ(p̄, C̄′, ā)), 𝑦)

]︀
, (6)

where the expectation is taken over the data distribution.
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To quantify the quality of filtering, we define two error rates:

𝛼 := E

[︃⃒⃒
C̄fil ∩ C̄noise

⃒⃒
𝐾̄

]︃
, (7)

𝛽 := E

[︃⃒⃒
C̄info ∖ C̄fil

⃒⃒
𝐾̄

]︃
. (8)

Here, 𝛼 measures the fraction of noisy steps that are erroneously retained, while 𝛽 measures the fraction
of informative steps that are mistakenly removed; both expectations are taken over the data distribution,
including the randomness of the trace length 𝐾̄.

Let ē𝑖 denote the pre-projection embedding of step c̄𝑖, and let

z̄𝑖 = 𝑓𝜑(ē𝑖) ∈ R𝑑′ (9)

be the projected step embedding produced by the learned projection head 𝑓𝜑. Consistent with the practical
inference rule in Section 4.3 and the cosine-similarity-based training objective in Eq. 3, throughout this
appendix we instantiate the distance over the projected space as the cosine distance

𝐷(u,v) := 1− u⊤v

‖u‖2 ‖v‖2
, (10)

matching the score 𝑆𝑖 used at inference in Section 4.3. To match this practical inference rule, we define the
step-level filtering score by the intra-trace 𝜅-NN cosine distance

𝑆𝑖 := 𝐷(z̄𝑖, z̄
(𝜅)
𝑖 ), (11)

where z̄
(𝜅)
𝑖 denotes the 𝜅-th nearest neighbor of z̄𝑖 among {z̄𝑗}𝑗 ̸=𝑖 within the same trace under 𝐷. We use

𝜅 here to denote the nearest-neighbor parameter and reserve 𝐾̄ for the number of steps in the test trace;
correspondingly, the number of nearest neighbors denoted by 𝑘 in Section 4.3 is written as 𝜅 throughout this
appendix.

Following the practical rank-based rule, let

𝑀 := ⌈𝜁𝐾̄⌉ (12)

denote the number of removed steps, where 𝜁 ∈ (0, 1) is the removal ratio. The filtered trace C̄fil is obtained
by removing the 𝑀 steps with the largest scores {𝑆𝑖}𝐾̄𝑖=1.

For a radius 𝑟 > 0, define the local neighbor count around step 𝑖 by

𝑁𝑖(𝑟) :=
∑︁
𝑗 ̸=𝑖

1{𝐷(z̄𝑗 , z̄𝑖) ≤ 𝑟} . (13)

Then the 𝜅-NN score admits the equivalent characterization

𝑆𝑖 ≤ 𝑟 ⇐⇒ 𝑁𝑖(𝑟) ≥ 𝜅, 𝑆𝑖 > 𝑟 ⇐⇒ 𝑁𝑖(𝑟) < 𝜅. (14)

E.2. Oracle informative traces are more discriminative
We first formalize why noisy reasoning steps are harmful for hallucination detection. The key intuition is
that noisy steps act as approximately label-uninformative perturbations to the trace representation: they do
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not substantially improve the class-conditional mean separation relevant for truthfulness prediction, but they
increase the within-class variability, thereby reducing class separability.

Let
Φ⋆ := Φ(p̄, C̄info, ā), 𝛿 :=

1

𝐾̄

∑︁
c̄∈C̄noise

𝜓(c̄),

so that the full-trace representation satisfies

Φ(p̄, C̄, ā) = Φ⋆ + 𝛿. (15)

For each label 𝑦 ∈ {0, 1}, define the class-conditional means and covariances

𝜇⋆
𝑦 := E[Φ⋆ | 𝑦], Σ⋆

𝑦 := Cov(Φ⋆ | 𝑦),

and
𝜇𝑦 := E[Φ | 𝑦], Σ𝑦 := Cov(Φ | 𝑦).

Let the pooled within-class covariance matrices be

Σ⋆
𝑤 := 𝜋0Σ

⋆
0 + 𝜋1Σ

⋆
1, Σ𝑤 := 𝜋0Σ0 + 𝜋1Σ1,

where 𝜋𝑦 := P(𝑌 = 𝑦).

Assumption E.1 (𝜀-approximate label-uninformative perturbation). There exist constants 𝜀𝜇, 𝜀𝑐 ≥ 0 such
that for each 𝑦 ∈ {0, 1}:

(i) (Approximate mean-zero)
⃦⃦
E[𝛿 | 𝑦]

⃦⃦
2
≤ 𝜀𝜇;

(ii) (Bounded cross-covariance)
⃦⃦
Cov(Φ⋆, 𝛿 | 𝑦)

⃦⃦
op
≤ 𝜀𝑐;

(iii) Cov(𝛿 | 𝑦) = Σ𝛿(𝑦) ⪰ 0, Σ⋆
𝑤 ≻ 0, and the cross-covariance slack is moderate relative to the

informative covariance, i.e., 𝜀𝑐 ≤ 𝜆min(Σ
⋆
𝑤)/4.

The strict-independence case 𝛿 ⊥ Φ⋆ | 𝑦 together with E[𝛿 | 𝑦] = 0 is recovered as the special limit
𝜀𝜇 = 𝜀𝑐 = 0.

Remark E.2 (Scope and tightness of Assumption E.1). Assumption E.1 captures a broad class of noisy-step
behaviors through two nonnegative slack parameters (𝜀𝜇, 𝜀𝑐), which control, respectively, the class-conditional
mean of the noisy perturbation 𝛿 and its second-order correlation with the informative component Φ⋆. The
mild magnitude condition on 𝜀𝑐 in (iii) ensures that the perturbed within-class covariance Σ𝑤 remains
well-conditioned relative to its oracle counterpart Σ⋆

𝑤, which is needed for the matrix-inverse perturbation
bound used in the proof of Proposition E.3. The strict-independence case corresponds to the limit 𝜀𝜇 = 𝜀𝑐 = 0,
while general (𝜀𝜇, 𝜀𝑐) allow arbitrary nonzero slack within the stated bounds. Proposition E.3 below is
an additive perturbation bound whose slack Δ(𝜀𝜇, 𝜀𝑐) decays continuously with these parameters, so the
tightness of the bound scales smoothly with how close the noisy perturbation is to being label-uninformative.

We quantify class separability of a trace representation by the Fisher discriminability

𝒥 (C̄′) :=
(︀
𝜇1(C̄

′)− 𝜇0(C̄
′)
)︀⊤

Σ𝑤(C̄
′)−1

(︀
𝜇1(C̄

′)− 𝜇0(C̄
′)
)︀
, (16)

where
𝜇𝑦(C̄

′) := E[Φ(p̄, C̄′, ā) | 𝑦], Σ𝑤(C̄
′) := 𝜋0Σ0(C̄

′) + 𝜋1Σ1(C̄
′).

38



Reasoning Denoiser: Denoising Reasoning Traces for Hallucination Detection in Large Reasoning Models

Proposition E.3 (Noisy steps reduce trace discriminability, approximate version). Under Assumption E.1, the
full-trace Fisher discriminability is bounded by the oracle one up to a slack controlled by (𝜀𝜇, 𝜀𝑐):

𝒥 (C̄) ≤ 𝒥 (C̄info) + Δ(𝜀𝜇, 𝜀𝑐), (17)

where

Δ(𝜀𝜇, 𝜀𝑐) :=
4 𝜀𝜇 ‖𝜇⋆

1 − 𝜇⋆
0‖2 + 4 𝜀2𝜇

𝜆min(Σ
⋆
𝑤)

+
4 𝜀𝑐

(︀
‖𝜇⋆

1 − 𝜇⋆
0‖2 + 2𝜀𝜇

)︀2
𝜆min(Σ

⋆
𝑤)

2
. (18)

In particular, Δ(𝜀𝜇, 𝜀𝑐) → 0 as 𝜀𝜇, 𝜀𝑐 → 0, recovering the exact monotonicity 𝒥 (C̄) ≤ 𝒥 (C̄info) in the
strict-independence limit.

Proof. By Eq. 15 and Assumption E.1(i),

𝜇𝑦 = 𝜇⋆
𝑦 + E[𝛿 | 𝑦] = 𝜇⋆

𝑦 + 𝜂𝑦, ‖𝜂𝑦‖2 ≤ 𝜀𝜇,

so that
‖𝜇1 − 𝜇0‖2 ≤ ‖𝜇⋆

1 − 𝜇⋆
0‖2 + 2𝜀𝜇.

For the covariances, write

Σ𝑦 = Σ⋆
𝑦 +Σ𝛿(𝑦) +E𝑦, E𝑦 := Cov(Φ⋆, 𝛿 | 𝑦) + Cov(𝛿,Φ⋆ | 𝑦),

with ‖E𝑦‖op ≤ 2𝜀𝑐 by Assumption E.1(ii). Therefore

Σ𝑤 = Σ⋆
𝑤 + Σ̄𝛿 + Ē, Σ̄𝛿 := 𝜋0Σ𝛿(0) + 𝜋1Σ𝛿(1) ⪰ 0, ‖Ē‖op ≤ 2𝜀𝑐.

Let A := Σ⋆
𝑤 + Σ̄𝛿 ⪰ Σ⋆

𝑤 ≻ 0, so Σ𝑤 = A + Ē. By operator monotonicity of inversion on the positive-
definite cone, A−1 ⪯ (Σ⋆

𝑤)
−1. Using the standard perturbation bound for matrix inversion [22],⃦⃦
Σ−1

𝑤 −A−1
⃦⃦
op
≤ ‖Ē‖op

𝜆min(A) (𝜆min(A)− ‖Ē‖op)
.

Since 𝜆min(A) ≥ 𝜆min(Σ
⋆
𝑤) and ‖Ē‖op ≤ 2𝜀𝑐 ≤ 𝜆min(Σ

⋆
𝑤)/2 by Assumption E.1(iii), we have 𝜆min(A)−

‖Ē‖op ≥ 𝜆min(Σ
⋆
𝑤)/2, and therefore⃦⃦

Σ−1
𝑤 −A−1

⃦⃦
op
≤ 2𝜀𝑐

𝜆min(Σ
⋆
𝑤) · 𝜆min(Σ

⋆
𝑤)/2

=
4𝜀𝑐

𝜆min(Σ
⋆
𝑤)

2
.

Combining the two bounds,

𝒥 (C̄) = (𝜇1 − 𝜇0)
⊤Σ−1

𝑤 (𝜇1 − 𝜇0)

≤ (𝜇1 − 𝜇0)
⊤A−1(𝜇1 − 𝜇0) +

⃦⃦
Σ−1

𝑤 −A−1
⃦⃦
op
‖𝜇1 − 𝜇0‖22

≤ (𝜇1 − 𝜇0)
⊤(Σ⋆

𝑤)
−1(𝜇1 − 𝜇0) +

4𝜀𝑐 (‖𝜇⋆
1 − 𝜇⋆

0‖2 + 2𝜀𝜇)
2

𝜆min(Σ
⋆
𝑤)

2
.

For the first term, writing 𝜇1−𝜇0 = (𝜇⋆
1−𝜇⋆

0)+(𝜂1−𝜂0) with ‖𝜂1−𝜂0‖2 ≤ 2𝜀𝜇, expanding the quadratic
form, and using ‖(Σ⋆

𝑤)
−1‖op ≤ 1/𝜆min(Σ

⋆
𝑤),

(𝜇1 − 𝜇0)
⊤(Σ⋆

𝑤)
−1(𝜇1 − 𝜇0) ≤ 𝒥 (C̄info) +

4𝜀𝜇 ‖𝜇⋆
1 − 𝜇⋆

0‖2 + 4𝜀2𝜇
𝜆min(Σ

⋆
𝑤)

.

Summing the two contributions recovers Eq. 17 with Δ(𝜀𝜇, 𝜀𝑐) as in Eq. 18.

Proposition E.3 shows that, up to a slack vanishing with (𝜀𝜇, 𝜀𝑐), noisy reasoning steps do not improve
Fisher discriminability and typically degrade it by inflating within-class variation. This motivates recovering a
trace close to the oracle informative trace before performing hallucination detection.
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E.3. 𝜅-NN distance separation from local density in the projected space
We next analyze the practical score in Eq. 11. The key quantity is the local neighbor count in Eq. 13:
informative steps should have many nearby neighbors within a small radius, whereas noisy steps should have
few nearby neighbors even within a larger radius.

Assumption E.4 (Local density separation). Conditioned on a center step c̄𝑖 and its type, the random
indicators

1{𝐷(z̄𝑗 , z̄𝑖) ≤ 𝑟} , 𝑗 ̸= 𝑖,

are independent Bernoulli variables for each fixed radius 𝑟. Moreover, there exist radii 0 < 𝑟ℐ < 𝑟𝒩 such
that

𝜇ℐ := E
[︁
𝑁𝑖(𝑟ℐ) | c̄𝑖 ∈ C̄info

]︁
≥ 2𝜅, (19)

and
𝜇𝒩 := E

[︀
𝑁𝑖(𝑟𝒩 ) | c̄𝑖 ∈ C̄noise

]︀
≤ 𝜅/2. (20)

Here, the non-bold 𝜇ℐ , 𝜇𝒩 denote scalar expectations of the local neighbor count, and should not be
confused with the class-conditional trace means 𝜇𝑦 used earlier. This assumption formalizes the geometry
induced by REDE: informative steps form a compact local neighborhood, while noisy steps remain sparse and
isolated.

Proposition E.5 (𝜅-NN distances separate informative and noisy steps). Under Assumption E.4, the practical
𝜅-NN score in Eq. 11 satisfies

P
(︁
𝑆𝑖 > 𝑟ℐ

⃒⃒⃒
c̄𝑖 ∈ C̄info

)︁
≤ exp(−𝜅/4), (21)

and
P
(︀
𝑆𝑖 ≤ 𝑟𝒩

⃒⃒
c̄𝑖 ∈ C̄noise

)︀
≤ exp(−𝜅/6). (22)

Proof. By Eq. 14,
𝑆𝑖 > 𝑟ℐ ⇐⇒ 𝑁𝑖(𝑟ℐ) < 𝜅.

For informative steps, Assumption E.4 gives

𝜇ℐ = E[𝑁𝑖(𝑟ℐ) | c̄𝑖 ∈ C̄info] ≥ 2𝜅.

Therefore,
{𝑁𝑖(𝑟ℐ) < 𝜅} ⊆ {𝑁𝑖(𝑟ℐ) < 𝜇ℐ/2} .

Applying the multiplicative Chernoff bound to the lower tail,

P
(︁
𝑁𝑖(𝑟ℐ) < 𝜇ℐ/2

⃒⃒⃒
c̄𝑖 ∈ C̄info

)︁
≤ exp(−𝜇ℐ/8) ≤ exp(−𝜅/4),

which proves Eq. 21.

Similarly, by Eq. 14,
𝑆𝑖 ≤ 𝑟𝒩 ⇐⇒ 𝑁𝑖(𝑟𝒩 ) ≥ 𝜅.

For noisy steps, Assumption E.4 gives

𝜇𝒩 = E[𝑁𝑖(𝑟𝒩 ) | c̄𝑖 ∈ C̄noise] ≤ 𝜅/2.

The event {𝑁𝑖(𝑟𝒩 ) ≥ 𝜅} is an upper-tail event at least as extreme as doubling the mean. Applying the
multiplicative Chernoff bound to the upper tail yields

P
(︀
𝑁𝑖(𝑟𝒩 ) ≥ 𝜅

⃒⃒
c̄𝑖 ∈ C̄noise

)︀
≤ exp(−𝜅/6),

which proves Eq. 22.
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Proposition E.5 shows that once the learned projection creates a sufficiently dense informative region and
a sufficiently sparse noisy region, informative and noisy steps become separable directly under the practical
𝜅-NN distance used at inference time.

E.4. From 𝜅-NN score separation to rank-based filtering error
We now analyze the practical rank-based rule that removes the top-𝜁% largest 𝜅-NN distances within a trace.

Let
𝐾̄𝒩 := |C̄noise| (23)

denote the number of noisy steps in the trace, and define the score-separation event

ℰsep :=

{︂
max

c̄𝑖∈C̄info
𝑆𝑖 ≤ 𝑟ℐ , min

c̄𝑖∈C̄noise
𝑆𝑖 ≥ 𝑟𝒩

}︂
. (24)

Since 𝑟ℐ < 𝑟𝒩 , on ℰsep every noisy step has a larger score than every informative step.

Proposition E.6 (Rank-based filtering error under practical 𝜅-NN scores). On the event ℰsep, removing the
top-𝑀 steps ranked by {𝑆𝑖}𝐾̄𝑖=1 yields⃒⃒⃒

C̄fil ∩ C̄noise
⃒⃒⃒
= (𝐾̄𝒩 −𝑀)+,

⃒⃒⃒
C̄info ∖ C̄fil

⃒⃒⃒
= (𝑀 − 𝐾̄𝒩 )+, (25)

where (𝑥)+ := max{𝑥, 0}. Consequently,

𝛼 ≤ E
[︂
(𝐾̄𝒩 −𝑀)+

𝐾̄

]︂
+ P(ℰ𝑐sep), (26)

𝛽 ≤ E
[︂
(𝑀 − 𝐾̄𝒩 )+

𝐾̄

]︂
+ P(ℰ𝑐sep). (27)

Proof. On ℰsep, all noisy steps are ranked ahead of all informative steps by the practical 𝜅-NN scores. If
𝑀 ≤ 𝐾̄𝒩 , then the top-𝑀 removed steps are all noisy. Hence exactly 𝑀 noisy steps are removed, no
informative steps are removed, and the number of retained noisy steps is 𝐾̄𝒩 −𝑀 . If 𝑀 > 𝐾̄𝒩 , then all
noisy steps are removed and the remaining 𝑀 − 𝐾̄𝒩 removed steps must be informative. This proves Eq. 25.

Now decompose

|C̄fil ∩ C̄noise|
𝐾̄

=
|C̄fil ∩ C̄noise|

𝐾̄
1{ℰsep}+

|C̄fil ∩ C̄noise|
𝐾̄

1{ℰ𝑐sep}.

On ℰsep, Eq. 25 gives
|C̄fil ∩ C̄noise|

𝐾̄
=

(𝐾̄𝒩 −𝑀)+
𝐾̄

.

On ℰ𝑐sep, the normalized count is at most 1. Taking expectations yields Eq. 26. The proof of Eq. 27 is identical
using the second identity in Eq. 25.

The bounds in Eqs. 26–27 separate two sources of error: (1) count mismatch, because the practical rule
removes exactly 𝑀 = ⌈𝜁𝐾̄⌉ steps while the true number of noisy steps is 𝐾̄𝒩 ; and (2) score overlap, captured
by P(ℰ𝑐sep).
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Corollary E.7 (Filtering error under local density separation). Under Assumption E.4,

P(ℰ𝑐sep) ≤ E[𝐾̄]
(︀
exp(−𝜅/4) + exp(−𝜅/6)

)︀
. (28)

Consequently,

𝛼 ≤ E
[︂
(𝐾̄𝒩 −𝑀)+

𝐾̄

]︂
+ E[𝐾̄]

(︀
exp(−𝜅/4) + exp(−𝜅/6)

)︀
, (29)

𝛽 ≤ E
[︂
(𝑀 − 𝐾̄𝒩 )+

𝐾̄

]︂
+ E[𝐾̄]

(︀
exp(−𝜅/4) + exp(−𝜅/6)

)︀
. (30)

Proof. Conditioned on a trace of length 𝐾̄, a union bound and Proposition E.5 together with the trivial bounds
|C̄info| ≤ 𝐾̄ and |C̄noise| ≤ 𝐾̄ give

P(ℰ𝑐sep | 𝐾̄) ≤
∑︁

c̄𝑖∈C̄info

P
(︁
𝑆𝑖 > 𝑟ℐ | c̄𝑖 ∈ C̄info

)︁
+

∑︁
c̄𝑖∈C̄noise

P
(︀
𝑆𝑖 ≤ 𝑟𝒩 | c̄𝑖 ∈ C̄noise

)︀
≤ 𝐾̄

(︀
exp(−𝜅/4) + exp(−𝜅/6)

)︀
.

Taking expectation over 𝐾̄ on both sides yields Eq. 28. Substituting Eq. 28 into Proposition E.6 yields
Eqs. 29–30.

E.5. Representation gap induced by imperfect filtering
We now bound the representation distortion caused by imperfect filtering, where some noisy steps may be
retained and some informative steps may be lost.

Assumption E.8 (Bounded step representations). There exist constants 𝐵info, 𝐵noise > 0 such that

‖𝜓(c̄)‖2 ≤ 𝐵info for all c̄ ∈ C̄info, ‖𝜓(c̄)‖2 ≤ 𝐵noise for all c̄ ∈ C̄noise.

Lemma E.9 (Bounded representation gap). Let

Φfil := Φ(p̄, C̄fil, ā), Φ⋆ := Φ(p̄, C̄info, ā).

Under Assumption E.8, the expected representation gap between the filtered and oracle traces satisfies

E
[︀
‖Φfil −Φ⋆‖2

]︀
≤ 𝐵noise 𝛼+𝐵info 𝛽. (31)

Proof. Using the additive representation in Eq. 5, the difference decomposes as

Φfil −Φ⋆ =
1

𝐾̄

⎛⎝ ∑︁
c̄∈C̄fil∩C̄noise

𝜓(c̄)−
∑︁

c̄∈C̄info∖C̄fil

𝜓(c̄)

⎞⎠ . (32)

Taking norms and applying the triangle inequality and Assumption E.8,

‖Φfil −Φ⋆‖2 ≤
𝐵noise

𝐾̄

⃒⃒
C̄fil ∩ C̄noise

⃒⃒
+

𝐵info

𝐾̄

⃒⃒
C̄info ∖ C̄fil

⃒⃒
. (33)

Taking expectation on both sides and using the definitions of 𝛼 and 𝛽 in Eqs. 7–8 yields Eq. 31.
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E.6. Detection risk on filtered traces
Following common practice in representation analysis [1, 3, 70], we analyze the detection risk under a linear
probe on the trace representation. We now show that a small representation gap implies that the filtered trace
achieves hallucination detection risk close to that of the oracle informative trace.

Assumption E.10 (Linear probe with Lipschitz loss). The downstream detector is a linear probe, i.e.,
𝑔(Φ) = w⊤Φ + 𝑏 for some w ∈ R𝑑Φ and 𝑏 ∈ R, and the loss ℓ(·, 𝑦) is 𝐿0-Lipschitz in its first argument.
Consequently, the composed loss ℓ(𝑔(·), 𝑦) is Lipschitz with respect to the trace representation with constant
𝐿 := 𝐿0‖w‖2:

|ℓ(𝑔(u), 𝑦)− ℓ(𝑔(v), 𝑦)| ≤ 𝐿‖u− v‖2 for all u,v ∈ R𝑑Φ .

Theorem E.11 (Risk bound on filtered traces). Under Assumptions E.8 and E.10, for any linear probe 𝑔
satisfying Assumption E.10,

ℛ(𝑔; C̄fil) ≤ ℛ(𝑔; C̄info) + 𝐿
(︀
𝐵noise 𝛼+𝐵info 𝛽

)︀
. (34)

Moreover, under Assumptions E.4, E.8 and E.10,

ℛ(𝑔; C̄fil) ≤ ℛ(𝑔; C̄info) + 𝐿𝐵noise

(︂
E
[︂
(𝐾̄𝒩 −𝑀)+

𝐾̄

]︂
+ E[𝐾̄]

(︀
𝑒−𝜅/4 + 𝑒−𝜅/6

)︀)︂
+ 𝐿𝐵info

(︂
E
[︂
(𝑀 − 𝐾̄𝒩 )+

𝐾̄

]︂
+ E[𝐾̄]

(︀
𝑒−𝜅/4 + 𝑒−𝜅/6

)︀)︂
. (35)

Proof. By the definition of population risk,

ℛ(𝑔; C̄fil)−ℛ(𝑔; C̄info) = E
[︀
ℓ(𝑔(Φfil), 𝑦)− ℓ(𝑔(Φ⋆), 𝑦)

]︀
≤ E

[︀⃒⃒
ℓ(𝑔(Φfil), 𝑦)− ℓ(𝑔(Φ⋆), 𝑦)

⃒⃒]︀
≤ 𝐿E

[︀
‖Φfil −Φ⋆‖2

]︀
, (36)

where the last step applies Assumption E.10. Applying Lemma E.9 gives Eq. 34. If Assumption E.4
additionally holds, substituting the bounds from Corollary E.7 for 𝛼 and 𝛽 yields Eq. 35.

Remark E.12 (Role of (𝜀𝜇, 𝜀𝑐) in the overall risk bound). Theorem E.11 bounds the excess risk of the filtered
trace relative to the oracle informative risk ℛ(𝑔; C̄info), and does not itself depend on (𝜀𝜇, 𝜀𝑐). The slack
parameters enter upstream through Proposition E.3, which controls the gap betweenℛ(𝑔; C̄) (using the full,
unfiltered trace) andℛ(𝑔; C̄info) via Δ(𝜀𝜇, 𝜀𝑐). Combining the two yields, for a problem-dependent constant
𝐶 > 0 relating Fisher discriminability to Bayes-optimal linear-probe risk,

ℛ(𝑔; C̄fil) ≤ ℛ(𝑔; C̄) + 𝐿
(︀
𝐵noise𝛼+𝐵info𝛽

)︀
+ 𝐶Δ(𝜀𝜇, 𝜀𝑐).

This makes the role of the slack parameters explicit: the smaller (𝜀𝜇, 𝜀𝑐) and the smaller the filtering errors
(𝛼, 𝛽), the larger the improvement of the filtered trace over the unfiltered one.

Corollary E.13 (Consistency under accurate practical filtering). Under Assumptions E.8 and E.10, if

𝛼→ 0 and 𝛽 → 0,

then
ℛ(𝑔; C̄fil)→ℛ(𝑔; C̄info).

Moreover, under Assumptions E.4, E.8 and E.10, if

E
[︂
(𝐾̄𝒩 −𝑀)+

𝐾̄

]︂
→ 0, E

[︂
(𝑀 − 𝐾̄𝒩 )+

𝐾̄

]︂
→ 0,
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and
E[𝐾̄]

(︀
𝑒−𝜅/4 + 𝑒−𝜅/6

)︀
→ 0,

then
ℛ(𝑔; C̄fil)→ℛ(𝑔; C̄info).

Proof. The first claim follows immediately from Theorem E.11. For the second claim, Corollary E.7 implies
𝛼→ 0 and 𝛽 → 0 under the stated conditions. Applying the first claim completes the proof.

Theorem E.11 shows that the excess hallucination detection risk incurred by using the filtered trace
is directly controlled by the quality of practical 𝜅-NN-based filtering. Combined with Proposition E.3,
Proposition E.5, and Proposition E.6, it gives a complete chain: the learned projection creates informative
regions that are locally dense and noisy regions that are locally sparse; this local density gap separates the
practical 𝜅-NN scores; under rank-based removal of the largest scores, the resulting filtering errors are small;
and small filtering errors imply that the filtered trace achieves risk close to that of the oracle informative trace.

E.7. Connection to the shaping objective
The formal results above explain why filtering quality matters. We now discuss how the shaping objective in
Eq. 3 of the main paper supports the practical 𝜅-NN filtering rule.

Remark E.14 (Effect of the shaping loss on practical 𝜅-NN filtering). The training objective in Eq. 3 is
defined on the attention-based proxy sets 𝒯 and ℬ. For interpretation, we consider the population-level
approximation that these proxies are reasonably aligned with the latent informative and noisy step sets C̄info

and C̄noise.

Under this approximation, the compactness termℒcompact pulls projected embeddings of proxy-informative
steps together, which increases the local neighbor count 𝑁𝑖(𝑟) for informative steps at small radii and there-
fore tends to decrease their practical 𝜅-NN distances. The dispersion term ℒdisperse discourages projected
embeddings of proxy-noisy steps from forming dense neighborhoods, which decreases their local neighbor
count and therefore tends to increase their practical 𝜅-NN distances. The separation term ℒseparate pushes
the two groups apart, reducing cross-group neighborhood overlap and making the score-separation event
ℰsep more likely.

Together, these terms shape a projected embedding space in which informative steps occupy compact
high-density neighborhoods while noisy steps remain sparse and isolated. Proposition E.5 then implies
improved separation under the practical 𝜅-NN score, and Proposition E.6 together with Theorem E.11 implies
lower filtering error and tighter hallucination detection risk. The ablation study in Section 5.2 provides
empirical support for this interpretation.
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