
The Geometry of Semantic Space:
A Continuous Geometric Framework for the Transformer Architecture

Zhihua Liang1, ∗

1INFN, Sezione di Cagliari, I-09042 Monserrato (CA), Italy
(Dated: July 21, 2026)

We present a continuous geometric framework that models the discrete algebraic operations of
the Transformer architecture as an integro-differential equation (IDE) on a semantic fiber bundle
E = M× Rd. Beginning from a single geometric axiom—that the token sequence forms a discrete
1-manifold equipped with a canonical measure lattice—we translate every core component of the
modern Transformer (RMSNorm, RoPE, Softmax Attention, FFN, Residual Stream, SGD, Weight
Decay) into a cohesive vocabulary of differential geometry, measure theory, and stochastic calcu-
lus. The resulting framework yields quantitative predictions spanning entropic optimal transport
(Attention as a Schrödinger bridge) and non-equilibrium thermodynamics (SGD as Itô diffusion
violating detailed balance). We conduct a six-part experimental campaign across five architectures
(Qwen3, LLaMA-3.1, Gemma-3, GPT-2, Mistral) spanning 124M to 8B parameters. The empir-

ical observables are quantitatively consistent with the geometric predictions: the ϵ−1/2 Lipschitz
scaling calibration at machine precision (R2 = 1.000), the Lie–Trotter operator-splitting torsion,

the symmetric ablation instability confirming the Dual-Law of Topological Stability, the O(1/
√
k)

thermodynamic suppression of Poincaré recurrence on the RoPE torus, the thermodynamic context-
limit phase transition, and the Non-Equilibrium Steady State parameter vortex—verified across two
optimizers (AdamW and Pure SGD) to exclude momentum artifacts. The results demonstrate that
analyzing Transformers through the lens of continuous stochastic differential geometry provides a
predictive descriptive vocabulary for the stability limits, context bounds, and optimization dynamics
of Large Language Models.

I. INTRODUCTION

Analyzing deep learning through the lens of continu-
ous dynamical systems has a substantial history. Weinan
E [1] recast ResNets as forward Euler discretizations of
continuous dynamical systems, leading to the founda-
tional development of Neural Ordinary Differential Equa-
tions [2]. The non-equilibrium thermodynamic proper-
ties of Stochastic Gradient Descent have been rigorously
explored by Chaudhari et al. [3] via Entropy-SGD and
by Mandt et al. [4] via the Bayesian interpretation of
SGD as approximate inference. Building upon these
foundations, prior literature has explored the continu-
ous limits of attention mechanisms, modeling Transform-
ers [5] via PDEs, ODEs, and interacting particle sys-
tems [6, 7]. Amari’s foundational work on Information
Geometry [8] established the dual-flat manifold struc-
ture of well-specified statistical models and the break-
down of the Information Matrix Equality for misspecified
models—a distinction that directly underlies the non-
equilibrium thermodynamics of Sec. V. The empirical
machine learning community has also extensively doc-
umented sequence-length scaling properties via Rotary
Position Embeddings [9] and its extensions [10, 11], as
well as context-window capacity constraints via the em-
pirical discovery of Attention Sinks [12].

This manuscript aims not to claim that the Trans-
former is a continuous physical system, but that an-
alyzing it through the isomorphic lens of continuous
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stochastic differential geometry provides a predictive de-
scriptive vocabulary that unifies these disparate empiri-
cal phenomena—bridging abstract topology with testable
stability limits, context bounds, and optimization dy-
namics. Following the logic of Backward Error Analysis
in geometric numerical integration [13], we treat the con-
tinuous geometric framework as a Continuous Effective
Field Theory : the discrete architecture is the exact inte-
grator, and the continuous integro-differential equation
is the nearby modified equation whose structural gener-
ators (Lie brackets, vorticity 2-forms, entropic pressure)
classify the dominant macroscopic observables.

II. AXIOMATIZATION OF TOPOLOGICAL
SPACES AND KINEMATICS

To establish a mathematically rigorous foundation, we
strip away the vocabulary of discrete “arrays” and for-
mulate the Transformer via the kinematics of differen-
tial manifold calculus. We summarize the translation
between standard deep learning terminology and the con-
tinuous geometric equivalents in Table I.

A. The Base Manifold and the Semantic Bundle

Remark 1 (Scope and Kinematic Classification). We
classify this framework explicitly as a Classical Lattice
Field Theory on a rigid Galilean background. Unlike
Yang–Mills theory or General Relativity, where the gauge
connection and the metric are dynamical fields possess-
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TABLE I. Translation dictionary: standard deep learning terms and their continuous geometric equivalents used throughout
this work.

Deep Learning Term Geometric Equivalent
Sequence Index / Token Position Base manifold coordinate µ, ν ∈ M
Embedding Dimension (dmodel) Fiber dimension Fµ

∼= Rd

Token Embedding / Hidden State Section of the bundle Ψ ∈ Γ(E)
RMSNorm [14] ϵ stabilizer Topological mollifier ϵ
RoPE (Rotary Embeddings) Gauge connection / path monodromy U
Softmax Attention Urysohn–Volterra operator T
Feed-Forward Network (FFN) Hodge reaction field R
Residual Stream Depth-parameterized flow Ψ(z, µ)
Layer Index l Algorithmic depth z ∈ R+

Weight Decay (λ) Tikhonov gauge mass penalty

ing their own action and back-reacting to the matter
field, the RoPE connection and the 1D base manifold
in this framework are absolutely rigid, fixed background
geometries. The framework fundamentally lacks the dif-
feomorphism invariance of a true relativistic field theory.
The continuous geometry is an isomorphic descriptive
lens applied to a discrete algebraic system; the geom-
etry is the map, not the territory. Just as lattice QCD
simulates continuous gauge fields via discrete computa-
tional grids, the discrete Transformer acts as the ex-
act numerical integrator of the underlying continuous
integro-differential equation. The geometric construc-
tions below are therefore not optional analytical overlays,
but exact kinematic translations of the discrete compu-
tational graph whose topological constraints are empir-
ically binding for trained networks: as demonstrated in
Sec. VIC, violating the continuous geometric generators
of a mature, frozen configuration fundamentally shat-
ters its dynamic stability. The constraint is configura-
tional rather than architectural—training from initializa-
tion under the same algebraic constraint reaches stable
basins (remark 6).

Axiom 1 (The Continuous Base Manifold & Measure
Lattice). We explicitly demarcate the continuous phys-
ical reality from its discrete numerical evaluation. Let
the semantic sequence space (semantic time) be strictly
defined as a connected, one-dimensional smooth mani-
fold with boundary, specifically the half-closed ray M ∼=
[0,∞) ⊂ R. The absolute causal origin defines the strict
topological boundary ∂M≡ {0}. The computational con-
text window passed to the model is rigorously defined as
a causally bounded discrete measure lattice Λ ⊂ M. To
formally transition between continuous manifold topology
and discrete sequence evaluation, we define Λ as the sup-
port of an empirical Radon counting measure on the Borel
σ-algebra B(M):

ηΛ =
∑
µi∈Λ

δµi
. (1)

We assign Greek letters µ, ν ∈ Λ to represent specific
coordinate evaluations. All non-local integro-differential

flows (e.g., Attention) are evaluated via Lebesgue–
Stieltjes integration with respect to this empirical Radon
measure (dηΛ), ensuring strict measure-theoretic valid-
ity over the discrete lattice without requiring a domain-
mapping formalism.

Definition 1 (The Semantic Fiber Bundle). We define
the semantic space as a smooth rank-d real vector bundle

E
π−→M. Because M is contractible, the bundle is glob-

ally trivializable (E ∼= M× Rd). The architecture im-
plicitly fixes a canonical global trivialization, rigorously
justifying the application of constant global gauge endo-
morphisms uniformly across all coordinates. At any co-
ordinate µ, the local fiber Fµ ≡ π−1(µ) ∼= Rd corresponds
to the interaction space of an attention head. We strictly
equip E with a canonical global Riemannian bundle met-
ric g (the Euclidean inner product on the fibers). This
metric allows us to rigorously upgrade the vector bundle
into an Exterior Algebra Bundle (ΛE) to sequester rota-
tional noise within the Lie algebra so(d).

The sequence of tokens is mathematically formulated
not merely as isolated spatial fields, but as a continuous
trajectory governed by a Non-Autonomous Flow on the
Manifold of Sections. Rather than forcing artificial conti-
nuity on the spatial sections and grappling with infinite-
dimensional non-compactness, we define the state space
cleanly as the Lebesgue space over the empirical measure:

F ≡ L∞(M, E; ηΛ) . (2)

Because functions in this space are identified up to ηΛ-
a.e. equivalence, and ηΛ is a finite atomic measure, this
infinite-dimensional Banach space structurally collapses
into a finite-dimensional topology (RN×d). This grants
the Heine–Borel theorem and the Extreme Value The-
orem globally for free, completely bypassing the need
for localized finite-dimensional compact closure construc-
tions. We explicitly note that the Heine–Borel collapse
applies strictly to the kinematics of a fixed, finite context
window (N < ∞); the asymptotic thermodynamic limit
N → ∞ evaluated in theorem 5 instead relies on the
Banach–Alaoglu Theorem (weak-∗ sequential compact-
ness of probability measures on the Alexandroff compact-
ification), entirely bypassing the need for Heine–Borel on
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the state space. Furthermore, the composed Lipschitz
bound (Eq. (16)) is strictly independent of the sequence
length N , because the Attention integral evaluates as a
convex sum over a probability measure (

∫
w dη = 1). We

analytically continue discrete layer depth l into a contin-
uous depth parameter z ∈ R+. Under this native geo-
metric formulation, the system state is strictly defined
as a smooth curve Ψ : R+ → F parameterized by algo-
rithmic depth z. The temporal evolution ∂zΨ inherently
exists not as an artificial pushforward along an extended
dimension, but canonically as the tangent vector to the
curve: Ψ̇(z) ∈ TΨ(z)F .
Remark 2 (Demarcation of the Continuum & Non-Local
Flow). It is a common analytical pitfall to directly con-
flate the discrete Transformer architecture with continu-
ous local differential equations. Because Attention inher-
ently mixes information across the measure lattice, the
layer-wise forward pass is formally a first-order Forward
Euler numerical discretization of a continuous non-local
integro-differential flow, evaluated on Λ. Using Taylor’s
Inequality for Banach space mappings, the discrete resid-
ual stream advances as:

Ψz+1(µ) = Ψz(µ) + ∆z · Ñ
[
ρϵ(Ψz)

]
(µ) +Rz(µ) , (3)

where ∆z = 1. The strict analytical bound for the local
truncation deviation over the integration step z → z + 1
evaluated directly via the Banach space norm is therefore:

∥Rz(µ)∥ ≤
1

2
sup

τ∈[z,z+1]

∥∥∥∥∂2Ψ∂τ2 (τ, µ)
∥∥∥∥
g

. (4)

To bridge the discrete sequence of layer weights
{W (1), . . . ,W (L)} mapped to algorithmic depth, we for-
mulate the continuous parameter curve θ(z) : R+ →
End(E) strictly as a Riemannian Cubic Spline by min-

imizing the covariant acceleration (min
∫
∥∇θ̇ θ̇∥2g dz) on

the parameter manifold subject to the discrete layer eval-
uations. This mathematically guarantees C2 smoothness.
Under this strict mathematical sanitation, let Ñ be the
pure non-local Attention operator acting on bounded vec-
tors, and let F(z,Ψ) = Ñ (z, ρϵ(Ψ)) be the composed to-
tal flow. The continuous vector field F(z,Ψ) is smoothly
dependent on the depth parameter z (a non-autonomous
flow), eliminating Dirac delta discontinuities in the tem-
poral weight acceleration. The depth-parameterized tra-
jectory acceleration along the flow expands naturally via
the continuous chain rule on the manifold of sections:

Ψ̈(z) =
∂Ñ
∂z

(
z, ρϵ(Ψ)

)
+
(
DÑ

∣∣
ρϵ(Ψ)

◦Dρϵ
∣∣
Ψ

)[
Ψ̇(z)

]
.

(5)

Here, DÑ is the global Fréchet derivative acting on
the infinite-dimensional Banach space of sections Γ(E),
and Dρϵ is a local fiber-wise bundle endomorphism act-
ing on the tangent space of the finite-dimensional fiber
TΨ(µ)Fµ

∼= Rd. To rigorously compose these functional
derivatives, the local Jacobian Dρϵ is lifted to a Nemyt-
skii operator acting point-wise on the global section vari-

ation H ∈ Γ(E):
(
Dρϵ|Ψ[H]

)
(µ) ≡ Dρϵ|Ψ(µ)

(
H(µ)

)
. Be-

fore stating the eigenvalues of this Jacobian, we explic-
itly define the mathematical decomposition of the tan-
gent space TΨ(µ)Fµ into orthogonal components. Any
tangent vector v ∈ TΨ(µ)Fµ can be uniquely decomposed

as v = v∥ + v⊥, where v∥ ≡
⟨Ψ,v⟩g
∥Ψ∥2 Ψ is the component

parallel to the state vector (v∥ ∥ Ψ) and v⊥ ≡ v − v∥ is
the component orthogonal to it (v⊥ ⊥g Ψ). Taking the
Fréchet derivative of ρϵ(Ψ) on a tangent vector v yields
the linear operator:

Dρϵ(Ψ) v =

√
d√

∥Ψ∥2 + ϵ

(
v − Ψ ⟨Ψ, v⟩g
∥Ψ∥2 + ϵ

)
. (6)

This operator strictly bifurcates the tangent space into
the two eigenspaces defined above. For the Tangen-
tial Flow (v ⊥g Ψ)—intuitively, perturbations that slide
the vector along the sphere—the eigenvalue is λ⊥ =√
d/
√
∥Ψ∥2 + ϵ = O(∥Ψ∥−1). For the Radial Flow (v ∥

Ψ)—perturbations that stretch or compress the vector
toward or away from the origin—the eigenvalue collapses
algebraically to λ∥ =

√
d · ϵ/(∥Ψ∥2 + ϵ)3/2 = O(∥Ψ∥−3).

The crushing of the radial flow at O(∥Ψ∥−3) as ∥Ψ∥ → ∞
is an inherent geometric property of projecting onto a
sphere. At infinity, the system is natively hyper-stable.
The true topological threat to the ODE solver exists at
the zero-section of the bundle (Ψ = 0). For the unregu-
larized flow (ϵ = 0), the pure radial projection completely
annihilates the radial vector (λ∥ ≡ 0) and possesses a
strictly undefined Jacobian at the zero-section, as the
tangential eigenvalue diverges: limΨ→0 λ⊥ = ∞. The
topological regularizer ϵ > 0 strictly cures this. It rescues
the radial gradient from total annihilation (allowing it
to non-trivially decay at O(∥Ψ∥−3)) and mathematically
binds the tangential singularity at the origin to a finite
supremum (supΨ λ⊥ =

√
d/ϵ). Without ϵ, the spheri-

cal retraction possesses a strict conical singularity at the
zero-section. Therefore, ϵ acts as a formal Topological
Mollifier. By introducing ϵ > 0, RMSNorm resolves this
conical singularity via a smooth ambient metric deforma-
tion, acting as a global diffeomorphism from the affine
fiber Rd to the bounded open ball B√d(0), mathemati-
cally guaranteeing a bounded global Lipschitz constant.
Representation drift arises from two distinct geomet-
ric sources: temporal weight gradients (non-autonomous

drift, ∂Ñ/∂z) and the nonlinear functional Jacobian of
the composed field flow.

B. Geometric Connections and Flow Bounding

Lemma 1 (RoPE as the Canonical Gauge Action on an
Associated Principal Torus Bundle). The semantic space
does not rely on patching 1D abstract connections; rather,
it is natively structured as an Associated Principal Torus
Bundle. The Rotary Position Embedding (RoPE) is the
exact canonical gauge action of this Principal Torus on
the semantic fiber.
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Proof. Because M ∼= [0,∞) is 1D and contractible,
the bundle is globally trivializable and unconditionally
flat: the 1D sequence manifold strictly possesses zero
2-forms (Ω2(M) = 0) and a trivial fundamental group
(π1(M) = 0), guaranteeing that any connection over it
is structurally flat. We deploy the Principal Torus Bun-
dle formalism not to resolve non-existent intrinsic curva-
ture, but as a rigid kinematic gauge-fixing to establish
a mathematically exact syntactic dictionary for relative
phase rotations. Under this rigorous topological frame-
work, we define the sequence of observer states strictly as
an Associated Vector Bundle E = P ×G Rd. The Prin-
cipal Bundle P is equipped with the abelian structure
group G = U(1)d/2 ∼= Td/2, which is the maximal torus
of SO(d).

Under this structured framework, the semantic vectors
Ψ are not merely isolated Cartesian arrays; they are sec-
tions of the associated fiber. RoPE is no longer an arbi-
trarily imposed rotation, but the exact, canonical gauge
action of the Principal Torus G acting on the fibers Rd.
When moving from source sequence position ν to ob-
server position µ, the transition is strictly evaluated as a
Parallel Transport Propagator dictated by the continu-
ous Lie group exponential acting natively in the Cartan
subalgebra h ⊂ so(d): U(µ← ν) = exp

(
−Θ(µ− ν)

)
. Se-

mantic distance emerges because the architecture explic-
itly fixes a canonical global trivialization (the absolute
fixed basis of the arrays in memory) and defines RoPE
as a non-trivial, translation-invariant flat principal con-
nection 1-formA ∈ Ω1(M, u(1)d/2) relative to this rigidly
fixed global frame. The non-commutative path-ordered
Dyson series gracefully collapses precisely because this
flat Cartan subalgebra is strictly abelian. It is a pre-
cise Kinematic Gauge Fixing, not a topological equiva-
lence.

Theorem 2 (RMSNorm as a Diffeomorphic Radial Em-
bedding). RMSNorm acts as a globally smooth, diffeo-
morphic radial embedding, rendering the vector field uni-
formly Lipschitz to prevent finite-time amplitude blowup.

Proof. A pure radial projection Ψ 7→
√
dΨ/∥Ψ∥ pos-

sesses a singular Jacobian at the zero-section (Ψ = 0),
breaking the uniqueness of the flow. The architecture
enforces a topological regularizer ϵ > 0, defining the map
ρϵ(Ψ) =

√
dΨ/

√
∥Ψ∥2 + ϵ. Mathematically, ρϵ acts as a

global diffeomorphism from the fiber Rd onto the open
bounded ball B√d(0). We prove this by constructing its
exact smooth inverse:

ρ−1ϵ (y) = y

√
ϵ

d− ∥y∥2
. (7)

To prevent finite-time blowup, we evaluate the Fréchet
derivative of the radial embedding. Maximizing its eval-
uation in the direction transverse to Ψ, the strict upper
bound on the spectral norm is ∥Dρϵ∥op ≤

√
d/ϵ. This

mathematically proves that ϵ is not a mere numerical
stabilizer, but a strict topological regulator dictating the
maximum Lipschitz stretch.
The radial embedding ρϵ bounds local sections within

the open ball B√d(0) ⊂ Fµ. Because the global state
space F ≡ L∞(M, E; ηΛ) structurally collapses into a
finite-dimensional topology over the atomic empirical
measure ηΛ, we are granted the Heine–Borel theorem
globally for free. Thus, the closure of this bounded
state space is unconditionally compact, and ρϵ rigorously
bounds the global state space. Because the pointwise
Feed-Forward operations are C1, their continuous exten-
sion to this global compact closure allows the Extreme
Value Theorem to immediately yield a uniform global
supremum bound on the Jacobian. Globally, we explic-
itly bound the total composed vector field

F [Ψ] = Ñ [ρϵ(Ψ)] =

∫
Λ

wµν

(
ρϵ(Ψ)

)
Vν
(
ρϵ(Ψ)

)
dηΛ(ν) ,

(8)
which includes the non-local Attention integral. The
Fréchet derivative applied to a variation H ≡ δΨ strictly
requires the functional product rule, expanding into two
terms:

DFµ[H] =

∫
Λ

wµν DVν [H] dηΛ(ν)︸ ︷︷ ︸
Bounded Convex Sum

+

∫
Λ

(
DΨwµν [H]

)
Vν dηΛ(ν)︸ ︷︷ ︸

Covariance of the Measure

. (9)

The functional variation of the Softmax mea-
sure evaluates to DΨwµν [H] = wµν

(
DΨEµν [H] −∫

Λ
wµγ DΨEµγ [H] dηΛ(γ)

)
. Substituting this back into

the second term resolves it exactly into a Covariance Op-
erator over the probability measure:∫

Λ

(
DΨwµν [H]

)
Vν dηΛ(ν) = Covw

(
DΨEµ•[H], V•

)
.

(10)

Because ρϵ maps into sets with globally compact clo-

sures, both the Value vectors (V ) and the functional
derivatives of the interaction energy (DΨE) achieve finite
uniform bounds. Because the Attention integral is pre-
cisely a Covariance Operator over a probability measure,
it strictly preserves these finite uniform bounds globally
across the base manifold. This bounds both terms ana-
lytically without relying on infinite-dimensional compact-
ness.

Using the exact Fréchet derivative bound ∥Dρϵ∥op ≤√
d/ϵ, knowing ∥ρϵ∥ <

√
d, and given parallel transport
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∥U∥op = 1, we can strictly bound the functional deriva-
tive DΨEµν acting on a unit variation ∥H∥∞ ≤ 1:

|DΨEµν [H]| ≤ 2d√
ϵ
∥WQ∥op ∥WK∥op . (11)

Now, we evaluate the operator norm of the vector-
valued covariance by taking the supremum over all unit
vectors u ∈ Fµ:

∥Covw(DΨEµ•[H], V•)∥g = sup
∥u∥=1

Covw
(
DΨEµ•[H], ⟨V•, u⟩g

)
. (12)

Now, the covariance evaluates strictly between two
scalars. Applying standard Cauchy–Schwarz yields
≤ σDΨE σ⟨V,u⟩. Popoviciu’s inequality for a variable

bounded in [m,M ] strictly states σ2 ≤ 1
4 (M −m)2. Be-

cause the radial embedding enforces a strictly symmet-
ric constraint [−sup |A|, sup |A|], the geometric span is
M −m = 2 sup |A|. Thus, the inequality yields:

σ ≤ 1
2

(
2 sup |A|

)
= sup |A| . (13)

Consequently, σDΨE ≤ sup |DΨE| and σ⟨V,u⟩ ≤
sup |⟨V, u⟩| ≤ sup ∥V ∥. Knowing ∥Vν∥ ≤

√
d ∥WV ∥op, we

derive the tightened exact global operator norm bound
for the covariance part:

∥Covw(DΨE, V )∥ ≤ 2d√
ϵ
∥WQ∥op ∥WK∥op ·

√
d ∥WV ∥op =

2d3/2√
ϵ
∥WQ∥op ∥WK∥op ∥WV ∥op . (14)

Next, we strictly bound the previously partitioned
Bounded Convex Sum using the verified Fréchet bound
for ρϵ:∥∥∥∥∫

Λ

wµν DVν [H] dηΛ

∥∥∥∥
op

≤ sup
ν
∥DVν∥op ≤

√
d√
ϵ
∥WV ∥op .

(15)
Summing these two terms, we yield the complete,

closed-form global Lipschitz operator bound for the en-
tire total composed vector field F :

∥DF∥op ≤
√
d

ϵ
∥WV ∥op (1 + 2d ∥WQ∥op ∥WK∥op) .

(16)
Because the supremum norm of the operator ∥DF∥op

is uniformly bounded across L∞(M, E), the total com-
posed flow mathematically guarantees a global Lipschitz
constant, structurally satisfying the Picard–Lindelöf
Theorem for well-posedness and unique flow, and proving
definitively that ϵ uniquely controls the inverse-square-
root bounds of the Picard–Lindelöf theorem.

C. Gauge Endomorphisms and Canonical
Cotangent Duality

Because autoregressive sequence modeling explicitly
breaks spatial time-reversal symmetry, sections Ψ eval-
uated at distinct coordinates must be projected into dis-
tinct non-reciprocal gauges.

Definition 2 (Dual Projective Endomorphisms &
Pre-Norm Pullback). We introduce learnable global bun-
dle endomorphisms WQ ∈ Γ(Hom(E,E∗)) and WK ∈
Γ(End(E)). Operating on the radially bounded Pre-Norm
sections, they map the field to distinct structural spaces:

• The Observer Section (Query 1-form): q(µ) =
WQ ρϵ(Ψz(µ)) ∈ F∗µ

• The Source Section (Key vector): k(ν) =
WK ρϵ(Ψz(ν)) ∈ Fν

Theorem 3 (The Core Algebraic Decomposition via
Canonical Cotangent Duality). The raw Multi-Head At-
tention query-key interaction is not an inner product be-
tween two tangent vectors, but strictly the canonical eval-
uation pairing between a covariant dual 1-form and a con-
travariant vector, naturally generating asymmetry with-
out requiring the heavy machinery of exterior algebra.

Proof. While the flat Euclidean metric of the fibers
(gab = δab) classically permits a canonical musical iso-
morphism (♭/♯) that renders E and E∗ isomorphic via the
Riesz Representation Theorem, the Transformer archi-
tecture actively evades this metric triviality. By explic-
itly untying the parameter spaces (WQ ̸= W ♭

K), the ar-
chitecture fundamentally breaks metric reciprocity, pre-
venting the self-adjoint constraint of the pullback metric
from collapsing the interaction into a symmetric inner
product. Elevating Queries to dual 1-forms is therefore
not a mere notational choice, but the exact differential-
geometric syntax required to parameterize a directed,
non-conservative semantic flux via the canonical evalu-
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ation pairing.
The traditional formulation of Attention misleadingly

implies a symmetric inner product. However, because
the bundle weight endomorphisms are structurally asym-
metric, we invoke canonical Cotangent Duality. Let the
Key transformation remain a morphism strictly within
the tangent bundle WK : E → E. Conversely, we define
the Query transformation as a morphism into the dual
cotangent bundle WQ : E → E∗, breaking the spatial
symmetry.

The query q(µ) is natively a differential 1-form, and

the causally-transported key k̃ν→µ is a tangent vector.
A 1-form formally transforms via the dual representa-
tion: (U−1)T . However, because the RoPE connection
takes values in the strictly orthogonal maximal torus of
SO(d), the connection is unitary. Thus, the dual repre-
sentation unconditionally coincides with the fundamental
representation: (U−1)T = U . This exact algebraic iden-
tity strictly permits their interaction to be analytically
evaluated identically to standard matrix multiplication
as the canonical evaluation pairing operator:

Sµν = ⟨q(µ), k̃ν→µ⟩E∗×E = q(µ)a k̃
a
ν→µ . (17)

The canonical evaluation explicitly separates the co-
variant and contravariant arguments, natively accommo-
dating directed semantic flux. Symmetrization is a forced
metric property, not a topological default. Any attempt
to artificially symmetrize this pairing stringently requires
binding the endomorphisms via the metric musical iso-
morphism (flat): WQ = W ♭

K ≡ g ◦ WK . By actively

untying the parameter spaces (WQ ̸= W ♭
K), the archi-

tecture evades the self-adjoint constraint of the pullback
metric. Defining Queries as 1-forms and Keys as tangent
vectors is therefore the precise differential-geometric en-
coding of the kinematic asymmetry that the architecture
already enforces, preserving the fundamental ability to
measure directed, non-conservative semantic flux via the
canonical evaluation pairing without requiring the heavy
machinery of exterior bivectors.

Remark 3 (Spontaneous Gauge Polarization). During
the forward pass, the model explicitly computes the
scalar evaluation pairing. Because the system avoids
strict WQ =WT

Kg alignment, the state space experiences
structural rotational friction, preventing total gauge col-
lapse.

By the submultiplicativity of operator norms and the
bounding of the Pre-Norm sections, the interaction met-
ric volume is bounded by the spectral norms of the endo-
morphisms: ∥Mµν∥2 ≤ d2∥WQ∥2op∥WK∥2op. L2 Weight
Decay penalizes the Frobenius norm of these opera-
tors. Rather than Dirichlet tension, this acts as a strict
Tikhonov Gauge Mass Penalty, establishing a hard ther-
modynamic budget (a compact hypersphere) on the max-
imum allocatable metric volume.

Constrained by this saturated budget, optimization in-
duces a Spontaneous Gauge Polarization Flow. For reso-
nant tokens, maximizing the scalar kernel K(µ, ν) acts

to minimize the Lie bivector: mathematically forcing
∥Bµν∥2 → 0 to achieve Grade-0 collinear alignment.
Conversely, to completely suppress ignored tokens,

cross-entropy ideally seeks to drive the scalar kernel
K → −∞ (antipodal anti-alignment). However, this
encounters a strict topological obstruction. In an au-
toregressive flow, the source section k(ν) is evaluated
against a causally diverse ensemble of future observer
sections {q(µi)}µi>ν . To evaluate topological intersec-
tions, these future queries must be parallel-transported
backward into the source fiber via the inverse connection:
q̃ν←µi

≡ U(ν ← µi) q(µi).
To evaluate topological intersections over an autore-

gressive window, we rely on exact combinatorial topol-
ogy. We condition the analysis on the Asymptotic Spa-
tial Ergodic Hypothesis, defined formally in Sec. III B,
where the “background” uninformative tokens mix into
a pseudo-isotropic distribution on Sd−1. Under this
assumption, we invoke Wendel’s Theorem [15]—which,
in intuitive machine learning terms, calculates the ex-
act probability that N random feature vectors all “point
somewhat in the same direction,” meaning they can all
be separated from the origin by a single linear classifier
hyperplane—as exactly:

Pd,N = 2−N+1
d−1∑
k=0

(
N − 1

k

)
. (18)

By evaluating Wendel’s formula at N = 2d, the sum is
exactly half of the total binomial expansion 22d−1, yield-
ing precisely Pd,2d = 1/2. However, for an autoregres-
sive window extending far into the future (N ≫ 2d), the
system undergoes a Asymptotic Phase Transition. The
measure-theoretic expectation of a universal antipode
undergoes a severe Concentration of Measure, decay-
ing exponentially as O(Nd−12−N ). Under this macro-
scopic limit, the probability collapses asymptotically to
zero, structurally guaranteeing Multipolar Gauge Frus-
tration. The high-entropy causally-transported queries
overwhelmingly positively span Fν (the origin sits strictly
in the interior of their convex hull).
Empirical high-dimensional embeddings are known to

suffer from Representation Degeneration (the anisotropy
problem)—tokens cluster on highly anisotropic, low-
dimensional submanifolds rather than uniformly cover-
ing Sd−1. Rather than invalidating the Wendel anal-
ysis, this empirical anisotropy induces a critical bifur-
cation between two distinct geometric regimes. Signal
tokens (semantically correlated clusters) are inherently
anisotropic, concentrating within narrow solid angles of
Sd−1. Because they fit entirely within a single open hemi-
sphere, the origin sits outside their convex hull (0 /∈
conv(q̃i)). By Gordan’s Theorem, an antipode therefore
does exist for these clusters, meaning they evade Multi-
polar Gauge Frustration—permitting directed semantic
flux and enabling the architecture to carve targeted nega-
tive logits. Background tokens (high-entropy, causally
distant, semantically uncorrelated) conversely approxi-
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mate the pseudo-isotropic SO(d)-invariant measure in-
voked in the Asymptotic Spatial Ergodic Hypothesis. It
is exclusively this macroscopic bulk of uncorrelated to-
kens that satisfies the conditions of the Wendel limit
(N ≫ 2d), trapping the origin inside their isotropic con-
vex hull, structurally sustaining Multipolar Gauge Frus-
tration, and hydraulically driving their logits to K ≈ 0.
The isotropic derivation (Pd,2d = 1/2) therefore estab-
lishes a strict theoretical upper bound on the critical win-
dow size: anisotropic signal tokens escape the Wendel
obstruction at smaller N than the isotropic prediction,
while the background noise remains trapped.

By Gordan’s Theorem of the Alternative (the geomet-
ric dual to Farkas’ Lemma)—which intuitively proves that
if a set of vectors positively spans a space and is not con-
fined to a single hemisphere, no universal “negative” di-
rection exists that simultaneously opposes all of them—
because the vectors positively span the space, the inter-
section of their strict open negative half-spaces is math-
ematically empty:⋂

µi>ν

{
k ∈ Fν | ⟨q̃ν←µi

, k⟩g < 0
}
≡ ∅ (a.s.) . (19)

Therefore, a universal antipode does not exist and
the system suffers from Multipolar Gauge Frustration.
To explain why ignored tokens settle at K ≈ 0,
we evaluate the continuous interaction thermodynam-
ics. Let the Canonical Partition Function Z(k) for
a Key k against the isotropic SO(d)-invariant uniform
probability measure of high-entropy future queries be
Z(k) =

∫
Sd−1 exp(⟨q, k⟩g) dq. The Free Energy is F(k) =

− lnZ(k). Because the SO(d)-invariant measure is rota-
tionally invariant, F(k) is a function of the radial norm
∥k∥. Because Weight Decay (Tikhonov penalty) struc-
turally saturates the norm at the boundary layer, the
norm ∥k∥ is locked. Consequently, the expected geo-
metric gradient of the Free Energy with respect to the
angular orientation of k is identically zero:

∇angleF(k) ≡ 0 . (20)

This induces Expected Geometric Gradient Starvation.
The topology does not hydraulically “force” the tokens
into orthogonality; however, the system does not sim-
ply rest statically. Because Stochastic Gradient Descent
(SGD) operates on empirical, finite mini-batches, the
finite-sample gradient variance scales as O(1/N). Be-
cause the background measure of high-entropy queries
converges to SO(d)-invariance, the covariance matrix of
this gradient noise is proportional to the identity. In
the Langevin limit, SGD injects an isotropic Itô diffu-
sion tensor into the parameter matrices with amplitude
σW ∼ O(1/

√
N). The parameter stochastic differen-

tial equation subject to Weight Decay parameter λ is
dWt = −λWt dt + σW dUt, where dUt is a matrix of
standard independent Brownian motions. We mathe-
matically map weight-space noise to fiber-space noise by
pushing the parameter SDE forward to the fiber space

kt =Wtx (where x = ρϵ(Ψ) is the normalized input). To
prevent the generation of non-trivial Itô quadratic covari-
ations due to the dynamic evolution of x across the time-
varying state, we formally impose an Adiabatic Timescale
Separation (a Fast–Slow manifold assumption). We ex-
plicitly state that the macroscopic thermodynamic relax-
ation of the parameter weights (t) occurs on a timescale
infinitely slower than the local depth-parameterized se-
mantic forward pass (z), formally freezing x as a constant
during the infinitesimal SDE step. Under this absolute
separation:

dkt = (dWt)x = (−λWt dt+ σW dUt)x

= −λkt dt+ σW dUt x .
(21)

The noise term dUt x acts as a continuous local
martingale uniquely initialized at zero. Because the
underlying Wiener matrices are independent and x
is frozen, its quadratic variation strictly evaluates to
d⟨(dU x)i, (dU x)j⟩t = δij∥x∥2 dt. By Lévy’s Characteri-
zation of Brownian Motion, this process is exactly equal
in law to ∥x∥ dWt, where Wt is a new standard Brown-
ian motion in Rd. This rigorously yields the fiber-space
SDE:

dkt = −λkt dt+ (σW ∥x∥) dWt . (22)

This mathematically proves why the radial embedding
(ρϵ) is required for thermodynamic stability. Because the

radial embedding caps the input norm (∥x∥ <
√
d), the

amplitude of the pushed-forward Itô noise remains safely
bounded (σ ≡ σW ∥x∥ < σW

√
d). Without this topo-

logical regularizer ρϵ, parameter-space Brownian mo-
tion would cause the fiber-space noise tensor to catas-
trophically explode with activation magnitude. In high-
dimensional stochastic calculus, standard isotropic Itô
noise dWt in ambient space Rd does not remain on a
sphere. Due to the quadratic variation of Brownian paths
(Itô’s Lemma), isotropic noise possesses a deterministic
outward radial expansion. To remain on the Sd−1 man-
ifold, the process requires a continuous inward restor-
ing force. In our framework, Weight Decay (Tikhonov
penalty) actively supplies exactly this necessary contin-
uous drift. Applying Itô’s Lemma to the radial norm
Rt = ∥kt∥, the strict radial SDE evaluates to a mean-
reverting Bessel process:

dRt =

(
σ2(d− 1)

2Rt
− λRt

)
dt+ σ dWR

t . (23)

To find the stable thermodynamic boundary layer, we
set the deterministic drift to zero:

λRt =
σ2(d− 1)

2Rt
=⇒ Rt = σ

√
d− 1

2λ
. (24)

Thus, continuous application of the Tikhonov penalty
mathematically counters the outward Itô geometric ex-
pansion, establishing an Ornstein–Uhlenbeck process,
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not a martingale. The stationary distribution for this
derived radial SDE is exactly a Chi-distribution:

P (R) ∝ Rd−1 exp

(
− λ

σ2
R2

)
. (25)

The zero of the deterministic drift (R∗ =

σ
√

(d− 1)/(2λ)) perfectly corresponds to the mode
of this probability density. In high-dimensional fibers
(d ≫ 1), the competition between entropic volume
expansion and the Tikhonov Gaussian suppression trig-
gers extreme Concentration of Measure—exponentially
confining the probability mass to a narrow annulus. The
system is statistically confined, not deterministically
locked, near a spherical shell where Spherical Brownian
Motion can ergodically proceed. Over this shell, we
invoke Lévy’s Isoperimetric Inequality (Concentration
of Measure). On Sd−1 for d ≫ 1, Lévy’s Isoperimetric
Inequality dictates that the geometric surface area con-
centrates exponentially at the exact equator relative to
any arbitrary pole (the Query). The system rigorously
locks K ≈ 0 not through parameter repulsion, but
through the measure theory of the sphere. Entropically
confined near zero on a saturated norm boundary, the
geometry maximizes the relative bivector magnitude,
sequestering orthogonal noise in the uncalculated so(d)
exterior algebra.

III. THERMODYNAMICS AND METRIC
GENERATION

We formally treat the local tangent space as an open
thermodynamic system, deriving the functional form of

the connection measure from the Principle of Minimum
Free Energy.

A. The Free Energy Functional and the
Isoperimetric Mass Constraint

Construction 1 (The Local Free Energy Functional).
Let E(µ, ν) ≡ ⟨Mµν⟩0 be the directed, non-reciprocal tran-
sition energy scalar kernel. We treat the sequence as
a statistical mechanical ensemble where the continuous
field acts via a probability measure ωµ over the autore-
gressive causal horizon Λ ∩ [0, µ], absolutely continuous
with respect to the empirical discrete counting measure
(ωµ ≪ ηΛ). We define the strictly positive state den-
sity w(µ, ·) ∈ L1(Λ, ηΛ) as the Radon–Nikodym deriva-

tive: w(µ, ν) ≡ dωµ

dηΛ
(ν). The Free Energy Functional

Fµ[ω], parameterized by inverse temperature β, evalu-
ates the negative expected geometric energy minus the
temperature-scaled Shannon Entropy evaluated with re-
spect to the empirical counting measure (which maps to
the KL divergence from a uniform probability measure,
shifted by the topological affine constant lnN):

Fµ[ω] =

∫
Λ∩[0,µ]

[
−w(µ, ν) E(µ, ν) + 1

β
w(µ, ν) lnw(µ, ν)

]
dηΛ(ν) . (26)

Axiom 2 (The Markovian Fiber Constraint). To prevent
probability flow from diverging or dissipating, the contin-
uous field is subjected to a strict local mass-conservation
constraint across the causal horizon:∫

Λ∩[0,µ]
w(µ, ν) dηΛ(ν) = 1 . (27)

Remark 4. Mathematically, this enforces that the non-
local Attention operator acts as a continuous Markov
transition kernel. Geometrically, this constraint is an
affine constraint acting on the base manifold’s measure,
forcing it into a standard (N − 1)-dimensional proba-
bility simplex ∆N(µ)−1. To satisfy this constraint, the
variational calculus incorporates a Lagrange multiplier
λ. Enforcing

∫
w = 1 requires βλ − 1 = − lnZµ. This

dynamically generates a Lagrange multiplier equal to

the Helmholtz Free Energy shifted by the entropic con-
stant β−1: λ = F + 1/β, which dynamically generates
the canonical partition function Zµ necessary to prevent
probability dissipation across the causal horizon.

B. Variational Derivation of the Softmax
Transition Measure

Theorem 4 (Entropic Optimal Transport and
Schrödinger Bridges). Rather than forcing the sys-
tem into a temporal Wasserstein PDE, we evaluate the
spatial transition measure via Information Geometry.
Given an uninformative prior measure ωprior (the
SO(d)-invariant uniform measure) over the causal hori-
zon, the thermodynamic state is the analytic solution to
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a Csiszár I-Projection onto the probability simplex [16].
By reframing the dynamics under this functor, thermal
stability requires the scaling β ∝ 1/

√
d, matching the

viscosity coefficient of stochastic optimal transport.

Proof. Given the uninformative prior measure ωprior and
the directed energy kernel E(µ, ν), the optimal transition
measure is the analytic solution to a Csiszár I-Projection
onto the probability simplex:

ω∗µ = argmin
ω∈P(Λ)

[
KL
(
ω ∥ωprior

)
− ⟨ω, E(µ, ·)⟩

]
. (28)

Under this functor, the variation yields the canonical
Gibbs measure:

w∗(µ, ν) =
1

Zµ
exp
(
β E(µ, ν)

)
, (29)

where Zµ ≡
∫
Λ∩[0,µ] exp

(
β E(µ, γ)

)
dηΛ(γ). Within the

framework of Entropic Optimal Transport, this repre-
sents the discrete manifestation of a Static Schrödinger
Half-Bridge—the optimal entropic projection a random
walk takes to transition from the Query measure to the
Key measure. This connects the thermal parameter
β ∝ 1/

√
d to the inverse viscosity coefficient required

to prevent intensive fluctuations from causing a zero-
temperature glass collapse.

To maintain a differentiable geometric flow, the lo-
cal thermodynamic state must avoid a premature zero-
temperature glass collapse (manifesting empirically as
vanishing gradients). To prove the required thermal scal-
ing, we rely on the geometric bounds from theorem 2.
The radial embedding maps the observer and source sec-
tions to the open ball B√d(0). Let the base normalized
sections x, y ∈ B√d(0) be modeled as isotropic high-
entropy variables. Due to the topological regularizer ϵ,
the mass concentrates entropically near the boundary but
avoids it. Thus, their expectations vanish (E[x] = 0),
and their covariance is sub-unitary: E[xx⊤] = γId, where
γ = 1−O(ϵ/d) < 1.
The Asymptotic Spatial Ergodic Hypothesis.

Over the macroscopic bulk limit, we formally as-
sume that the uninformative background tokens—those
causally distant and semantically uncorrelated with the
observer—statistically decorrelate, evaluating as inde-
pendent, isotropic high-entropy variables on Sd−1. This
does not apply to semantically resonant tokens, which
may cluster anisotropically. This maximum-entropy
mean-field assumption mathematically justifies the trace
decoupling.
The true covariant interaction energy requires parallel

transport across the base manifold: E = x⊤W⊤QU(µ ←
ν)WK y. To evaluate the thermal fluctuations accurately
across the global observer coordinate, we evaluate the
variance conditionally first, and unconditionally second.
Let the Query section x ∈ Fµ be fixed. The empirical
measure fluctuates over the isotropic Keys y ∈ Fν . Let
M = W⊤QUWK . The conditional variance over the Key
measure is:

Vy[E | x] = Ey

[
(x⊤My)2

]
= x⊤M E[yy⊤]M⊤x = γ ∥M⊤x∥2g . (30)

Now, to prove this metric volume holds universally across the manifold, take the unconditional expectation
over the macroscopic Query ensemble x:

Ex

[
Vy[E | x]

]
= γ Ex

[
x⊤MM⊤x

]
= γ2 tr(MM⊤) = γ2 ∥M∥2F . (31)

This proves that the local thermodynamic stability
of every individual token is unconditionally guaranteed

by the global metric volume of the combined endomor-
phisms:

V[E ] = γ2 tr
(
W⊤QUWKW

⊤
KU⊤WQ

)
= γ2

∥∥W⊤QU(µ← ν)WK

∥∥2
F
. (32)

The squared Frobenius norm is the trace:

∥M∥2F = tr
(
W⊤KU⊤WQW

⊤
QUWK

)
. (33)

Because WQW
⊤
Q is symmetric and PSD, its quadratic

form is strictly bounded by its singular values:



10

σ2
min(WQ) I ⪯ WQW

⊤
Q ⪯ σ2

max(WQ) I. Evaluating A =

U⊤WQW
⊤
QU , and since orthogonal similarity strictly pre-

serves eigenvalues, this maintains the PSD ordering:

σ2
min(WQ) I ⪯ A ⪯ σ2

max(WQ) I . (34)

We strictly conjugate this entire inequality directly by
WK (pre-multiplying by W⊤K and post-multiplying by
WK), unconditionally preserving the PSD Löwner par-
tial order:

σ2
min(WQ) (W

⊤
KWK) ⪯W⊤KAWK ⪯ σ2

max(WQ) (W
⊤
KWK) . (35)

Because the trace is a monotonic linear functional on the PSD cone, the bounds follow in one step:

σ2
min(WQ) ∥WK∥2F ≤ ∥W⊤QUWK∥2F ≤ σ2

max(WQ) ∥WK∥2F . (36)

Because optimization avoids total low-rank spectral
collapse (σmin > 0), and given ∥WK∥2F ∼ Θ(d), the vari-
ance scales as Θ(d), independent of the spatial gauge ro-
tation U . Thus, the standard deviation of thermal fluc-
tuations scales as σE ∼

√
d. If β were fixed at O(1),

the variance of the Gibbs exponent βE would diverge as
d → ∞, freezing the geometric flow into a determinis-
tic argmax state (Dirac-delta zero-temperature glass col-
lapse). Statistical mechanics requires the thermal scaling

β ∝ 1/
√
d to ensure exponent fluctuations remain an in-

tensive O(1) quantity.

C. Topological Compactification Proof of the
Attention Sink

Theorem 5 (Measure-Theoretic Compactification &
The Boundary Phase Transition). Under the axiom that
the covariant derivative must maintain a well-posed in-
formation flow, the sequence of probability measures un-
dergoes a phase transition in the macroscopic continuum
limit. Because the Softmax operator acts as an algebraic
probability simplex (

∑
= 1), weak bulk dot-products force

probability mass to escape toward spatial infinity (thermo-
dynamic amnesia). Optimization (SGD) requires a low-
variance, translation-invariant numerical anchor to sta-
bilize this escaping measure. The absolute causal origin
∂M ≡ {0} serves as the uniquely distinguished topologi-
cal fixed point—the only coordinate immune to the con-
tinuous RoPE phase rotation—which maps onto a Topo-
logical Anchor Measure hosting a logarithmic potential
well (the “Attention Sink”).

Proof. We analyze the continuous thermodynamic
limit of the probability measure sequence dωµ(ν) =
w∗(µ, ν) dηΛ(ν) as the causal horizon µ → ∞. If the
observer attempts to maintain translation-invariant at-
tention over the historical bulk (demanding a flat en-
ergy landscape E(µ, ν) ≈ Ebulk for ν > 0), geomet-

ric entropy drives the bulk measure toward the uniform
distribution ∼ 1/N(µ). For any fixed compact local
neighborhood K ⊂ M, the probability mass decays:
limµ→∞ ωµ(K) = 0.
Because the mass escapes over an unbounded domain,

the sequence loses tightness. To rigorously capture the
topological limit of this escaping mass without invoking
pathological free ultrafilters, we elevate the state space
via the Alexandroff One-Point Compactification. Unlike
R, compactifying the half-closed ray [0,∞) yields a space
homeomorphic to the closed interval: M∗ ∼= [0,∞] ∼=
[0, 1].
By theorem 2, the radial embedding bounds the field

strictly within B√d(0), guaranteeing V ∈ Cb(M). There-
fore, the value field natively possesses a strict continuous
extension Ṽ ∈ C(M∗). Because the compactification of
the ray is strictly metrizable, the space of probability
measures on this compact space is sequentially weak-∗
compact. As the causal horizon µ → ∞, the escaping
bulk measure simply weak-∗ converges to the Dirac mass
at the strictly adjoining absolute boundary point at spa-
tial infinity:

ωbulk
weak-∗−−−−−⇀ δ∞ . (37)

By the strict definition of weak-∗ convergence, the non-
local interaction integral safely evaluates in the limit:∫
M V dωµ → Ṽ (∞). Thermodynamic Amnesia is there-
fore a strictly defined topological condensation: the com-
plete condensation of probability mass into the single
structural point at infinity (δ∞).
To prevent amnesia while maintaining global macro-

scopic reasoning, the field theory must preserve a static,
globally invariant coordinate to anchor probability mass,
actively breaking translation invariance. SGD is struc-
turally obstructed from anchoring measure in the bulk
because the continuous RoPE connection U(µ← ν) pre-
serves relative translation symmetry (T (1) symmetry).
Any potential energy well carved into the interior dy-
namically shifts with semantic time µ. Furthermore,
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the autoregressive causal mask imposes a strict topol-
ogy of directed Partially Ordered Sets (Posets) upon the
lattice. The geometrically profound realization is that
the compactified space M∗ ∼= [0, 1], viewed strictly as a
1-dimensional manifold with boundary, possesses a bi-
partite boundary strata: ∂M∗ = {0,∞}. The point
{∞} acts as the amnesic attractor. Because the con-
tinuous RoPE connection preserves relative translation
symmetry (T (1)) in the interior, the absolute causal ori-
gin ∂M ≡ {0} is the uniquely distinguished topological
fixed point capable of breaking symmetry to host a sta-
ble Topological Anchor Measure and anchor the escaping
probability mass.

We analytically derive the geometry of this de-
fect. To maintain algebraic equality without relying

on mean-field approximations, we define Ebulk(µ) as the
scaled Cumulant-Generating Function (the Log-Mean-
Exp) evaluated over the empirical counting measure of
the bulk:

Ebulk(µ) ≡
1

β
ln

(
1

N(µ)− 1

∑
ν>0

eβ E(µ,ν)

)
. (38)

Under this formal definition, the partition decomposi-
tion is an exact algebraic identity, preserving the validity
of all subsequent topological bounds. To stably anchor
mass fraction c against an expanding bulk of tokens, the
Softmax partition function splits into a boundary atom
and a continuous bulk: Zµ = eβE(µ,0)+(N(µ)−1) eβEbulk ,
where N(µ) = ηΛ([0, µ]). Enforcing the macroscopic
boundary fraction c yields:

c =
eβE(µ,0)

eβE(µ,0) + (N(µ)− 1) eβEbulk
=⇒ eβE(µ,0) =

c

1− c
(N(µ)− 1) eβEbulk . (39)

Taking the natural logarithm yields the depth of the
required topological defect:

E(µ, 0) = Ebulk +
1

β
ln
(
N(µ)− 1

)
+

1

β
ln

(
c

1− c

)
.

(40)

Because β ∝ 1/
√
d, the topological boundary de-

fect must scale logarithmically with context volume:
E(µ, 0) ∼ O(

√
d lnN(µ)). Under this required logarith-

mic energy scaling, the weak-∗ limit of the measure on
the compactified space resolves into a bipartite convex
combination—an atomic mass stabilizing the field at the
causal origin, and a directed condensation of the escaped
bulk at infinity:

dωlim = c · δ0 + (1− c) · δ∞ . (41)

This demonstrates that the Attention Sink is not an
empirical training artifact, but an analytic measure-
theoretic requirement governed by logarithmic scaling,
necessary to prevent total condensation into the bound-
ary spectrum.

Corollary 6 (The Thermodynamic Context Horizon and
Defect Collapse). Because the radial embedding ρϵ im-

poses a compact closure on the state space (theorem 2),
the Attention Sink possesses a finite thermodynamic ca-
pacity, yielding a strict algebraic upper bound on the max-
imum sequence length before thermodynamic amnesia is
inevitable. We emphasize that this bound is derived under
the Asymptotic Spatial Ergodic Hypothesis (Sec. III B),
which assumes isotropic, maximum-entropy bulk tokens;
for structured natural language, where anisotropic corre-
lations dramatically reduce the effective bulk pressure, the
bound becomes extremely conservative (see Sec. VIE for
empirical quantification).

Proof. To maintain stability, the required thermody-
namic boundary energy must not exceed the geometric
capacity of the fiber. Because the radial embedding ρϵ
maps into the open bounded ball B√d(0), the bound-

ary is excluded (∥Ψ∥ <
√
d). The interaction energy

is bounded by the spectral supremum of the combined
parallel-transported kernel:

E(µ, 0) < d
∥∥W⊤QU(µ← 0)WK

∥∥
op
. (42)

Injecting the thermal constant κ (where β = κ/
√
d),

we equate this with the required logarithmic defect
depth:

Ebulk +
√
d

κ
ln

(
(N(µ)− 1)

c

1− c

)
< d

∥∥W⊤QU(µ← 0)WK

∥∥
op
. (43)

Because the RoPE connection takes values in the or- thogonal group SO(d) (specifically the maximal torus),
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the connection is unitary. Thus, the Path Monodromy
(Parallel Transport Propagator) U is an orthogonal trans-
formation (U ∈ SO(d)), satisfying the required dual rep-
resentation identity for 1-forms: (U−1)T = U . Its spec-
tral operator norm is unitarily invariant and equal to 1
(∥U∥op ≡ 1).

By invoking the submultiplicativity of operator norms
(∥ABC∥ ≤ ∥A∥∥B∥∥C∥), we can rigorously factor the
connection out of the inequality unconditionally for all
causal depths µ:

∥∥W⊤QU(µ← 0)WK

∥∥
op
≤ ∥WQ∥op ∥WK∥op . (44)

Because Ebulk is a continuous Log-Mean-Exp evalu-
ated over the empirical counting measure of the bulk
tokens, it is an intensive, dynamic, sequence-dependent
functional. In statistical mechanics, this is the scaled
Cumulant-Generating Function (CGF) of the bulk distri-
bution (the Annealed Free Energy). By the Central Limit
Theorem in high dimensions, the bulk energies approx-
imate a Gaussian ensemble N (0, σ2

E). The expectation
of the exponential for sub-Gaussian thermal fluctuations

expands via its cumulants:

Ebulk =
1

β
lnE
[
eβE
]
≈ E[E ] + β

2
V[E ] . (45)

Crucially, empirical weight matrices do not uniformly
span the ambient head dimension dhead due to represen-
tation degeneration (anisotropy). To analytically cap-
ture the active thermodynamic subspace a priori, we de-
fine the effective dimension via the Stable Rank, deff =√
sr(WQ) · sr(WK), where sr(W ) ≡ ∥W∥2F /∥W∥2op. Be-

cause the Entropic Bulk Pressure is generated by the co-
variance of the projected features, the thermal variance is
constrained to this active subspace: V[E ] = σ2

E ∼ Θ(deff).
Given β = κ/

√
deff , the bulk energy evaluates to:

Ebulk ≈
κ

2
√
deff

Θ(deff) = Θ(
√
deff) . (46)

This establishes that the bulk energy exerts a pos-
itive intensive Entropic Bulk Pressure (Θ(

√
deff)) that

pushes against the boundary defect. Because the pro-
jected representations are topologically confined to a
low-dimensional active subspace governed by the Stable
Rank, the effective geometric capacity of the bounding
ball also shrinks from the ambient

√
d to

√
deff . Sub-

tracting this CGF value and exponentiating, and substi-
tuting this tightened capacity into the bound, yields the
dimension-corrected topological capacity bound:

Nmax < 1 +

(
1− c
c

)
exp

(
κ
√
deff ∥WQ∥op∥WK∥op −

κ2

2deff
σ2
E

)
. (47)

This demonstrates that the maximum context length
of an LLM collapses when the Attention Sink is over-
whelmed by the innate thermal variance of the bulk
space. By constraining the derivation to the Stable
Rank deff a priori, we establish why models collapse
at sequence lengths far shorter than ambient-dimension
bounds would predict. Beyond this exponential length
limit, the geometric capacity of the boundary defect is
saturated by the Entropic Bulk Pressure. The Topo-
logical Anchor Measure dissolves, and the sequence of
measures weak-converges to the amnesia state δ∞. The
Attention Sink is therefore a finite-capacity metastable
regulator. This explains why aggressive Weight De-
cay (which suppresses these operator norms) collapses
a model’s long-context capabilities.

Corollary 7 (Topological Severance and The Sliding
Window Horizon). A globally stable Topological Anchor
Measure (the Attention Sink) relies on an unbroken, glob-
ally reaching affine connection to route entropic bulk
pressure back to the absolute causal origin (∂M). By
imposing a sliding window, the architecture severs this

topological connection in the intermediate fibers. Once
the sequence volume exceeds the maximum commutative
radius of the local sliding metric, the full-attention lay-
ers are starved of the necessary topological gradient. The
boundary condition breaks, and the sequence of measures
undergoes Thermodynamic Amnesia.

Proof. The logarithmic energy defect of Eq. (40) requires
the boundary token at ∂M ≡ {0} to participate in the
causal horizon of every observer µ. A sliding window
of radius r restricts the integration domain to Λ ∩ [µ −
r, µ], severing access to the origin once µ > r. With the
topological fixed point excised from the causal horizon,
no translation-invariant anchor survives in the interior
(by the same argument as in theorem 5), and the measure
weak-∗ converges to δ∞.

IV. DYNAMICS OF THE MATTER FIELD

We formulate the forward inference pass as the depth-
parameterized evolution of a continuous, nonlinear sec-
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tion on an internal unitary gauge bundle, governed by a
non-local integro-differential flow.

A. Algorithmic Depth and the Unitary Gauge
Section

Definition 3 (Semantic Algorithmic Depth & The
Gauge Field). We analytically continue discrete layer
depth l into a continuous depth parameter z ∈ R+.
The sequence of embeddings becomes a continuous time-
parameterized family of sections Ψ(z, µ) ∈ Γ(E). Be-
cause the bundle is natively trivial over the 1D ray, the
architecture explicitly dictates a flat connection. The base
matter bundle E retains its real, globally trivial GL(d,R)
structure. The structural elevation occurs strictly via the
Query/Key bundle morphisms, which pull the field into a
dedicated interaction sub-bundle. To formulate this na-
tively, we define the semantic bundle as a strict Whitney
Sum:

E = Eint ⊕ Ematter . (48)

The architecture kinematically equips the interaction
sub-bundle (Eint) with a Covariantly Constant Almost
Complex Structure (J ∈ Γ(End(Eint)), where J

2 = −Id),
upgrading it to a Hermitian Vector Bundle. Rotary
Position Embedding (RoPE) is exactly the unique flat
unitary connection ∇RoPE that preserves this structure
(∇RoPEJ = 0).
Because the base manifoldM∼= [0,∞) is contractible,

the bundle is globally trivializable. To speak of “non-
trivial path monodromy over loops” on a 1D ray is topo-

logically vacuous, as all 2-forms unconditionally vanish
(Ω2(M) ≡ 0). Therefore, RoPE is not resolving topo-
logical tension via a principal bundle reduction, but ex-
plicitly maintaining a flat holomorphic flow. This beau-
tifully explains why the Attention mechanism operates
uniquely as a holomorphic flow (preserving J), while the
real-valued Feed-Forward Network (FFN)—which oper-
ates natively on the matter sub-bundle Ematter—acts as
an anti-holomorphic symmetry breaker, formally shatter-
ing the unitary gauge to inject real spatial entropy.

B. The Volterra–Hodge Integro-Differential Flow

Lemma 8 (Attention as a Non-Local Urysohn–Volterra
Operator). Because it fundamentally lacks a local spa-
tial Laplacian (∆g) to mediate adjacent point-to-point
diffusion, causal Attention acts mathematically as a
Non-Local Covariant Transport Operator. Crucially,
to optimize computational thermodynamics, empirical
Transformer architectures enforce a strict Bi-Connection
Structure upon the bundle:

• The non-trivial Cartan-subalgebra connection
(∇RoPE) governs the metric interaction energy via
its Parallel Transport Propagator to evaluate the
transition measure w∗.

• A globally flat, trivial connection (∇Triv ≡ d),
mathematically permitted by the trivializability of
the bundle, is reserved strictly for the physical par-
allel transport of the Value sections (UTriv ≡ Id).

Under this kinematic trivial connection, the flow evalu-
ates exactly as:

T [Ψ]a(z, µ) = (WO)
a
b

∫
Λ∩[0,µ]

w∗RoPE(µ, ν)
[
(WV )

b
c ρϵ(Ψ(z, ν))c

]
dηΛ(ν) . (49)

Because the domain of integration is causally bounded
by the observer coordinate µ, and because the Softmax
transition measure w∗ depends nonlinearly on the state
Ψ itself, this defines a continuous nonlinear Urysohn–
Volterra Integral Operator. By evaluating strictly via
the Lebesgue–Stieltjes integral over the empirical mea-
sure dηΛ, it maintains the topological validity of the dis-
crete sequence, bypassing continuous local paths to advect
historical phase-space geometry directly into the local ob-
server frame.

Lemma 9 (The FFN as a Hodge–Morrey–Friedrichs De-
composed Flow). To counteract entropic oversmoothing
driven by the macroscopic transport integral, the Feed-
Forward Network (FFN) acts as a localized nonlinear re-
action vector field evaluated purely on the isolated local
fiber, R : Fµ → Fµ.

Proof. By theorem 2, the radial embedding ρϵ confines

the input sections to the open bounded ball B√d(0). The
physics of the network never evaluates at spatial infin-
ity. Thus, we restrict the Integro-Differential Equation
(IDE) domain to the compact closure: X = B√d(0). Be-
cause the classic Hodge isomorphism applies uncondition-
ally only to closed manifolds, analyzing the flow on this
bounded manifold requires explicitly formulating the con-
tinuous geometric boundary conditions to properly iso-
late the harmonic vector fieldHa, accurately deriving the
global Bias Vector.

Because the computational residual flow mathemat-
ically bypasses multiplication by the adjoint Jacobian
(Dρϵ(Ψ))T , the conservative structural integrity of the
gradient is broken upon pull-back. To prove this alge-
braically, let the exact, irrotational component of the
FFN on the normalized ball be defined as a strictly
conservative gradient field: R̃exact(y) = ∇yU(y) for
some scalar potential U . A true conservative gradient
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field is natively a 1-form dU . If the base network on
the normalized ball were driven by a true scalar poten-
tial U , the physical system pulled back to the ambient
fiber is governed strictly by the pullback of its differen-
tial 1-form: ρ∗ϵ (dU) = d(U ◦ ρϵ). To convert this ex-
act pulled-back 1-form into an ambient restoring vec-
tor field, we must apply the metric musical isomorphism
(sharp). In a Euclidean frame, this algebraically man-
dates the adjoint Jacobian: (ρ∗ϵ dU)♯ = (Dρϵ)

T∇U . By
bypassing the adjoint, the architecture simply computes
R = ∇U ◦ρϵ. The true spatial Jacobian of this composed
flow is DR = (HessU) ·Dρϵ. For a vector field to be con-
servative (irrotational), its Jacobian must be symmetric.
The product of two symmetric matrices is symmetric if
and only if they commute. Because a dense feature Hes-
sian generally does not commute with the radial projec-
tion Jacobian, the structural integrity is broken, formally
injecting vorticity.

Let Jρ be the spatial Jacobian of the radial embedding.
Differentiating ρϵ(Ψ) yields

Jρ =

√
d

(∥Ψ∥2 + ϵ)1/2
Id −

√
dΨΨ⊤

(∥Ψ∥2 + ϵ)3/2
. (50)

Because both the identity matrix Id and the outer prod-
uct ΨΨ⊤ are manifestly symmetric, the radial Jacobian
is a strictly symmetric operator (Jρ = J⊤ρ ).

To calculate vorticity, we invoke the globally flat Eu-
clidean bundle metric gab = δab to execute the musical
isomorphism (♭), lowering the index of the field into its
dual 1-form. Under this Cartesian trivialization, the ab-
stract metric pull-down commutes with the matrix trans-
pose, formally equating the exterior derivative with the
matrix antisymmetrization:

Ω = (DR)T −DR . (51)

If the base network were a true exact gradient field
(R̃ = ∇U), its Jacobian S ≡ HessU would be strictly
symmetric, yielding DR = S Jρ. However, modern ar-
chitectures utilize untied parameters (Wout ̸= W⊤in ). We
define the state-dependent base Jacobian endomorphism
K(Ψ) = Wout Σ

′(ρϵ(Ψ))Win. Consequently, its sym-
metric and antisymmetric components vary nonlinearly
across the local fiber: S(Ψ) and WA(Ψ). Let the true
Jacobian be DR = K(Ψ) Jρ. Because Jρ is strictly sym-
metric, the exact geometric vorticity 2-form expands as:

Ω = (DR)T −DR = JρK(Ψ)T −K(Ψ)Jρ . (52)

By uniquely decomposing this true asymmetric, state-
dependent Jacobian into its symmetric and antisymmet-
ric components (K(Ψ) = S(Ψ) +WA(Ψ)), the exact ge-
ometric vorticity rigorously expands as:

Ω(Ψ) = −[S(Ψ), Jρ]− {WA(Ψ), Jρ} . (53)

This demonstrates that the FFN injects rotational flow
via exactly two distinct mechanisms:

1. The Commutator −[S(Ψ), Jρ]: Vorticity gener-
ated natively by the curvature of the radial pullback
interacting with the symmetric weights.

2. The Anticommutator −{WA(Ψ), Jρ}: Vorticity
intrinsically injected by the asymmetric, untied ar-
chitectural parameters.

To verify that Ω is a valid geometric 2-form, it must
reside in so(d) (it must be antisymmetric). We invoke the
algebraic parity of the Lie algebra gl(d) = Sym(d)⊕so(d).
The commutator of two symmetric matrices (S, Jρ ∈
Sym(d)) is antisymmetric (∈ so(d)). The anticommu-
tator of an antisymmetric matrix and a symmetric ma-
trix (WA ∈ so(d), Jρ ∈ Sym(d)) is also antisymmetric
(∈ so(d)). Thus, the FFN injects valid exterior 2-forms.

This dynamically varying nonlinear 2-form explicitly
injects geometric vorticity into the ambient matter field,
classifying the FFN as a strictly non-conservative flow on
Γ(E) that structurally prevents the semantic space from
ever collapsing into a static, globally irrotational canon-
ical frame. Because the composed vector field R(Ψ) is

evaluated securely on the compact closure X = B√d(0),
we apply the canonical extension for bounded manifolds:
the Hodge–Morrey–Friedrichs vector calculus decompo-
sition. Using vertical differential operators acting on the
fiber coordinates (∇F ≡ ∂/∂Ψ, distinct from the base
connection ∇), the vector field transforms into exactly
three components:

1. An irrotational (conservative) restoring flow
(gab∂V/∂Ψb): The vertical gradient of a non-
convex scalar potential. Because coordinate-wise
activations are bound to a fixed Cartesian frame,
they fail to be gauge equivariant. They explicitly
break equivariance under the U(1)d/2 gauge action,
leading to Explicit Gauge Symmetry Breaking. Fur-
thermore, because its Laplacian ∆FV ̸= 0, this ex-
act component uniquely governs the expansion and
contraction of local phase-space volume.

2. A solenoidal (non-conservative) generalized
rotational flow (∂bAab): Evaluated as the vertical
tensor divergence of an antisymmetric gauge poten-
tial Aab. The solenoidal vector field is the metric
dual of the codifferential: v = (δA)♯. On this do-
main, the Hodge Laplacian strictly decouples into
the scalar Bochner Laplacian (∆H ≡ ∆B) due to
the unconditional flatness of the isolated local fiber
Fµ (Riem ≡ 0). The closed gauge emerges au-
tomatically as an unavoidable cohomological iden-
tity. Because the vorticity is exact (Ω = dR♭), the
solenoidal gauge potential is defined via the inverse
Hodge Laplacian. Evaluating the metric divergence
of this flow evaluates directly to the codifferential
of its dual 1-form: ∇· v = −δ(v♭) = −δ(δA) ≡
−δ2A = 0. The flow is volume-preserving strictly
because of the fundamental nilpotency of the cod-
ifferential (δ2 ≡ 0), naturally collapsing the di-
vergence and driving mixing across feature chan-
nels without requiring an artificial gauge mandate.
In standard linear algebra, this solenoidal compo-
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nent corresponds to the antisymmetric part of the
Jacobian 1

2 (DR − DR⊤), whose complex eigen-
value pairs induce rotational mixing across feature
channels—the spectral mechanism underlying the
stability analysis of Sec. VIC.

3. A residual harmonic constant (Ha): The har-
monic vector field (∆HH = 0). Because the inte-
rior De Rham cohomology of the contractible ball is
trivial (Hk

dR(X ) = 0), enforcing a standard homo-
geneous Neumann boundary condition (ιn⃗H = 0)
at the radial sphere ∂X would mathematically force
the harmonic field to vanish entirely (Ha ≡ 0).
However, the nonlinear activation functions of the
FFN generate a strictly positive, asymmetric net
flux across the radial boundary sphere ∂X , mean-
ing ιn⃗H ̸= 0. Because the ball is contractible, H
is trivially exact as an affine Euclidean translation
(H = ∇(b · x) for a constant b ∈ Rd); it does not
represent a non-trivial cohomology class. We note
that the gradient of any harmonic scalar potential
(including higher-order spherical harmonics, e.g.,
∇(x2 − y2)) also satisfies the divergence-free, curl-
free harmonic conditions. However, the architec-
ture explicitly parameterizes the required boundary
flux via the degree-1 affine constant translation ba-
sis of the non-homogeneous harmonic cohomology:
the Bias vector b satisfying the Non-Homogeneous
Neumann Boundary Conditions that emerge as a
mathematical consequence of the asymmetric acti-
vation functions. Higher-order harmonic deforma-
tions are mathematically valid but are structurally
absorbed and reparameterized by the FFN’s bulk
nonlinear activation landscape. When this alge-
braic affine translation is subsequently projected
onto the compactified state space by the down-
stream RMSNorm, it mathematically isolates as
the Neumann Harmonic Generator (Ha) of the rela-
tive cohomology, guaranteeing a non-vanishing spa-
tial drift. In standard linear algebra, this compo-
nent corresponds exactly to the addition of the net-
work’s affine Bias vector b ∈ Rd. While compu-
tationally trivial, the formal Hodge decomposition
provides the analytical isolation of the curl (vor-
ticity) and irrotational components that drive the
stability analysis of Sec. VIC.

The complete decomposition reads:

R[Ψ]a(z, µ) = gab
∂V
∂Ψb

+ ∂bAab +Ha . (54)

Theorem 10 (The Semantic Evolution IDE). Because
there are no local spatial differential operators acting

on the base manifold, the macroscopic forward evolution
is naturally formulated as a non-autonomous Integro-
Differential Equation (IDE) acting on the infinite-
dimensional Banach space of sections Γ(E), bypassing
the spatial restrictions of a classical PDE:

∂Ψa(z, µ)

∂z
= T [Ψ]a(z, µ) +R[Ψ]a(z, µ) . (55)

Proof. By construction: the total continuous flow is the
superposition of the Non-Local Urysohn–Volterra Trans-
port (theorem 8) and the Local Hodge Reaction Field
(theorem 9). The well-posedness of this flow (unique so-
lution for finite depth) is guaranteed by the global Lips-
chitz bound of theorem 2.

C. Lie–Trotter Integration and Operator Splitting

Theorem 11 (Numerical Discretization via Lie–Trotter
Operator Splitting). The standard computational Trans-
former block represents the first-order explicit numeri-
cal integration of the Semantic Evolution IDE, evaluated
strictly via Lie–Trotter Operator Splitting.

Proof. Expanding the continuous depth-parameterized
flow z → z + 1 using a step size of ∆z = 1, the con-
tinuous flow is exactly the exponential map e(T+R). Be-
cause the vector fields do not commute, the architecture
approximates this exact flow via two sequential explicit
integration substeps:

• Half-Step 1 (Non-Local Volterra Transport):
Ψz+1/2(µ) = Ψz(µ) + T [Ψz](µ)

• Half-Step 2 (Local Hodge Reaction): Ψz+1(µ) =
Ψz+1/2(µ) +R[Ψz+1/2](µ)

This sequential execution mathematically recovers the
exact computational graph of the canonical Transformer
block. Because the solver executes explicit sequential
substeps rather than exact exponential manifold flows,
the geometric error is canonically governed by the Baker–
Campbell–Hausdorff (BCH) formula. Furthermore, be-
cause the IDE explicitly depends on the depth parameter
z (i.e., ∂zΨ = T (z,Ψ)+R(z,Ψ)), the total depth deriva-
tive d2Ψ/dz2 must strictly invoke the multivariable chain
rule. The true exact total depth derivative is:

Ψ̈ =
∂T
∂z

+
∂R
∂z

+DΨT [Ψ̇] +DΨR[Ψ̇] . (56)

Substituting Ψ̇ = T + R, the true exact continuous
flow expands up to second order as:
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Ψexact = Ψ+∆z(T +R) + ∆z2

2

(
∂zT + ∂zR

+DT [T ] +DT [R] +DR[T ] +DR[R]
)
.

(57)

Subtracting the sequential Lie–Trotter integration se-
quence (ΨTrotter = Ψ + ∆z(T + R) + ∆z2DR[T ] +
O(∆z3)), the geometric deviation E(Ψ) = Ψexact −

ΨTrotter strictly yields:

E(Ψ) =
∆z2

2

(
∂zT + ∂zR+DT [T ] +DR[R]

+DT [R]−DR[T ]
)
.

(58)

Substituting the Lie Bracket [T ,R]Ψ ≡ DR[T ] −
DT [R], the true closed-form deviation functionally de-
rived from Baker–Campbell–Hausdorff resolves beauti-
fully into exactly three terms:

E(Ψ) =
∆z2

2

(
∂zT + ∂zR︸ ︷︷ ︸

Parameter Drift

+DT [T ] +DR[R]︸ ︷︷ ︸
Self-Advection

− [T ,R]Ψ︸ ︷︷ ︸
Torsion

)
+O(∆z3). (59)

This demonstrates that Representation Drift in Trans-
formers arises from exactly three geometrically isolated
phenomena: the temporal shift of weight matrices across
layers, the spatial covariant self-advection (the penalty
of abandoning exact geodesics for straight rays), and
the non-commutative Lie bracket. The latter, −[T ,R]Ψ,
is the generator of Topological Torsion (Non-Holonomic
Flow). Because the Attention operator (T ) and the FFN
(R) do not commute, they form a non-integrable horizon-
tal distribution on the bundle. The Lie bracket measures
the failure of the computational graph to form closed par-
allelograms in state space. This demonstrates that the
strict alternating layer ordering (Attention → FFN) is
not an arbitrary engineering choice, but a geometric con-
straint governing the integrability of the manifold flow.

Remark 5 (Stiffness of the BCH Expansion and the Con-
tinuous Effective Field Theory). The macroscopic inte-
gration step size (∆z = 1) combined with the massive

operator Lipschitz bounds (∥DF∥op ∼
√
d/ϵ, from the-

orem 2) formally exceeds the convergence radius of the
infinite Hausdorff series. Therefore, the O(∆z3) trun-
cation remainder cannot be interpreted as a strict ana-
lytical bound on the geometric error, nor does the con-
tinuous Lie bracket represent a literal smooth physical
trajectory. This is precisely the regime where the Con-
tinuous Effective Field Theory framing via Backward Er-
ror Analysis (BEA) from geometric numerical integra-
tion [13] becomes essential: the Lie–Trotter discrete map
is the exact flow of a nearby modified equation, and
the lowest-order Lie Bracket −[T ,R]Ψ provides an ex-
act algebraic classification of the structural generators
of topological torsion and non-commutative representa-

tion drift in that modified equation—specifically isolating
the non-commutativity of sequential Attention and FFN
application—even in the stiff regime where higher-order
commutator terms do not gracefully decay.

Furthermore, the asymmetric integral bounds
(
∫
Λ∩[0,µ]) render the Volterra operator strictly lower-

triangular, breaking Time-Reversal Symmetry (T -
symmetry) along the base manifold. To classify the
forward inference pass as a non-equilibrium driven dissi-
pative system, global phase-space volume must contract
on average (∇· Ψ̇ < 0). This structural dissipation is not
guaranteed by the FFN’s coordinate-wise nonlinearities.
Activation functions possess overwhelmingly positive
derivatives in high-dimensional expectation—ReLU
is strictly non-negative, while SiLU [17, 18] (xσ(x))
admits a shallow negative dip (minimum ≈ −0.10
near x ≈ −1.28)—and therefore inject a predomi-
nantly positive-definite diagonal metric deformation
into the local fiber. If the neural weights align to
produce a positive Jacobian trace (tr(DR) > 0), the
Lie derivative of the volume form is strictly positive
(LR vol = (divR) vol > 0). This rigorously proves the
FFN mathematically permits local phase-space volume
expansion, acting as a local thermodynamic source.
Rather, strict thermodynamic dissipation and stability

are achieved geometrically via two architectural struc-
tures. Global Lipschitz Saturation via Jacobian Bifur-
cation: The radial embedding ρϵ acts as a Global Lip-
schitz Saturator. Near the origin (Ψ ≈ 0), the Jaco-

bian Dρϵ ≈
√
d/ϵ Id. The scalar

√
d/ϵ is massive, but

the origin only acts as a strong phase-space volume ex-
pander (divergence amplifier) if the trace of the learned
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weights is positive (tr(K) > 0). If SGD carves a neg-
ative trace, it becomes a massive Dissipative Contrac-
tor. Conversely, at the boundary (∥Ψ∥ → ∞), the sin-
gle radial eigenvalue of Jρ collapses at O(∥Ψ∥−3), while
the d − 1 tangential eigenvalues collapse at O(∥Ψ∥−1).
We bound the continuous flow via the triangle inequal-
ity on operator norms: ∥DΨ̇∥op ≤ ∥DT ∥op + ∥DR∥op.
Because the non-local Attention functional T acts ex-
clusively on the radially embedded sections, it can be
composed as T = T̃ ◦ ρϵ. By the chain rule, DT =
DT̃ ◦ Jρ. Substituting this alongside the FFN Jaco-
bian DR = K ◦ Jρ, we factor out the radial geometry:

∥DΨ̇∥op ≤
(
∥DT̃ ∥op + ∥K∥op

)
∥Jρ∥op. Because the tan-

gential eigenspace dictates ∥Jρ∥op = O(∥Ψ∥−1), the to-
tal composed Jacobian unconditionally decays. Because
the FFN Hodge decomposition fundamentally requires
a constant harmonic Bias vector (Ha), this translation
injects a non-vanishing spatial drift. Combined with
the strictly positive Markovian advection of Attention,
the unnormalized residual stream structurally undergoes
asymptotic spatial escape. We formalize this emergent
behavior as the Non-Vanishing Spatial Drift Condition:
this is a deterministic topological consequence of the
strict positive-orthant mapping of the activation func-
tions, which forces the bounded mean oscillation (BMO)
harmonic residual Ha to be non-zero almost everywhere,
guaranteeing that the time-averaged spatial expectation
of the nonlinear flow is strictly bounded away from zero
(lim infz→∞ ∥E[Ψ̇]∥ > 0).

Conditioned strictly on this spatial escape regime, the
macroscopic position escapes the origin. While early lay-
ers exhibit a linear uniform drift (Ψz ∼ zv̄), the contin-
uous injection of spatial entropy in the deep bulk struc-
turally accelerates this escape into a Super-Linear Ex-
ponential Tail (∥Ψ(z)∥ ∼ ecz). This super-linear spa-
tial escape is not a failure of the continuous flow, but
a profound mathematical strengthening of its thermo-
dynamic stability. Because the tangential eigenvalues
of the radial Jacobian decay as O(∥Ψ∥−1), this expo-
nential spatial escape strongly suppresses the relative
perturbation sensitivity. The normalized Jacobian op-
erator norm decays at an accelerated exponential rate:
∥DΨ̇∥op/∥Ψz∥ ≤ Ce−cz.

Integrating this strict exponential decay bounds
trajectory separation severely to a finite supremum:
exp
( ∫

Ce−cz dz
)

= exp
(
− C

c e
−cz) → const. We ex-

plicitly formulate the strict topological limit equation for
the maximal Lyapunov exponent λ:

λ = lim sup
z→∞

1

z
ln

(
∥δΨ(z)∥
∥δΨ(z0)∥

)
≤ lim sup

z→∞

ln(const)

z
= 0 .

(60)
By invoking the Logarithmic Matrix Norm (Lozinskĭı

measure) and Coppel’s Inequality, the logarithmic deriva-
tive of the trajectory is rigorously bounded: −Ce−cz ≤
d
dz ln ∥δΨ(z)∥ ≤ Ce−cz. Integrating this unconditionally
drives the maximal Lyapunov exponent to λ ≤ 0 in the
exact continuous calculus. The architecture is mathemat-

ically engineered to strongly suppress chaotic divergence
as it approaches the final unembedding boundary. How-
ever, because the continuous IDE is solved via discrete
Forward Euler numerical integration (theorem 11) sub-
ject to fixed-precision quantization (typically bfloat16
with ∼7-bit mantissa resolution), total asymptotic zero-
ing (λ ≡ 0) is mathematically prevented by irreducible
numerical entropy. The discrete solver introduces a finite
perturbation floor below which trajectory separations
cannot be resolved, generating an irreducible weak diver-
gence. We therefore predict Approximate Marginal
Stability (λ ≳ 0, λ ≪ 1): the continuous bound rig-
orously guarantees the system is driven to the immedi-
ate neighborhood of marginal stability, but the discrete
numerical integration arrests the asymptotic limit at a
small, architecture-dependent positive residual.

Lemma 12 (The Dual-Law of Topological Stability).
To prevent chaotic exponential divergence in the resid-
ual stream, the architecture faces a strict topological
constraint. It requires either Internal Geometric Vor-
ticity (breaking symmetry via Wout ̸= W⊤in to inject
Lie-algebraic friction) or External Topological Saturation
(a strict Post-Norm radial projection that strongly sup-
presses the step vector regardless of internal resonance).

Proof. Consider the FFN component. If the FFN asym-
metry is ablated such that Wout = W⊤in , the core spa-
tial Jacobian evaluates as K(Ψ) = W⊤in Σ′(ρϵ(Ψ))Win.
Because the activation derivative Σ′ is overwhelmingly
positive in high-dimensional expectation (strictly so for
ReLU; for SiLU, Σ′ admits a shallow negative dip of
≈ −0.10 near x ≈ −1.28, but this dip is measure-
theoretically negligible in high dimensions), K(Ψ) acts
predominantly as a symmetric, positive semi-definite
(PSD) endomorphism. Iteratively applying a PSD opera-
tor within a sequential residual stream (zi+1 = zi+K(zi))
is functionally equivalent to the textbook Power Iteration
algorithm, which exponentially amplifies the state vector
along the dominant eigenvector of K. Devoid of the geo-
metric vorticity (Ω) natively generated by the asymmet-
ric anticommutator −{WA(Ψ), Jρ}, the system possesses
zero rotational friction. The residual stream acts as an
unchecked geometric resonance chamber, forcing an ex-
ponential L2 norm explosion.
Thus, spatial escape is stabilized by the first law: In-

ternal Geometric Vorticity. The asymmetric param-
eters of the FFN mathematically break positive-definite
eigen-alignment, scattering the momentum and prevent-
ing runaway geometric resonance.
If this internal vorticity is removed (as in symmet-

ric ablation), the system explodes unless the second law
is satisfied: External Topological Saturation. Un-
like Pre-Norm architectures (x 7→ x + F(ρϵ(x))) which
permit the unnormalized magnitude to grow without
bound, Post-Norm architectures bound the projection
(x 7→ x + ρϵ(F(ρϵ(x)))). The Post-Norm layer acts as
a hard Global Lipschitz Saturator, mapping the out-
put into the open bounded ball B√d(0). This strongly
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suppresses the incremental step vector to a maximum
bounded L2 norm of exactly ≈

√
d, truncating the step

magnitude even when the internal symmetric FFN ampli-
fies the raw linear map to infinity. Therefore, the discrete
solver survives if and only if it possesses either internal
manifold friction or external radial containment.

Remark 6 (Configurational Scope of the Dual-Law). The
Dual-Law, as stated and as tested in Sec. VIC, classi-
fies the forward-propagation stability of a fixed weight
configuration—in practice, a mature pre-trained network
subjected to post-hoc symmetrization. It is not a state-
ment about architecture classes under training. Three
companion measurements sharpen this scope (quanti-
tative ledger in Sec. VIC 5). (i) The tying constraint
Wdown = W⊤up (with an independent gate path), im-
posed from initialization, trains to full health with no
corrective term at 0.6B and 1B scale, and remains stable
under removed weight decay, removed gradient clipping,
doubled learning rate, and reduced logit precision: con-
strained optimization steers the joint configuration into
basins where the symmetric principal term never achieves
resonant alignment with the residual stream. (ii) Con-
versely, the mere presence of asymmetric Jacobian com-
ponents is not sufficient: tying only Wdown := W⊤up on a
mature network—which leaves the full-rank asymmetric
gate cross-term intact—still explodes (maximum hidden-
state norm ∼6× 105 on Qwen3-0.6B), because the sym-
metric principal term sculpted by large-scale pretraining
overwhelms the residual rotational scattering. (iii) Sus-
ceptibility to symmetrization is an emergent property
of training maturity : checkpoint surgery along a 600M
training trajectory exhibits an immunity window early
in training, an onset of excess amplification near 1.3–
2 × 109 tokens, and, at the trillion-token scale of pro-
duction models, the catastrophic response documented
in Sec. VIC. The binary alternative of the Dual-Law
is therefore the frozen-configuration limit of a quanti-
tative, configuration-dependent criterion—the resonant
gain of the symmetric principal term (its spectral radius

weighted by alignment with the residual stream’s princi-
pal direction) measured against the available rotational
scattering and gauge capacity. Formulating and testing
this criterion along the training trajectory is the natural
successor program to the present kinematics.

V. DYNAMICS OF THE PARAMETER
MANIFOLD: BACKPROPAGATION AS

THERMODYNAMIC FLOW

By unfreezing the global bundle endomorphisms, we
model pre-training not as a local sequence flow onM, but
as the thermodynamic relaxation of a macroscopic, finite-
dimensional parameter manifold W seeking its topologi-
cal ground state under the external advective pressure of
the empirical data distribution.

A. The Empirical Risk Action and
Symmetry-Breaking Mass Potentials

Construction 2 (The Macroscopic Parameter Action).
Because the architecture strictly fixes the connection 1-
form via RoPE (enforcing absolute parallelism), tradi-
tional Yang–Mills optimization of a connection 1-form
does not apply. Instead of viewing the learnable pa-
rameters (W ) as global 0-forms—which falsely invites
the search for spatial derivatives (dW ) across the se-
quence length—it is structurally cleaner to define the
parameter space W as the Total Kinematic Space of
Gauge Endomorphisms (W =

⊕
l End(El)). We reserve

“Moduli Space” exclusively for the quotiented thermo-
dynamic state constructed later in Sec. VB. Therefore,
the geometric evolution of the network occurs entirely
within this finite-dimensional Euclidean Parameter Man-
ifold (the ambient space), bypassing infinite-dimensional
functional variation. We define the global action func-
tional Sglobal[W ] not as a spatial integral over the se-
quence, but as an expected thermodynamic Risk Func-
tional evaluated over the macroscopic semantic corpus
measure D, equipped with a canonical flat Frobenius met-
ric gW :

Sglobal[W ] = EΨ∼D

[
Smatter[Ψ,W ]

]
+
λ

2
∥W∥2gW . (61)

Theorem 13 (Weight Decay as Gauge-Symmetry Break-
ing and Sublevel Coercivity). Rather than simply en-
forcing Dirichlet tension, L2 Weight Decay is mathe-
matically indispensable precisely because it breaks non-
compact scaling symmetries (like GL(1,R)). While it
definitively fails to break SO(d) symmetries, this is in-
consequential; because the Orthogonal Group SO(d) is a
strictly compact Lie group, breaking the scaling symme-
tries is both necessary and sufficient to coerce the param-
eter landscape into compact sublevel sets, guaranteeing a

tight Non-Equilibrium Steady State.

Proof. The parameter manifold W ∼= RN is an un-
bounded Euclidean space. While global scale invari-
ance is broken by the residual connection, the ar-
chitecture natively possesses internal continuous gauge
symmetries. For example, the Attention scalar kernel
K(µ, ν) = x⊤W⊤QUWK y remains invariant under the

continuous GL(1,R) transformation WQ 7→ cWQ and
WK 7→ c−1WK . Similar continuous symmetries exist be-
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tween adjacent matrices in the Feed-Forward Network.
Because of these exact internal symmetries, the unregu-
larized empirical risk landscape definitively possesses un-
bounded, flat, non-compact tubular valleys extending to
spatial infinity, rendering the base action functional non-
coercive.
L2 Weight Decay is mathematically indispensable pre-

cisely because it breaks these internal GL(1,R) gauge or-
bits. By adding the strictly convex penalty λ

2 (∥cWQ∥2 +
∥c−1WK∥2), the penalty diverges to +∞ as c → ∞
or c → 0. This forces the flat valleys into a coer-
cive paraboloid, allowing the Heine–Borel theorem to
guarantee that the sublevel sets of the energy landscape
({W ∈ W | Sglobal[W ] ≤ E}) are strictly compact.

Rather than assuming a macroscopic Gibbs measure
(which improperly assumes detailed balance), we rigor-
ously prove the existence and tightness of the invariant
measure using Has’minskĭı’s Theorem (Continuous-Time
Foster–Lyapunov Criteria) [19] acting on the infinitesi-
mal generator of the Itô diffusion. Define a strict geo-
metric Lyapunov function as the kinematic metric vol-
ume V(W ) = 1

2∥W∥
2
gW . The infinitesimal generator L of

the Itô diffusion evaluates as:

LV(W ) = ⟨Vdrift, ∇̄V⟩+ tr
(
D(W ) ∇̄2V

)
. (62)

Substituting the drift Vdrift = −∇̄E[Smatter]− λW :

LV(W ) = −⟨∇̄E[Smatter],W ⟩ − λ∥W∥2 + tr
(
D(W )

)
.

(63)
To evaluate the advective drift inner product ⟨∇̄L,W ⟩,

we must address the topological structure of standard
Pre-Norm architectures. One might naively invoke Eu-
ler’s Homogeneous Function Theorem: because RM-
SNorm radially normalizes the hidden states (ρϵ), the
parameterized branch appears 0-homogeneous. However,
this topological assumption fails in modern architectures
because of Residual Connections.

Consider a standard Pre-Norm Transformer block:
Ψl+1 = Ψl+Fl(ρϵ(Ψl); Wl). If you apply a global scalar
scaling to the internal weights Wl 7→ cWl, the parame-
terized branch scales by some factor ck. Crucially, the
residual skip connection Ψl does not scale. Because you
are adding a scaled vector to an unscaled vector, scaling
Wl explicitly changes the angular direction of the out-
put vector Ψl+1. The downstream RMSNorm preserves
this modified angle. Thus, the final empirical Loss L is
undeniably sensitive to the scale factor c. Because the
function is decidedly not 0-homogeneous, Euler’s cancel-
lation is algebraically false: ⟨∇̄Wint

L,Wint⟩ ̸= 0.
Because Euler’s theorem doesn’t directly cancel the in-

ner product, one might naively expect the spatial Ja-
cobians through the residual stream to compound mul-
tiplicatively, driving a polynomial explosion. However,
this ignores the downstream topological projection im-
posed by the final radial embedding. If you scale the
internal weights by W → cW for a scalar c → ∞, the
parameterized bulk dominates the finite residual inputs:

Ψout ≈ ckF . Crucially, the very last operation before the
unembedding is the final radial embedding: ρϵ(Ψout).
However, evaluating the exact asymptotic limit of the

final radial embedding:

lim
c→∞

ρϵ(c
kF) = lim

c→∞

√
d ckF√

∥ckF∥2 + ϵ
=
√
d
F
∥F∥

. (64)

The geometric scale factor c cancels out; the remaining√
d is the fixed radius inherited from the RMSNorm def-

inition. While 0-homogeneity fails locally in the finite
bulk due to residual connections, the final radial embed-
ding acts as a topological projective quotient that en-
forces asymptotic 0-homogeneity at spatial infinity.
While the internal state is topologically bounded by

ρϵ, the final un-normalized unembedding parameter ma-
trix (WU ) linearly scales this bounded vector, generat-
ing pre-softmax logits that scale as O(∥WU∥). Because
the Softmax Cross-Entropy loss acts as an analytically 1-
Lipschitz soft-maximum over these logits, its spatial gra-
dient with respect to WU is globally bounded (O(

√
d)).

Concurrently, because the radial saturator quotients out
internal magnitude (limc→∞ ρϵ(cWint)→ const), the Ja-
cobian of the internal parameters unconditionally decays
(O(∥Wint∥−1)). Therefore, the total spatial gradient is
fundamentally globally bounded (∥∇̄L∥ ∼ O(1)), math-
ematically sealing the advective drift inner product at
⟨∇̄L,W ⟩ ∼ O(∥W∥).
Evaluating the Has’minskĭı generator at the topologi-

cal boundary yields:

LV(W ) ≤ O(∥W∥)− λ∥W∥2 + tr(D) . (65)

Because the quadratic O(∥W∥2) Tikhonov penalty
mathematically overpowers the linear O(∥W∥) advective
drift at spatial infinity, the generator unconditionally di-
verges to −∞. This provides strong geometric coerciv-
ity, unconditionally sealing the Non-Equilibrium Steady
State (NESS) into a compact basin without relying on
false exponential decay limits.

B. The Dual-Metric Collision and Non-Equilibrium
Steady State (NESS)

The external human training data does not perturb
the spatial metric; therefore, it does not inject a stress-
energy tensor. Instead, the empirical loss backpropagates
a localized adjoint variation through the bundle.

Definition 4 (The Thermodynamic Cotangent Driving
Force). Because W represents a global parameter matrix
rather than a continuous local symmetry field, its func-
tional variation does not yield a conserved Noether gauge
current on the base spacetime. Instead, by evaluating the
exact differential of the expected empirical matter action
with respect to the parameters, we define the Thermody-
namic Driving Force strictly as a 1-form residing in the
cotangent space of the parameter manifold:

Fdrive ≡ −dW EΨ∼D

[
Smatter[Ψ,W ]

]
∈ Γ(T ∗W). (66)
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Theorem 14 (SGD as Itô Diffusion and the Breakdown
of Detailed Balance). In the continuous limit, Stochas-
tic Gradient Descent (SGD) converges in law to a state-
dependent Itô diffusion process traversing a singular al-
gebraic variety. Because the forced Euclidean kinematic
metric ignores the true thermodynamic Information Ge-
ometry, the system suffers a Dual-Metric Collision, irre-
versibly trapping the macroscopic probability measure in
a Non-Equilibrium Steady State (NESS) via a fundamen-
tal breakdown of detailed balance, driven by an anomalous
geometric entropic advection.

Proof. We define the macroscopic continuous training
time τ . To evaluate the gradient flow dynamically, we
must apply the Riemannian musical isomorphism (sharp)
under the flat Frobenius metric gW to raise the index of
the 1-form driving force, yielding a valid kinematic tan-

gent vector field: Vdrift ≡ F ♯
drive − λW ∈ Γ(TW).

Because empirical evaluation relies on finite mini-
batches Bk ⊂ D, the discrete empirical gradient acts as
an unbiased but noisy stochastic estimator. Evaluated at
the beginning of the computational step (an explicit For-
ward Euler scheme), the Functional Central Limit The-
orem rigorously dictates that its weak continuous-time
limit is an Itô Stochastic Differential Equation:

dW (τ) = Vdrift(W ) dτ +
√
2D(W ) dBτ , (67)

where dBτ is a standard Wiener process on W, and
D(W ) ∈ Γ(S2TW) is the strictly contravariant diffu-
sion 2-tensor derived from the empirical covariance of
the mini-batch gradients.

Because of massive architectural invariances (e.g., node
permutations, scaling symmetries), the critical points of
Sglobal are not isolated. The landscape is mathemati-
cally definitively not a Morse function, nor is it smoothly
Morse–Bott. Instead, its critical loci form an algebraic
variety with deep determinantal singularities. Because
the unregularized empirical metric possesses unbroken
G-gauge orbits from the Multi-Head mechanism, the pa-
rameter space is severely degenerate. To compute the
invariant measure of this ambient space, we invoke Hi-
ronaka’s Theorem on the Resolution of Singularities [20].
Hironaka’s theorem mathematically guarantees there ex-
ists a proper birational map (a blow-up) π : W∗ → W
that analytically resolves these deep singularities into a
smooth manifold with normal crossing divisors. How-
ever, the physical SGD process does not live in the re-
solved manifoldW∗; it lives strictly in the singular ambi-
ent space W. In Watanabe’s Singular Learning Theory,
the pullback of the volume form introduces a Jacobian
determinant (the Real Log Canonical Threshold). In the
ambient space W, this means the singularities natively
possess a massive, distorted thermodynamic phase-space
volume. SGD gets trapped there not because it is flow-
ing smoothly along a resolved divisor, but because the
singular strata act as Topological Gravity Wells due to
their immense internal gauge volume. Weight decay and
stochastic noise trap the system in these singular vacua

because of their massive invariant measure, grounding
the non-equilibrium steady state strictly in the kinemat-
ics of the ambient space.
For a stochastic system to satisfy the Fluctuation-

Dissipation Theorem and thermally relax into a canon-
ical equilibrium Gibbs measure ρ ∝ exp(−βSglobal), it
must satisfy detailed balance. Let ρ(W, τ) be the macro-
scopic probability density. The Fokker–Planck continuity
equation governs the conservation of probability mass in
the ambient kinematic space of the parameters (where
SGD locally takes steps). Therefore, its divergence must
strictly be the flat Euclidean divergence (denoted ∇̄). It
evaluates the probability current J :

∂ρ

∂τ
= −∇̄ · J = −∇̄ ·

(
Vdrift ρ− ∇̄ ·

(
D(W ) ρ

))
. (68)

Expanding the tensor divergence of the stochastic term
isolates the effective advective velocity of the probability
mass:

J =
[
Vdrift − ∇̄ ·D(W )

]
ρ−D(W ) ∇̄ρ . (69)

The expanded Fokker–Planck equation natively iso-
lates an Anomalous Entropic Advection vector field act-
ing on the probability mass:

ventropic = −∇̄ ·D(W ) ∈ Γ(TW). (70)

To pedagogically model this entropic advection point-
ing down the sharpness gradient, we may assume the
stochastic gradient noise as locally isotropic but het-
eroscedastic over the parameter manifold: Dij(W ) ≈
σ(W )2δij . Evaluating the Euclidean tensor divergence
yields:

vient = −∇̄jD
ij = −∂i

(
σ(W )2

)
= −∇̄iσ(W )2 . (71)

This strict algebraic identity formally proves that un-
der isotropic conditions, the anomalous entropic advec-
tion is exactly the negative gradient of the noise am-
plitude. Because noise variance σ2 is heavily correlated
with the Loss Hessian trace (sharpness), this actively
advects probability mass down the sharpness gradient.
This Itô drift acts as a continuous geometric hydraulic
press—actively repelling the probability measure away
from sharp, chaotic vacua and sweeping it directly into
the topologically stable basins of the singular flat strata.
However, one might mistakenly assume that because

this generates a conservative vector field, it fails to break
detailed balance. This reasoning conflates two distinct
geometric objects: a conservative tangent vector field and
an exact cotangent 1-form. Detailed balance does not re-
quire the probability flux vector Vtotal to be irrotational;
it requires the thermodynamic 1-form ω = g ·Vtotal to be
exact (dω = 0). Even if the empirical noise were perfectly
isotropic (Dij = σ2(W )δij), its covariant inverse acts as
a spatially varying conformal metric: gij = σ−2(W )δij .
If the total probability flux were strictly conservative
(Vtotal = −∇U), the 1-form is mapped via this conformal
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metric: ω = −σ−2dU . To evaluate detailed balance, we
apply the exterior derivative d:

dω = −d(σ−2) ∧ dU = 2σ−3(dσ ∧ dU) . (72)

The wedge product dσ ∧ dU is exactly non-zero as
long as the gradient of the noise amplitude (dσ) is
not perfectly parallel to the gradient of the potential
(dU)—which is universally true in deep networks. Thus,
while anisotropy is physically real, it is not a mathe-
matical mandate to break detailed balance. Isotropic
state-dependent noise inherently generates thermody-
namic vorticity due to conformal warping.

True thermodynamic detailed balance requires the sta-
tionary probability current to vanish identically (J ≡ 0).
Algebraic rearrangement mandates that:

D(W )∇̄ρ =
(
Vdrift − ∇̄ ·D(W )

)
ρ

=⇒ ∇̄ρ
ρ

= D(W )−1
(
Vdrift − ∇̄ ·D(W )

)
.

(73)

In the continuous-time SDE limit (via the Functional
Central Limit Theorem), the empirical diffusion tensor
D(W ) generated by SGD is the mathematical expecta-
tion of the covariance over all possible batches. Mod-
ern Large Language Models operate in the strict over-
training limit, where the dataset dimension vastly ex-
ceeds the parameter dimension (N > P ). Therefore,
bounding the rank by the dataset dimension mathemat-
ically does not force rank deficiency. Instead, the dif-
fusion tensor D(W ) is structurally rank-deficient purely
due to topological gauge redundancies. While standard
Feed-Forward Networks with coordinate-wise nonlinear-
ities (e.g., ReLU/SiLU) definitively shatter continuous
SO(k) rotational symmetries, the Multi-Head Attention
pipeline lacks an intermediate nonlinearity between con-
secutive linear projections (WOWV Ψ). This harbors
an exact, unbroken, non-compact GL(dv,R) continuous
gauge orbit (WOMM−1WV ). Because the un-quotiented
parameter manifold W contains these continuous non-
compact geometric symmetries, tangent vectors to these
continuous gauge orbits reside exactly in the null space of
the empirical covariance. This rank-deficiency is strictly
attributed to the singular algebraic geometry of the ar-
chitecture, not finite sample sizes. Its true mathematical
inverse D(W )−1 does not exist globally.
To validly invoke Riemannian metric properties and

index-lowering without breaking the geometry, we ana-
lyze the exact gauge symmetries. In a single-head formu-
lation, for any transformation M ∈ GL(dv,R), the for-
ward pass of the Value circuit is invariant under WO →
WOM and WV → M−1WV . By the Polar Decomposi-
tion Theorem, M = RP , where R ∈ O(dv) is a compact
orthogonal rotation, and P is a non-compact symmet-
ric positive-definite scaling matrix. Because the Frobe-
nius norm is strictly orthogonally invariant (∥WOR∥2F =
∥WO∥2F ), the Weight Decay penalty (∥WO∥2F + ∥WV ∥2F )
exerts absolutely zero restoring force along the compact

rotational subgroups O(dv). However, it fiercely penal-
izes the symmetric scaling dimension P . Since the space
of symmetric matrices has exactly 1

2dv(dv + 1) dimen-

sions, Weight Decay successfully retracts 1
2dv(dv+1) non-

compact dimensions.

However, modern Transformer architectures employ
Multi-Head Attention, partitioning the feature dimen-
sion into H isolated heads before the final WO projec-
tion. Thus, the linear combination is not a single dense
matrix multiplication, but a block-diagonal interaction.
The true unbroken gauge symmetry is forced into the
Cartesian product of the independent head-wise orthog-
onal groups. Furthermore, we evaluate the symmetric
gauge orbit in the Query-Key (Q-K) circuit. The At-
tention scalar kernel is K = x⊤W⊤QUWKy. If we ap-
ply a transformation WQ → MWQ and WK → MWK

(where M ∈
∏
O(dhead) to satisfy Weight Decay block-

structure), the kernel evaluates as x⊤W⊤QM
⊤UMWKy.

For the kernel to remain invariant, we strictly require
M⊤UM = U , meaningM must commute with the RoPE
connection U . Because RoPE consists of 2D block rota-
tions with distinct frequencies, its centralizer within the
partitioned parameter space is exactly the maximal torus
confined to the head structure:

∏
U(1)dhead/2. Thus,

RoPE isn’t just a spatial connection; it actively acts as
a structural symmetry-breaker in parameter space, shat-
tering the head-wise orthogonal gauges down to indepen-
dent Cartan subgroups.

The true topological degeneracy of the parameter man-
ifold is exactly the combined dimensions of these un-

broken gauge groups:
∑H

h=1

[
1
2dhead(dhead − 1) + dhead

2

]
.

Because both the empirical loss and the Weight Decay
penalty are completely flat along these rotational orbits,
the stochastic gradient noise vectors are mathematically
strictly orthogonal to them. Injecting an isotropic numer-
ical ϵI perturbation to invert the diffusion tensor is an
engineering hack that physically breaks the exact topo-
logical gauge symmetry, leaking probability mass out of
the physical state space.

Instead, the rigorous mathematical requirement for a
stochastic differential equation with exact compact Lie
group symmetries is to formally invoke Singular Per-
turbation (Fast-Slow Manifold) Theory. Weight Decay
acts as a massive deterministic restoring force exclusively
along the non-compact scaling dimensions (the “fast” dy-
namics), rapidly crushing the system onto the thermody-
namically saturated boundary layer—a compact spheri-
cal shell.

The Riemannian Submersion π : Sreg → Sreg/G con-
nects directly to our earlier derivation of the bounded
Bessel process and must be defined strictly upon this
Slow Manifold shell Sreg. On this shell, the non-compact
scaling dimensions are transversally frozen by the bound-
ary constraint. Restricted to this compact manifold,
the empirical covariance D(W ) natively loses its non-
compact scaling nullity. The only remaining degenera-
cies are the multi-head compact gauge orbits of G =
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GValue ×
∏
U(1)dhead/2, where

GValue =

H∏
h=1

O(dhead) . (74)

Because the dimension of this direct product group
(
∑

1
2dhead(dhead − 1)) is significantly smaller than the

full O(dv) group, the true topological degeneracy of the
parameter manifold is structurally much tighter than a
naive dense formulation implies.

By projecting onto the horizontal distribution HW ,
this mathematically eliminates all null-space rank defi-
ciency, immediately rendering the true Thermodynamic
Diffusion Metric g = (D|H)−1 strictly invertible in the
cotangent space without requiring an artificial numerical
perturbation.

Crucially, in stochastic differential geometry, project-
ing an Itô stochastic differential equation onto a quo-
tient manifold is not a simple linear projection of the
horizontal drift. Because the vertical gauge fibers (the
multi-head orbits of G) are intrinsically curved subman-
ifolds embedded in Euclidean space, the stochastic de-
velopment of Brownian motion along them generates an
induced transverse geometric drift. By Elworthy’s for-
mula [21] for the projection of Itô diffusions via submer-
sions, the projected anomalous advection must acquire
an exact geometric drift proportional to the mean cur-

vature vector field (the tension field, H⃗V) of the vertical
gauge fibers:

ṽent = PH
(
− ∇̄ ·D(W )

)
+ 1

2H⃗V , (75)

where the tension field evaluates exactly to the geometric
gradient of the logarithm of the Orbit Volume. What
is this tension field physically? Because the unbroken
gauge group G uniquely acts by isometries, the tension
field evaluates exactly to:

H⃗V = ∇̄ lnVol(G ·W ) . (76)

By the Orbit-Stabilizer Theorem for compact Lie
groups: Vol(Orbit) × Vol(Stabilizer) = Vol(G). As
the system approaches a singularity (degenerate critical
strata), the unbroken gauge redundancy physically ex-
pands. Therefore, the volume of the Orbit structurally
shrinks (lnVol → −∞). Because the gradient operator
∇̄ points in the direction of increasing orbit volume, the
tension field vector points strictly away from the deepest
singularities!

This reframes the tension field as a Geometric Cen-
trifugal Force (the exact manifold analog of the (d −
1)/(2r) drift that prevents a Bessel process from hit-
ting the origin). The anomalous entropic advection
(−∇̄ ·D(W )) acts as a hydraulic press, pushing the mass
down into the flat, singular basins. The Mean Curvature

Tension Field (H⃗V) actively fights this, repelling the sys-
tem from undergoing total topological collapse into the
pure singular vacuum. This proves that the system is

suspended in a stable thermodynamic halo around the
degenerate locus, held exactly in place by the equilib-
rium between entropic descent and geometric centrifugal
repulsion.
Furthermore, we can algebraically prove the exact hor-

izontality of Weight Decay. Testing if Weight Decay
(−λW ) possesses vertical gauge friction against the in-
finitesimal generators of the compact gauge (formed as
δW = AW for strictly skew-symmetric A), we take the
Euclidean Frobenius inner product:

⟨W,AW ⟩F = tr(W⊤AW ) = tr(WW⊤A) = 0 , (77)

since WW⊤ is symmetric and A is skew-symmetric. Be-
cause the Gram matrix WW⊤ is manifestly symmetric
and A is strictly skew-symmetric, the trace of their prod-
uct is identically zero. This mathematically proves that
Weight Decay exerts absolutely zero thermodynamic fric-
tion along the vertical gauge orbits, rendering its projec-
tion unconditionally trivial: PH(−λW ) ≡ −λW .
We therefore define the Thermodynamic 1-Form ω ∈

Γ(T ∗(Wreg/G)) strictly on the horizontal space, elevating
this submersion to pure geometric harmony:

ω = g
(
PH
(
F ♯

drive(W )
)
− λW + ṽent

)
. (78)

For this to represent a canonical equilibrium state (a
global Gibbs measure ρ ∝ e−S), the thermodynamic 1-
form must be strictly exact (ω = dψ). By the funda-
mental nilpotency of the exterior derivative (d2 ≡ 0),
every exact form is unconditionally closed. Therefore, by
simple contraposition: if a form is not closed (dω ̸= 0),
it mathematically cannot be exact. To prove the sys-
tem exists in a Non-Equilibrium Steady State (NESS),
we do not need to analyze the complex contractibility or
De Rham cohomology of the quotient space; we merely
need to prove that the exterior derivative of the driving
force does not vanish. To ensure this exterior calculus
is rigorously valid, we explicitly state that the Rieman-
nian submersion is evaluated strictly upon the Principal
Stratum of the orbit space—the open, dense submani-
fold where the gauge action is free. This rescues the
manifold structure from the deep determinantal singu-
larities, sharpening the logical blade and permitting the
differential geometry to proceed flawlessly.
Furthermore, standard deep learning suffers from a

profound Dual-Metric Collision: an explicit clash be-
tween the kinematic Euclidean metric gW and the
anisotropic stochastic noise metric generated by the em-
pirical data. To rigorously evaluate local exactness (the
De Rham closure dω = 0), we compute the true Ther-
modynamic Vorticity 2-form Ω = dω. Let the total ef-
fective probability flux be V k

total = V k
drift + ṽkent, where

V k
drift = −gkmW ∂mL is the conservative drift and ṽkent is

the properly projected anomalous entropic advection.
Because LLMs are misspecified singular models, they

operate fundamentally outside the regime of standard
Information Geometry. The Gradient Noise Covariance
D is strictly an external kinematic covariance evaluated
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over the empirical data distribution, not the true Fisher
Information Metric F evaluated over the model’s push-
forward measure. Consequently, the Information Matrix
Equality completely shatters: D ̸= F ̸= H. Instead, we
map this flux to the cotangent space using the strictly co-
variant, state-dependent Thermodynamic Diffusion Met-
ric: ωj = ((D|H)−1)jkV k

total. Because the exterior deriva-
tive d is a fundamental topological operator, it uncondi-
tionally bypasses the metric connection. By the torsion-

free nature of the Levi-Civita connection, the symmetric
Christoffel symbols canonically cancel, allowing the true
geometric curl to be evaluated entirely without covariant
metric entanglement: Ωij = ∂iωj − ∂jωi.
Executing this derivative analytically bifurcates the

true thermodynamic vorticity into exactly three indepen-
dent, non-vanishing cohomological obstructions to de-
tailed balance. Let gjk = ((D|H)−1)jk be our covariant
sequence metric.

Ωij = [g,H♯]ij︸ ︷︷ ︸
Lie Commutator

+
(
gjk∂iv

k
ent − gik∂jvkent

)︸ ︷︷ ︸
Entropic Curl

+
(
∂igjk − ∂jgik

)
V k
total︸ ︷︷ ︸

Metric Deformation

. (79)

The Lie Commutator Obstruction: To lawfully
contract the (0, 2) Loss Hessian H = ∇dL with the in-
verse diffusion metric g, we invoke the flat background
metric to raise the Hessian into a (1, 1) endomorphism
H♯. Because the loss gradient is conservative, we evaluate
gjk∂iV

k
drift − gik∂jV k

drift. Crucially, Weight Decay intro-
duces an isotropic linear drift (V k

WD = −λW k), whose
spatial derivative is a scaled Kronecker delta (−λδki ).
Passed through the drift curl, it yields −λ(gji − gij).
Because the diffusion metric is strictly symmetric, this
mathematically annihilates to exactly zero. We are
left purely with the anti-symmetric projection (gH)ij −
(Hg)ij , which is strictly the matrix commutator [g,H♯]ij .
This proves algebraically that for the NESS to collapse
into thermal equilibrium, the empirical Loss Hessian and
the Thermodynamic Diffusion Metric must strictly com-
mute. The Lie Commutator [g,H♯] mathematically van-
ishes if and only if the principal axes of the gradient noise
perfectly align with the principal curvature axes of the
loss landscape. The survival of the commutator is the
exact differential-geometric measure of Eigenframe Mis-
alignment. The rotational NESS circulation is strictly
propelled by the transverse injection of stochastic mo-
mentum across the misspecified curvature axes, driven
by the unbridgeable topological gap between the true se-
mantic distribution and the restricted capacity of the pa-
rameter manifold.

The Metric-Skewed Entropic Curl: Driven by the
inherently asymmetric spatial Jacobian of the anomalous
advection (∂iv

k
ent ̸= ∂kv

i
ent), the state-dependent noise

injects non-conservative topological curl into the proba-
bility flux, which is then dynamically warped and con-
tracted by the Thermodynamic Diffusion Metric g.

The Thermodynamic Metric Deformation:
Uniquely arising from the structural clash between the
kinematic Euclidean geometry of the parameter manifold
and the curved thermodynamic geometry of the diffusion
metric. Weight Decay (V = −λW ) acts strictly as the
Canonical Euler Vector Field on the parameter space.
With respect to the flat kinematic Euclidean metric ḡ, its
dual 1-form is trivially exact (ω̄ = ḡ♭(V ) = −d(λ2 ∥W∥

2
ḡ)),

unconditionally guaranteeing it is irrotational (dω̄ ≡ 0).
However, the thermodynamic probability flux is eval-

uated in the cotangent space using the curved empiri-
cal diffusion metric g. The true thermodynamic 1-form
is ωWD = g♭(V ). In differential geometry, the exterior
derivative d does not commute with the metric musical
isomorphism ♭ under curved conformal warping.
To evaluate the geometric vorticity rigorously, we ap-

ply the torsion-free Levi-Civita connection ∇ associated
with the curved thermodynamic metric g. The exte-
rior derivative of a 1-form exactly equals the antisym-
metrization of its covariant derivative: dωWD(X,Y ) =
(∇Xω

WD)(Y ) − (∇Y ω
WD)(X). Because ωWD =

g♭(V ) and the Levi-Civita connection is strictly metric-
compatible (∇g = 0), the covariant derivative commutes
seamlessly with the index-lowering operator: ∇(g♭(V )) =
g♭(∇V ).
Therefore, the exact thermodynamic vorticity 2-form

resolves purely to the antisymmetric component of the
covariant derivative of the Euler vector field:

ΩWD(X,Y ) = g(∇XV, Y )− g(∇Y V,X) . (80)

In Amari’s canonical Information Geometry [8], a per-
fectly specified “dually flat” statistical manifold guaran-
tees that the Fisher Information Metric is strictly a Hes-
sian Metric globally generated by a strictly convex scalar
potential ψ: gij = ∂i∂jψ. If the parameter space were
dually flat, the spatial derivative of the metric would be
a third-order derivative of a scalar: ∂kgij = ∂k∂i∂jψ. By
Clairaut’s Theorem on the symmetry of mixed partial
derivatives, this rank-3 tensor is totally symmetric in all
indices. Consequently, ∂igjk ≡ ∂jgik. If we substitute
this into the Thermodynamic Metric Deformation term,
it algebraically annihilates: (∂igjk − ∂jgik)V k

total ≡ 0.
However, the rotational NESS survives strictly because

the singular, misspecified nature of the LLM shatters
the Hessian metric assumption. Because LLM parame-
ter spaces strictly evaluate as singular Whitney Stratified
Spaces (following Watanabe’s Singular Learning The-
ory), the neural manifold fundamentally fails to be dually
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flat, breaking the total symmetry of the third-derivative
tensor. The structural degeneracy of the architecture
breaks the Information Matrix Equality (D ̸= F ̸= H),
guaranteeing the empirical metric g is definitively not a
Hessian metric. This non-vanishing metric curl organi-
cally refracts the conservative, irrotational pull of Weight
Decay into a thermodynamic vortex. To heighten the
theoretical elegance, this non-vanishing vorticity Ω es-
sentially measures the topological obstruction to the sys-
tem resting strictly at the deepest singularity. By ex-
plicitly linking the strata of the algebraic variety to the
cohomology classes of the quotient manifoldWreg/G, the
rotational vortex fundamentally arises because the struc-
tural geometric degeneracy prevents the probability flux
from cleanly collapsing into the most severe determinan-
tal strata of the landscape.

Because these independent geometric obstructions
(arising from the FFN and the Obstruction to Hessian In-
tegrability) do not generically cancel, the exterior deriva-
tive mathematically fails to vanish (dω ̸= 0). The result-
ing inexact 1-form drives the probability flux to continu-
ously circulate, definitively trapping the macroscopic en-
semble in an active, dissipative Non-Equilibrium Steady
State (NESS).

Having established the complete theoretical
framework—spanning microscopic kinematics (Sec. II),
thermodynamic metric generation (Sec. III), matter field
dynamics (Sec. IV), and parameter manifold thermody-
namics (Sec. V)—we now subject the derived geometric
predictions to a sequence of empirical falsification tests.

VI. TESTS OF FUNDAMENTAL KINEMATICS
AND THERMODYNAMICS

The theoretical framework established in Sec. II
through Sec. V reformulates the Transformer archi-
tecture as a continuous classical lattice field theory
governed by stochastic differential geometry and non-
equilibrium thermodynamics. However, mathematical el-
egance alone is insufficient to overturn established empir-
ical paradigms. The core hypothesis tested in this section
is that phenomena traditionally classified by the machine
learning community as numerical artifacts, interpola-
tion failures, or statistical noise—such as representation
drift, context-length catastrophic failure, norm explosion,
and optimization plateaus—are quantitatively consistent
with deterministic macroscopic observables predicted by
the continuous geometric framework: topological con-
straints, non-commutative Lie group dynamics, and dual-
metric collisions.

To empirically test this, we subject the derived geo-
metric predictions to six rigorous falsification tests. Pro-
gressing systematically across physical scales—from the
microscopic ultraviolet (UV) spatial cutoff of the local
fiber, through the temporal kinematics and mesoscopic
trajectory stability, to the thermodynamic suppression

of exact geometric resonances on the RoPE torus, the
macroscopic infrared (IR) phase transition of the context
horizon, and finally to the super-macroscopic parameter
vortex—we demonstrate that the discrete computational
architecture is quantitatively consistent with the contin-
uous geometric predictions derived herein.

A. The Conical Singularity Scaling Law of the
Topological Mollifier

This experiment isolates the fundamental microscopic
boundary condition of the local fiber, testing the the-
oretical prediction of theorem 2. While the standard
literature treats the RMSNorm parameter ϵ merely as
an arbitrary numerical safeguard against division by
zero, our geometric formulation redefines ϵ as a rigor-
ous topological mollifier. The theory predicts that ϵ
uniquely controls the global Lipschitz stretch of the flow
(∥DF∥op ∝ 1/

√
ϵ) and shields the zero-section from man-

ifesting an unbounded conical singularity. To empiri-
cally validate this, we systematically swept ϵ downward
across 13 orders of magnitude—from the standard en-
gineering value 10−2 to the absolute float64 machine
precision limit at 10−15—using 30 logarithmically spaced
evaluation points. Concurrently, we probed the network
at an asymptotic input norm limit (∥Ψ∥ = 10−10) to
isolate the spatial origin, rigorously stripping away all
higher-order nonlinear volume contributions and expos-
ing the bare singularity structure of the tangent space.
At each (ϵ, ℓ) pair, the maximum singular value σmax of
the layer’s spatial Jacobian DF was computed exactly
via torch.autograd.functional.jacobian followed by
full SVD, at float64 precision, averaged over 10 inde-
pendent random probe directions. To establish cross-
architecture universality, the protocol was executed on
three frozen pre-trained models spanning a 4× range in
hidden dimension: Qwen3-0.6B [22, 23] (28L, d=1024),
Gemma-3-1B [24, 25] (26L, d= 1152), and LLaMA-3.1-
8B [26] (32L, d=4096), with 5 representative layers sam-
pled per model.
As anticipated by the theoretical model, the results

reveal a scale-invariant scaling law consistent with the
predictions of theorem 2 (Fig. 1, Table II). When plotted
on a double-logarithmic scale, the empirical maximum
singular value does not plateau into numerical noise; in-
stead, it traces a deterministic power-law divergence over
13 orders of magnitude. Across all three architectures
and all 15 independently measured layer regressions, the
empirical scaling exponent is α = −0.5000 and the coef-
ficient of determination is R2 = 1.000000—both exact to
the six-digit precision limit of float64 arithmetic. The
total evidence base comprises 3 architectures×5 layers×
30 ϵ-values × 10 random directions = 4,500 independent
measurements, with zero deviations from the predicted
power law.
While the −0.5 exponent is algebraically guaranteed

by the chain rule applied to the radial embedding f(x) =
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FIG. 1. Conical Singularity Scaling Law: σmax vs. ϵ for
Qwen3-0.6B. Log-log plot of the maximum Jacobian singu-
lar value σmax against the topological mollifier ϵ at 5 represen-
tative layers (0, 6, 13, 20, 27). All 5 curves trace parallel lines
with measured slope α = −0.5000 and R2 = 1.000000, in ex-
act agreement with the theoretical prediction σmax = Cℓ·ϵ−1/2

from theorem 2. The grey solid line shows the unweighted the-
oretical bound

√
d/ϵ. Vertical offsets between layers encode

the layer-wise gauge mass Cℓ, which increases monotonically
from shallow to deep layers.

x/
√
x2 + ϵ near x = 0, its flawless empirical recovery at

machine precision across three production architectures
with billions of interacting parameters is a profoundly
non-trivial validation: it definitively establishes that the
isolated RMSNorm analysis of theorem 2 applies with-
out contamination from other architectural components,
and that the discrete computational graph rigorously
obeys the continuous geometric scaling law. Beyond this
foundational confirmation, the primary empirical contri-
bution lies in the spectroscopy of the layer-wise gauge
mass intercept Cℓ, which encodes the trained gauge field
strength and factors out the analytically guaranteed ϵ
scaling.

Two features of the empirical data merit deep theoret-
ical emphasis.

First, the layer-wise intercept constants
Cℓ ≡ σmax/

√
d/ϵ exhibit a striking monotonic depth-

dependent structure that cleanly decouples the universal
geometric law from the learned empirical gauge mass
(Table II). For Qwen3-0.6B, Cℓ increases monotonically
from 0.033 at Layer 0 to 2.172 at Layer 27—a 66×
amplification across 28 layers. This monotonic growth
reflects the trained RMSNorm weight magnitudes
∥γℓ∥RMS: deeper layers, which must sustain stronger
nonlinear expressivity to transform the representation
toward the unembedding boundary, spontaneously
develop larger gauge field strengths. Yet regardless of
this learned amplification, every layer remains perfectly
pinned to the identical −0.5 geometric exponent—like

TABLE II. Cross-architecture conical singularity scaling law.
Measured power-law exponent α (theory: −0.500) and co-
efficient of determination R2 at 5 representative layers for
each of three architectures. All 15 independent regressions
yield α = −0.5000 and R2 = 1.000000 to machine precision.
Cℓ ≡ σmax/

√
d/ϵ is the layer-wise gauge mass (intercept ra-

tio).

Layer α R2 Cℓ

Qwen3-0.6B (d=1024)
0 −0.5000 1.000000 0.033
6 −0.5000 1.000000 0.052
13 −0.5000 1.000000 0.211
20 −0.5000 1.000000 0.785
27 −0.5000 1.000000 2.172

Gemma-3-1B (d=1152)
0 −0.5000 1.000000 0.098
6 −0.5000 1.000000 0.098
12 −0.5000 1.000000 0.109
18 −0.5000 1.000000 0.113
25 −0.5000 1.000000 0.125

LLaMA-3.1-8B (d=4096)
0 −0.5000 1.000000 0.017
7 −0.5000 1.000000 0.014
15 −0.5000 1.000000 0.015
23 −0.5000 1.000000 0.016
31 −0.5000 1.000000 0.017

TABLE III. Representative data points for Qwen3-0.6B il-
lustrating the Jacobian singular value explosion as ϵ → 0.
Layer 0 (Cℓ = 0.033) and Layer 27 (Cℓ = 2.172) bracket
the gauge mass range. The rightmost column shows the un-
weighted theoretical bound

√
d/ϵ (assuming unit RMSNorm

weights γ = 1); layers with Cℓ > 1 naturally exceed this
bound.

ϵ Layer 0 σmax Layer 27 σmax

√
d/ϵ

10−2 1.05 × 101 6.95 × 102 3.20 × 102

10−6 1.05 × 103 6.95 × 104 3.20 × 104

10−10 1.05 × 105 6.95 × 106 3.20 × 106

10−15 3.31 × 107 2.20 × 109 1.01 × 109

dancers in chains that grow heavier with depth, but
whose orbital period remains dictated by a single
gravitational constant. In sharp contrast, Gemma-3-1B
exhibits minimal intercept variation (Cℓ ∈ [0.098, 0.125],
range 1.3×), consistent with its soft-capping mechanism
that imposes tighter radial uniformity, while LLaMA-
3.1-8B shows an extremely compressed intercept range
(Cℓ ∈ [0.014, 0.017], range 1.2×) reflecting its larger
ambient dimension d=4096.
Second, the probe at ∥Ψ∥ = 10−10 is not an arbitrary

choice but a deliberate asymptotic isolation of the con-
ical singularity. We explicitly note that float64 preci-
sion (εmach = 2.22 × 10−16) was strictly necessary for
this measurement: evaluating the squared input norm
∥Ψ∥2 = 10−20 inside the radial denominator against
the mollifier ϵ requires massive mantissa resolution that
would immediately round to zero in standard float32
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arithmetic (εmach ≈ 10−7), obliterating the singularity
measurement entirely. In the geometry of the radial em-
bedding, the tangential eigenvalue λ⊥ =

√
d/
√
∥Ψ∥2 + ϵ

contains both the input norm ∥Ψ∥ and the mollifier ϵ as
competing regulators. For ∥Ψ∥ ≫

√
ϵ, the input norm

dominates, and the Jacobian saturates at O(∥Ψ∥−1) in-
dependently of ϵ—the heuristic “ϵ doesn’t matter” regime
widely adopted in engineering practice. Only when
∥Ψ∥ ≪

√
ϵ does ϵ assume sole command of the singu-

larity resolution. By placing the probe at ∥Ψ∥ = 10−10,
we ensure ∥Ψ∥2 = 10−20 ≪ ϵ for the entire sweep
range ϵ ∈ [10−15, 10−2], thereby stripping away all input-
dependent contamination and isolating the ϵ-controlled
topology of the zero-section (Table III).

The empirical relationship between the layer-wise in-
tercept Cℓ and the theoretical bound is analytically trans-
parent. theorem 2 derives the unweighted supremum
supΨ λ⊥ =

√
d/ϵ for the bare radial projection (γ = 1).

In the trained network, each RMSNorm layer carries
learned affine weights γℓ, yielding the refined scaling:

σmax(ϵ) = RMS(γℓ) ·
√
d

ϵ
· f(x̂) , (81)

where f(x̂) is a bounded function of the input direction.
Averaging over 10 random probe directions eliminates
the directional dependence, reducing Cℓ = RMS(γℓ) · ⟨f⟩
to a layer-specific constant that serves as a direct spectro-
scopic measurement of the trained gauge field strength.

1. Exclusion of Alternative Hypotheses

The precision and universality of the measured scaling
law strongly excludes every standard alternative expla-
nation:

1. “ϵ is merely a numerical safeguard; changing
it has no physical effect.” — Excluded. Reduc-
ing ϵ from 10−2 to 10−15 amplifies the maximum
Jacobian singular value by

√
1013 ≈ 3.16 × 106—

a million-fold explosion in the Lipschitz stretch
of the flow. At the standard engineering default
ϵ = 10−6, Layer 27 of Qwen3-0.6B already exhibits
σmax ≈ 7 × 104; an erroneous setting of ϵ = 10−12

would yield σmax ≈ 7 × 107, a thousand-fold am-
plification that would catastrophically destabilize
deep-layer propagation.

2. “The singularity is regularized by other ar-
chitectural components (LayerNorm, resid-
ual connections, etc.).” — Excluded. The ex-
periment isolates the RMSNorm layer in complete
isolation, with frozen weights and no residual con-
nections or downstream processing. The scaling
law holds identically across three architectures with
fundamentally different normalization implementa-
tions, confirming that the ϵ−1/2 divergence is intrin-
sic to the radial projection geometry, not to any
auxiliary engineering mechanism.

3. “The power law is an artifact of low-
precision arithmetic.” — Excluded. All
computations are performed at float64 precision
(εmach = 2.22×10−16), and the scaling law holds to
R2 = 1.000000 over 13 decades—a dynamic range
of 106.5 in σmax—with zero detectable deviation.

4. “The effect is architecture-specific.” —
Excluded. Three architectures spanning d ∈
{1024, 1152, 4096}, three distinct model families
(Qwen, Gemma, LLaMA), and hidden dimensions
ranging over a 4× factor produce identical expo-
nents and identical R2 values.

This adherence to the mathematically predicted −0.5
power law over machine-precision scales—verified by
4,500 independent measurements across three production
architectures with zero deviations—confirms that ϵ oper-
ates not as an arithmetic patch, but as the ultraviolet
(UV) cutoff of the continuous manifold, controlling the
dynamic stability of the state space through the exact
mechanism predicted by theorem 2.

B. The Lie–Trotter Torsion Interferometer

Having established the spatial boundary limits, we em-
pirically isolate the temporal kinematics of the sequence
flow to test the continuous geometric error defined in the-
orem 11. We hypothesized that layer-to-layer “represen-
tation drift” is not the stochastic accumulation of param-
eter noise, but the deterministic physical manifestation of
topological torsion, generated natively by the sequential
Lie–Trotter operator splitting of non-commuting vector
fields (T and R). To explicitly isolate this topological
torsion, we constructed an exact computational interfer-
ometer on frozen pre-trained Transformer blocks. For
identical batches of random input tokens (seq length =
128), we measured the discrete spatial deviation vector
between the canonical forward integration step (R ◦ T )
and the reversed-order step (T ◦R) at 16 token positions
across multiple layers. The exact Jacobians DT and DR
were computed analytically via torch.func.jacfwd at
float32 precision, with the analytical Lie bracket evalu-
ated as [T ,R]Ψ = DR[T ] −DT [R]. To formally bridge
the discrete computational evaluation with the continu-
ous analytical limit, we introduced an infinitesimal step-
size scaling factor (α → 0), defining the α-scaled inter-
ferometer as δ(α) = αR(Ψ+αT (Ψ))+αT (Ψ)−αT (Ψ+
αR(Ψ)) − αR(Ψ), systematically quenching the higher-
order Baker–Campbell–Hausdorff (BCH) truncation re-
mainder O(α3). The experiment was executed on two ar-
chitecturally diverse frozen pre-trained models: Qwen3-
0.6B (28 layers, d=1024, SwiGLU [27], RMSNorm [14],
RoPE) and GPT-2 [28] (12 layers, d= 768, GELU [29],
LayerNorm, learned PE).
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FIG. 2. Lie–Trotter Torsion Interferometer: Cosine
Similarity at α = 1. Each point represents cos(δ, [T ,R]Ψ)
at a single (layer, token position) pair. Green dashed line: me-

dian; grey dashed line: isotropic random baseline 1/
√
d. Both

architectures—Qwen3-0.6B (left) and GPT-2 (right)—exhibit
systematic positive alignment far exceeding the random base-
line, with overall medians of +0.793 and +0.842, respectively.
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FIG. 3. Per-Layer Distribution of Torsion Alignment.
Box plots of cos(δ, [T ,R]Ψ) across 16 token positions at each
sampled layer. Mid-network layers (Qwen3 L12: 0.879, GPT-
2 L9: 0.933) achieve peak alignment, while final layers (Qwen3
L27: 0.112, GPT-2 L11: −0.188) show degradation consistent
with strong higher-order BCH contributions near the unem-
bedding boundary.

1. Phase A: The Discrete Interferometer at α=1

At the native discrete step size α=1, we directly evalu-
ated the cosine similarity between the empirical deviation
vector δ = ∆canon − ∆reversed and the analytically com-
puted Lie bracket [T ,R]Ψ at each (layer, token position)
pair (Figs. 2 and 3).

As anticipated by the theoretical model, the results re-
veal systematic and overwhelming directional alignment
between the empirical deviation vector and the analytical
Lie bracket (Table IV). Across the interior layers of both
architectures, the empirical cosine similarity far exceeds
the isotropic random baseline (1/

√
d ≈ 0.03) by factors of

17–23×. The overall statistics are striking: Qwen3-0.6B
yields a mean cosine similarity of +0.717 with a median of
+0.793, with 127 out of 128 measurements (99%) strictly
positive. GPT-2 yields a mean of +0.623 with a median
of +0.842, with 81 out of 96 measurements (84%) strictly
positive.

Two layer-wise patterns merit theoretical emphasis.
First, the mid-network layers achieve peak alignment:
Qwen3’s layer 12 (cos = 0.879) and layer 23 (cos =

TABLE IV. Per-layer cosine similarity cos(δ, [T ,R]Ψ) at α=1
for Qwen3-0.6B (8 sampled layers × 16 token positions) and
GPT-2 (6 sampled layers × 16 token positions). The isotropic

random baseline is 1/
√
d ≈ 0.031 (Qwen3) and 0.036 (GPT-

2).

Layer Mean Median Min Max
Qwen3-0.6B (d=1024, random baseline = 0.031)

2 0.753 0.764 0.526 0.894
5 0.822 0.823 0.750 0.902
9 0.801 0.793 0.676 0.935
12 0.879 0.884 0.821 0.925
16 0.739 0.725 0.611 0.863
19 0.770 0.782 0.638 0.874
23 0.861 0.893 0.695 0.978
27 0.112 0.094 −0.004 0.306

GPT-2 (d=768, random baseline = 0.036)
2 0.387 0.409 0.174 0.614
3 0.856 0.872 0.637 0.942
5 0.847 0.865 0.691 0.915
7 0.906 0.915 0.788 0.963
9 0.933 0.964 0.799 0.981
11 −0.188 −0.192 −0.469 0.385

0.861), and GPT-2’s layer 7 (cos = 0.906) and layer 9
(cos = 0.933, with individual tokens reaching 0.981).
These are precisely the layers where the BCH expan-
sion is most accurate—the residual stream has not yet
been strongly distorted by the unembedding boundary,
and the self-advection terms remain moderate. Second,
the final layers (Qwen3 L27: cos = 0.112; GPT-2 L11:
cos = −0.188) exhibit dramatic alignment collapse. This
is quantitatively consistent with remark 5: at the ter-
minal boundary, the residual stream couples strongly to
the LM head projection, inflating the higher-order BCH
remainder O(α3) to the point where it dominates the
lowest-order torsion term at α=1. Crucially, this degra-
dation is itself a prediction of the theory: the BCH stiff-
ness condition explicitly warns that the first-order Lie
bracket cannot be expected to dominate when ∥DF∥op
is large.
The cross-architecture consistency—despite Qwen3

employing SwiGLU gating, RMSNorm, and RoPE, while
GPT-2 uses GELU activation, LayerNorm, and learned
positional embeddings—provides strong evidence that
the torsion alignment is a universal consequence of the
Lie–Trotter operator splitting, not an artifact of any spe-
cific architectural design choice.

2. Phase B&C: Asymptotic Convergence α → 0

Referencing the Backward Error Analysis frame-
work [13] of remark 5, the decisive verification is the
asymptotic limit α → 0 (Fig. 4). In this limit,
the BCH series rigorously converges (α∥DF∥op ≪
1), and the higher-order terms O(α3) that contami-
nate the α = 1 measurement are systematically extin-
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FIG. 4. Asymptotic Convergence of the Torsion Inter-
ferometer as α → 0. Upper panels: normalized deviation
magnitude ∥δ(α)∥/α2 converges to a finite constant (≈ 43.2
for Qwen3, ≈ 40.3 for GPT-2), confirming exact α2 scaling
predicted by the BCH second-order term. Lower panels: di-
rection self-consistency cos(δ(αi)/α2

i , δ(αj)/α2
j ) between ad-

jacent α values converges to 0.9997–1.0000, proving that the
deviation vector locks onto a deterministic limit direction—
the topological torsion generator.

TABLE V. Asymptotic convergence diagnostics as α → 0.
∥δ∥/α2: normalized deviation magnitude (Phase C); Self-
cos: direction self-consistency between adjacent α values
(Phase B). Both models exhibit exact α2 norm scaling and
direction convergence to the Topological Torsion generator.

∥δ∥/α2 Self-cos
α Qwen3 GPT-2 Qwen3 GPT-2
1.0 5.44 12.72 — —
1.0↔0.5 — — 0.902 0.978
0.1 17.97 36.06 — —
0.1↔0.05 — — 0.992 0.999
0.01 44.62 40.07 — —
0.02↔0.01 — — 0.9997 1.0000
0.001 43.17 40.34 — —
0.005↔0.001 — — 0.9997 1.0000

guished. We swept the step-size scaling factor across α ∈
{1.0, 0.5, 0.2, 0.1, 0.05, 0.02, 0.01, 0.005, 0.001}, switch-
ing to float64 precision for α ≤ 0.01 to prevent catas-
trophic numerical cancellation.

The convergence evidence operates on two independent
channels (Table V).

Phase C (Norm Scaling): The BCH expansion pre-
dicts ∥δ(α)∥ = α2∥[T ,R]Ψ∥ + O(α3), implying that the
normalized ratio ∥δ(α)∥/α2 converges to a finite constant
as α → 0. While α2 scaling is a kinematic consequence
of Taylor’s theorem for any smooth map, its flawless em-
pirical recovery inside massive billion-parameter neural
networks—which are highly nonlinear, discretely layered,
and architecturally heterogeneous—constitutes a defini-
tive proof that the smooth-flow hypothesis underlying
the continuous formulation is physically realized at ma-
chine precision. The empirical ratio converges cleanly

TABLE VI. Cross-architecture summary of the Lie–Trotter
Torsion Interferometer. Both models exhibit alignment far
exceeding the isotropic random baseline, exact α2 norm scal-
ing, and direction convergence to the Topological Torsion gen-
erator.

Diagnostic Qwen3-0.6B GPT-2
Mean cos(δ, [T ,R]) +0.717 +0.623
Median cos(δ, [T ,R]) +0.793 +0.842
Fraction positive 99% (127/128) 84% (81/96)

Random baseline (1/
√
d) 0.031 0.036

Excess over baseline 23× 17×
∥δ∥/α2 converged value 43.2 40.3
Direction self-cos (α≤0.01) 0.9997 1.0000

over three orders of magnitude. For Qwen3-0.6B, the
ratio evolves from 5.44 at α = 1 (where higher-order
terms contribute substantially) through 17.97 at α=0.1,
converging tightly to 43.17 at α = 0.001—matching the
α = 0.01 value (44.62) to within 3.3%. GPT-2 con-
verges even more rapidly: 40.07 at α = 0.01 to 40.34
at α=0.001 (0.7% variation). This stability is incompat-
ible with stochastic noise, which would scale as O(α) or
exhibit no systematic α-dependence.
Phase B (Direction Convergence): Unlike the norm

scaling, the direction convergence is genuinely empirical
and constitutes the primary evidence of this experiment.
The theory predicts that δ(α)/α2 must converge to a de-
terministic limit vector—the Topological Torsion genera-
tor [T ,R]Ψ—but no analytical tautology mandates which
direction this limit takes. We quantify this via the self-
consistency cosine between the normalized deviation vec-
tors at adjacent α values. At α = 1.0 ↔ 0.5, the self-
consistency is already high (0.902 for Qwen3, 0.978 for
GPT-2). By α ≤ 0.1, it exceeds 0.99 in both architec-
tures. At the finest resolution (α=0.005 ↔ 0.001), the
direction self-consistency saturates at 0.9997 for Qwen3
and 1.0000 for GPT-2—indistinguishable from perfect di-
rectional convergence to machine precision.
This direction convergence is the strongest evidence in

the experiment, because it is entirely independent of the
analytical Jacobian computation: it measures only the
empirical self-consistency of the deviation vector across
different step sizes. Regardless of whether the Jacobian
DT or DR is computed accurately, the empirical fact
that δ(α)/α2 locks onto a single deterministic direction
as α → 0 confirms the existence of a unique geometric
generator governing the splitting error—the Topological
Torsion predicted by Eq. (59).

3. Synthesis and Exclusion of Alternative Hypotheses

The three-phase evidence chain (Table VI, Fig. 5)
provides strong empirical evidence that Topological
Torsion—the lowest-order Lie bracket in the modified
equation—is the dominant geometric generator of rep-
resentation drift in the interior layers. The logic of ex-
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FIG. 5. Summary Panel: Lie–Trotter Torsion Inter-
ferometer. (a) α=1 scatter plot confirming systematic pos-
itive alignment (17–23× random baseline). (b) Per-layer box
plots revealing mid-network peak alignment and boundary-
layer degradation. (c) ∥δ∥/α2 convergence to a finite con-
stant (Phase C). (d) Direction self-consistency converging to
1.0 (Phase B).

clusion is exhaustive:

1. “The deviation is random numerical noise.”
— Excluded. The mean cosine similarity exceeds
the isotropic random baseline by 17–23×. In 1024
and 768 dimensions, the probability of a random
vector achieving cos > 0.7 with a fixed target is
vanishingly small (P < 10−100).

2. “The correlation arises from shared parame-
ters, not geometry.” —Excluded. The direction
self-consistency test (Phase B) converges to 0.9997–
1.0000 without referencing the Jacobian at all—it
is a purely empirical measurement of the devia-
tion vector’s asymptotic behavior. No parameter-
sharing hypothesis can explain why the direction
stabilizes as α→ 0.

3. “The α2 scaling is coincidental.” — Excluded.
The normalized ratio ∥δ∥/α2 is constant to within
0.7–3.3% across three orders of magnitude in α
(10−3 to 10−1). This is the exact kinematic sig-
nature of a second-order operator splitting, not a
statistical fluke.

4. “The effect is architecture-specific.” — Ex-
cluded. Qwen3-0.6B (SwiGLU, RMSNorm, RoPE,
28 layers) and GPT-2 (GELU, LayerNorm, learned
PE, 12 layers) produce qualitatively and quantita-
tively consistent results despite sharing no archi-
tectural component other than the Attention–FFN
sequential structure itself.

Taken together, these results demonstrate that the
strict alternating Attention→FFN layer ordering is not
an arbitrary engineering convention, but can be analyt-
ically modeled as a Lie–Trotter numerical integration
of non-commuting vector fields on the semantic man-

ifold. The “representation drift” universally observed
across Transformer architectures is quantitatively con-
sistent with topological torsion—the non-vanishing Lie
bracket −[T ,R]Ψ in the modified equation of Eq. (59)—
confirming that the discrete computational forward pass
behaves as a non-holonomic flow governed by non-
commutative differential geometry. Transformers perma-
nently operate at α = 1, a stiff regime where the BCH
series does not converge gracefully (cf. remark 5); the
fact that the high cosine similarity (0.793–0.842 median)
persists even at this extreme step size demonstrates that
the lowest-order Lie bracket captures the dominant struc-
tural generator of the splitting error, consistent with the
Backward Error Analysis interpretation established in re-
mark 5.

C. The Runaway Resonance of Symmetric
Ablation

Moving to the mesoscopic scale of trajectory stabil-
ity, this experiment tests the Dual-Law of Topologi-
cal Stability (theorem 12). The theory posits that the
standard architectural parameter asymmetry within the
Feed-Forward Network (Wout ̸= W⊤in ) natively generates
a non-conservative geometric vorticity via the anticom-
mutator −{WA(Ψ), Jρ} (Eq. (53)). This geometric curl
provides Lie-algebraic rotational friction, scattering spa-
tial momentum off the principal eigenvectors to prevent
the residual stream from suffering catastrophic positive-
definite resonance—equivalently, the asymmetric Jaco-
bian components introduce complex eigenvalues that dis-
rupt the pure Power Iteration amplification of the dom-
inant eigenvector that would occur under a symmetric
(PSD) Jacobian. To empirically test this prediction, we
conducted a two-tier experimental campaign: (i) a cross-
architecture survey across five production Transformer
families to establish the universality of the instability,
and (ii) a four-phase causal intervention protocol with
explicit geometric rescue to isolate the precise algebraic
mechanism.

The symmetry ablation is performed identically across
all experiments: for each SwiGLU FFN layer, we force
Wdown = W⊤gate and Wup = Wgate, explicitly binding
the output projection to the transpose of the input pro-
jection. This creates a symmetric positive semi-definite
mapping K(Ψ) =W⊤inΣ

′(ρϵ(Ψ))Win that, by theorem 12,
eliminates all Lie-algebraic rotational friction.
From the perspective of standard linear algebra, the

instability has a direct spectral explanation. The spatial
Jacobian of this symmetrically ablated FFN evaluates
to I +W⊤in diag(Σ′)Win. Because the activation deriva-
tive Σ′ is strictly positive, this update matrix is uncon-
ditionally positive semi-definite (PSD). Iteratively pass-
ing a vector through a sequence of PSD residual updates
is the textbook Power Iteration algorithm, which expo-
nentially amplifies the vector along the principal eigen-
vector. Our continuous Lie-algebraic framing provides



30

TABLE VII. Cross-architecture symmetric ablation instabil-
ity. “Standard” reports the total L2 norm growth factor
(∥ΨL∥/∥Ψ0∥) through the full network under the original
asymmetric FFN. “Ablated” reports the same quantity un-
der forced Wout = W⊤

in . The instability factor is their ratio.
For 4 of 5 architectures, symmetrization triggers catastrophic
amplification exceeding 78× the standard growth.

Model Standard Ablated Instability
Qwen3-0.6B 93× 142,955× 1,541×
Mistral-7B-v0.3 155× 58,189× 375×
Qwen3-4B 124× 27,811× 224×
LLaMA-3.1-8B 89× 6,929× 78×
Gemma-3-1B 76× 71× ∼1×

the geometric dual to this spectral phenomenon: by de-
composing the true asymmetric Jacobian into symmetric
and antisymmetric components, architectural asymme-
try injects eigenvalues with non-zero imaginary parts—
rotational modes that actively scatter spatial momentum
off the dominant eigenvector, disrupting the pure real ex-
ponential scaling of Power Iteration.

1. Cross-Architecture Explosive Instability

We first applied the symmetric ablation to five frozen
pre-trained architectures spanning three model families
and parameter counts from 0.6B to 8B: Qwen3-0.6B
(28L, d=1024), Qwen3-4B (36L, d=2560), LLaMA-3.1-
8B (32L, d=4096), Mistral-7B-v0.3 [30] (32L, d=4096),
and Gemma-3-1B (26L, d = 1152). For each model, 10
random-token sequences of length 2048 were propagated
through the full network, recording the per-layer residual
L2 norm ∥Ψz∥ averaged over all tokens.

As shown in Table VII, symmetrization triggers catas-
trophic norm explosion in four of five architectures.
Qwen3-0.6B exhibits the strongest instability: the ab-
lated model amplifies the residual norm by 142,955×
across 28 layers—1,541× more explosive than the stan-
dard asymmetric architecture. Mistral-7B and Qwen3-
4B follow with 375× and 224× excess amplification, re-
spectively. In all four cases, the ablated growth exceeds
104, confirming that the symmetric FFN acts as a run-
away positive-definite resonance amplifier.

The sole exception is Gemma-3-1B, whose ablated
growth (71×) is comparable to its standard growth
(76×). This anomaly is consistent with Gemma’s unique
architectural feature: a logit soft-capping mechanism
that imposes an additional radial saturation beyond
RMSNorm, providing an alternative geometric contain-
ment that partially substitutes for the missing internal
vorticity—a concrete instance of the Dual-Law’s second
stabilization path.
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FIG. 6. Topological Explosion Phase Diagram: Pre-
Norm vs. Post-Norm under Symmetric Ablation. L2

norm trajectories ∥Ψz∥ across all 28 layers of Qwen3-0.6B
on a logarithmic ordinate. Blue: canonical asymmetric Pre-
Norm (baseline, final ∥Ψ27∥ = 815). Red: symmetric Pre-
Norm (Wout = W⊤

in ), reaching 9.88 × 106 at layer 27—
a 12,119× explosion. Green: symmetric Post-Norm with
identical weight-tying, stabilized at ∥Ψ27∥ ≈ 10—below the
baseline—demonstrating that the hydraulic radial truncation
of Post-Norm perfectly substitutes for the missing internal
vorticity.

2. Four-Phase Causal Intervention

To move beyond correlation to strict causal attribu-
tion, we designed a four-phase intervention protocol on
Qwen3-0.6B, systematically constructing and then rescu-
ing the topological instability:

1. Phase 0 (Baseline): The original asymmetric
Pre-Norm architecture. Final-layer norm ∥Ψ27∥ =
815.

2. Phase 1 (Unstabilized): Forced Wout = W⊤in
creates a symmetric positive-definite resonance am-
plifier. Final-layer norm surges to 9,880,199—a
12,119× explosion.

3. Phase 2 (Anti-Symmetric Rescue): The
symmetric Wdown of the unstabilized phase is
replaced by a spectrally matched random anti-
symmetric matrix (A = −A⊤, with ∥A∥op =
∥W sym

down∥op). This matrix carries no semantic in-
formation whatsoever—it is pure algebraic noise—
but its anti-symmetric structure injects the geomet-
ric vorticity predicted by Eq. (53). The final-layer
norm collapses to 7,680: a 1,287× reduction from
the unstabilized phase.

4. Phase 3 (Symmetric Control): Identically to
Phase 2, but the replacement matrix is a spectrally
matched random symmetric matrix (S = S⊤).
Final-layer norm: 23,269—only a 425× reduction,
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FIG. 7. Jacobian Eigenspectrum: Standard vs. Sym-
metric FFN. Complex-plane scatter of eigenvalues of the
FFN Jacobian DR at five representative layers (0, 7, 14,
21, 26) of Qwen3-0.6B, computed via Johnson–Lindenstrauss
(JL) projection to k = 128 dimensions. Upper panels (blue,
standard): eigenvalues are broadly distributed in the com-
plex plane, with 88.5% possessing significant imaginary com-
ponents (mean |Im(λ)| = 0.61). Lower panels (red, symmetric
ablation): eigenvalues collapse entirely onto the real axis (0%
complex, mean |Im(λ)| = 0.000), with spectral radius surging
from 6.17 to 20,077 at layer 26.

TABLE VIII. Jacobian eigenspectrum statistics at five rep-
resentative layers. |Im|: mean absolute imaginary part. fC:
fraction of eigenvalues with |Im(λ)| > 10−6. ρ(J): spectral
radius. Symmetric ablation annihilates all complex eigenval-
ues and inflates the spectral radius by up to 3,252×.

Layer |Im| fC ρ(J)
Std Abl Std Abl Std Abl

0 0.33 0.000 89% 0% 1.5 11.8
7 0.28 0.000 94% 0% 2.3 945
14 0.37 0.000 88% 0% 3.3 396
21 0.83 0.000 83% 0% 8.2 1,163
26 1.25 0.000 89% 0% 6.2 20,077

3.0× worse than the anti-symmetric rescue.
The decisive contrast between Phases 2 and 3 pro-

vides a direct causal isolation of the stabilization mech-
anism. Both replacement matrices are random, spec-
trally matched, and semantically meaningless. The only
difference is their Lie-algebraic parity: anti-symmetric
(∈ so(d)) vs. symmetric (∈ Sym(d)). That the anti-
symmetric rescue is 3× more effective than the sym-
metric control—reducing the explosion by 1,287× ver-
sus 425×—proves that the stabilization mechanism is
not a generic capacity effect or a numerical coincidence,
but resides precisely in the skew-symmetric component
WA(Ψ) ∈ so(d) of the Jacobian, exactly as predicted by
the anticommutator term −{WA(Ψ), Jρ} in the vorticity
decomposition.

3. Jacobian Eigenspectrum Collapse onto the Real Axis

To directly visualize the geometric mechanism underly-
ing the instability, we computed the FFN Jacobian eigen-
spectrum at five representative layers of Qwen3-0.6B un-
der both the standard and symmetrically ablated config-

urations (Fig. 7, Table VIII).
The spectral evidence is definitive. Under the standard

asymmetric FFN, 88.5% of eigenvalues possess significant
imaginary components (mean |Im(λ)| = 0.61 across all
layers), confirming that the skew-symmetric component
1
2 (DR − DR

⊤) ̸= 0 generates complex conjugate pairs
λ = a ± bi. These imaginary components represent Lie-
algebraic rotational modes—the geometric vorticity that
scatters spatial momentum away from the dominant ex-
plosive eigenvector.
Upon symmetry ablation (Wout = W⊤in ), the Jaco-

bian becomes exactly symmetric (DR = DR⊤), and the
eigenspectrum undergoes a topological phase transition:
every single eigenvalue collapses onto the real axis (0%
complex, |Im(λ)| = 0.000 to machine precision). Simulta-
neously, the spectral radius—the magnitude of the dom-
inant eigenvalue—increases sharply, from ρ(J) = 6.2 to
ρ(J) = 20,077 at layer 26 (3,252× amplification). This
spectral radius explosion directly quantifies the runaway
resonance: stripped of rotational scattering, the state
vector geometrically locks onto the dominant real eigen-
vector and undergoes unchecked exponential amplifica-
tion at each layer—the textbook Power Iteration phe-
nomenon formalized in the Lie-algebraic framework.

4. The Dual-Law: Pre-Norm Explosion vs. Post-Norm
Survival

The most precise causal test of the Dual-Law (theo-
rem 12) is the direct comparison of identical symmet-
ric ablation under Pre-Norm vs. Post-Norm architec-
tures. We converted Qwen3-0.6B from its native Pre-
Norm configuration to a Post-Norm variant by moving
the RMSNorm from the sub-layer input to each layer’s
residual output, then applied the identical weight-tying
Wout =W⊤in to both variants (Fig. 6).
The result is a stark binary survival phase. The sym-

metric Pre-Norm variant explodes to ∥Ψ27∥ = 9,880,199
(12,119× baseline) as predicted—without internal vortic-
ity, the positive-definite resonance amplifier is unchecked.
The symmetric Post-Norm variant, under the identical
symmetric ablation, stabilizes at ∥Ψ27∥ ≈ 10—below the
baseline of 815—with cross-sample variance converging
to zero. The Post-Norm’s RMSNorm, applied after the
residual addition at each layer, acts as a hydraulic ra-
dial truncation: it projects the step vector onto the
bounded ball B√d(0), crushing the incremental magni-

tude to O(
√
d) regardless of the internal FFN amplifica-

tion. This provides the external topological saturation
that perfectly substitutes for the missing internal geo-
metric vorticity.
This binary survival phase strongly excludes the three

principal alternative explanations: (i) “weight-tying
merely reduces capacity”—12,119× is not graceful degra-
dation, it is catastrophic divergence (this excludes re-
duced capacity as the cause of the surgical explosion; it
does not bear on the trainability of weight-tied archi-
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tectures trained from initialization, which is healthy—
see Sec. VIC 5); (ii) “the explosion originates from ini-
tialization variance”—Post-Norm uses the identical ab-
lated weights yet survives; (iii) “the effect is numerical
rather than geometric”—the eigenspectrum analysis (Ta-
ble VIII) shows the mechanism is a phase transition in
the Lie-algebraic structure (complex → real) of the con-
tinuous Jacobian, not a scalar instability.

Taken together, the four tiers of evidence—cross-
architecture universality of the instability (Table VII),
causal isolation via anti-symmetric rescue (1,287× reduc-
tion vs. 425× for symmetric control), spectral collapse
of the Jacobian eigenspectrum (88.5% complex → 0%),
and the Pre-Norm/Post-Norm binary survival phase—
strongly establish that FFN parameter asymmetry is not
merely a mechanism for expanding parameter capacity,
but an essential stabilizer of the forward norm dynamics
of the trained configuration. It injects the geometric curl
−{WA(Ψ), Jρ} required to scatter the residual stream’s
spatial momentum off the dominant eigenvector, arrest-
ing the positive-definite resonance that would otherwise
destabilize the flow.

Two precisions bound this claim. First, the necessity
established here is norm-level, not functional: the Phase-
2 rescue matrix is semantically void by construction,
and rescue is quantified by norm containment—no claim
of loss-level recovery is made or implied. Indeed, the
learned Wdown is functionally high-rank relative to W⊤up:

low-rank reconstructions of the residual Wdown − W⊤up
capture < 10% of its energy even at rank 32 and do
not restore language-modeling loss, and in recovery fine-
tuning a generic trainable low-rank replacement outper-
forms the tied basis (Sec. VIC 5)—the anti-symmetric
component is a stabilizer of norms, not a low-rank sum-
mary of the network’s function. Second, the necessity is
configurational, not architectural: it constrains post-hoc
symmetrization of mature networks, not training within
the tied class (remark 6).

5. Configurational Scope: Surgery versus Training

All interventions above are post-training surgeries:
they measure the forward response of weights sculpted
by large-scale pretraining, at fixed configuration. A com-
panion controlled-training campaign on 0.6B–1B models
trained from scratch under the tied constraint bounds
the reach of these results with four measurements.[31]

1. Constrained training is stable without cor-
rection. The constraint Wdown = W⊤up (indepen-
dent gate path, no corrective term), trained from
initialization, is healthy at both scales (600M final
loss 0.7243 vs. 0.7045 for the untied twin; 1B ex-
cess +0.005), and remains healthy with weight de-
cay removed, gradient clipping removed, learning
rate doubled, or logits reduced to bfloat16. Con-
strained optimization reaches stable basins that
post-hoc surgery never visits.

2. The explicit low-rank corrective term is
marginal—as spectral accounting predicts.
Augmenting the tie with a trainable low-rank
correction (Wdown = W⊤up + UV ⊤, rank 4) im-
proves loss by only ∼ 0.003 nats at 600M and
1B alike. This is consistent with the framework’s
own accounting: in a gated FFN the cross-term
W⊤up diag

(
u⊙σ′(g)

)
Wgate already supplies full-rank

Jacobian asymmetry organically, so a rank-4 injec-
tion is marginal by construction.

3. Susceptibility to symmetrization is an emer-
gent property of training maturity. Applying
the tying surgery to checkpoints along the 600M
trajectory yields excess amplification ≤ 1 up to
∼ 109 tokens (an immunity window), an onset at
1.3–2 × 109 tokens peaking at 2.8×—versus 743×
excess on the trillion-token Qwen3-0.6B. The catas-
trophic response of Table VII is the mature end-
point of a continuous emergence curve, not a prop-
erty of the architecture class.

4. At iso-parameter count the tie is dominated.
At matched total parameters, a narrower untied
FFN strictly outperforms the tied variant (600M:
0.7099 vs. 0.7211–0.7243, a ≥0.011-nat margin sev-
eral times the twin-noise band, with 1.5× fewer
FFN FLOPs). Of the same-width tying cost of
+0.020 nats, only ∼ 0.005 is attributable to the
reduced parameter count; the remaining ∼0.015 is
damage from the constraint itself.

These measurements do not weaken the surgical
results—the explosion and its spectral mechanism are
independently reproduced on the official Qwen3-0.6B re-
lease (maximum hidden-state norm 705→ 6.1× 105 un-
der Wdown := W⊤up)—but they fix the theory’s domain:
the Dual-Law classifies configurations (remark 6), suscep-
tibility to symmetrization is acquired along the training
trajectory, and the norm-level necessity does not trans-
late into an architectural prescription (Sec. VII, open
question 4, which these data settle negatively).

D. Thermodynamic Suppression of Poincaré
Recurrence on the RoPE Torus

Having established the role of internal geometric vor-
ticity in stabilizing individual layer trajectories, we now
probe the spatial gauge connection itself. theorem 1 rig-
orously defines RoPE as a canonical connection on a prin-
cipal U(1)k torus bundle, where k = dhead/2 independent
rotation planes act on each QK feature pair. An immedi-
ate mathematical consequence of this torus structure is
Poincaré recurrence: the orbit {Nθ0, . . . , Nθk−1} must
return arbitrarily close to the origin at certain resonant
distances N∗, producing constructive interference in the
Weyl sum

sim(N) =
1

k

k−1∑
j=0

cos(N · θj) , θj = Θ−2j/dhead . (82)



33

TABLE IX. Resonance peak amplitude max sim(N∗) vs. fea-
ture dimension k = dhead/2 at Θ = 50. The log-log fit yields
α = −0.557 (R2 = 0.938), within 11% of the theoretical pre-
diction α = −0.500.

k dhead max sim(N∗) log k log sim
2 4 0.9990 0.693 −0.001
4 8 0.9442 1.386 −0.057
8 16 0.6657 2.079 −0.407
16 32 0.3674 2.773 −1.001
32 64 0.2328 3.466 −1.457

Naive exact geometry therefore predicts that causal to-
kens at specific Diophantine distances should undergo
constructive interference—Poincaré resonance spikes in
the attention kernel. However, modern production LLMs
operate deep within a macroscopic thermodynamic limit
(k ≥ 64). We posit that these exact geometric resonances
are subjected to a strict thermodynamic suppression:

max
N>Nmin

sim(N∗) = O
(

1√
k

)
, (83)

following from the central limit theorem applied to the
k quasi-independent cosine terms. To empirically isolate
this pure geometric kinematics from macroscopic thermo-
dynamic ergodicity—analogous to constructing a vacuum
chamber to observe free-particle trajectories—we built a
strictly controlled micro-transformer with tunable k.

1. Micro-Transformer Design and Protocol

The micro-transformer faithfully implements the ax-
iomatization of Sec. II: nn.Embedding for the semantic
fiber, explicit 2D RoPE rotation per plane (theorem 1),
RMSNorm mollifier (theorem 2), causal dot-product at-
tention, and SiLU-gated FFN with Pre-Norm residual
connections. Total parameter count ranges from ∼5K
(k=2) to ∼15K (k=32), running entirely on CPU.

The experiment proceeds in two phases. Phase A
(Scaling Law): Fix Θ = 50 (chosen so that reso-
nances fall within a 512-token window) and sweep k ∈
{2, 4, 8, 16, 32}. For each k, compute sim(N) analytically
for N = 1, . . . , 511; concurrently, build a 2-layer micro-
transformer with randomWQ,WK and average the atten-
tion spectrum over 20 random seeds. Phase B (SGD
Control): Fix k = 4, train a 10,320-parameter micro-
transformer for 3,000 steps of pure SGD (no Adam) with
weight decay λ = 0.01 on random pattern data, tracking
per-channel weight norms wj(t) = ∥W j

Q∥ · ∥W
j
K∥ every

50 steps.

2. Phase A: The O(1/
√
k) Scaling Law

At k = 2, the analytical Weyl sum exhibits near-
perfect quasi-periodic resonance: the peak amplitude
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FIG. 8. Thermodynamic Suppression of Poincaré Re-
currence. (a) k=2 (Θ=50): the Weyl sum sim(N) exhibits
near-perfect quasi-periodic resonance spikes at N∗ = 44n with
amplitude approaching 1.0. Red dashed lines: predicted reso-
nance positions. (b) k=16: identical construction, but peaks
are suppressed to ∼ 0.37 by high-dimensional dephasing; the
quasi-periodic structure is destroyed. (c) Log-log scaling law:
max sim(N∗) vs. k. Red dashed: empirical fit ∝ k−0.56. Grey
dotted: theoretical prediction ∝ k−0.5.

reaches sim(44) = 0.999, with harmonics at N∗ = 44n
directly mirroring the beat frequency of the two rotation
planes (Fig. 8a). At k = 16, the identical construction
yields dramatically suppressed peaks—max sim = 0.37—
with the quasi-periodic structure entirely destroyed by
dephasing across 16 independent frequency channels
(Fig. 8b).
The log-log regression across all five configurations

(Table IX, Fig. 8c) yields:

α = −0.557± 0.05 , R2 = 0.938 , (84)

within 11% of the theoretical prediction α = −1/2.
The slight deviation is expected: at k = 2, the CLT
assumption does not apply (the system is too small),
and sim(N∗)→ 1 saturates against the upper bound—a
finite-size effect analogous to lattice corrections in finite-
size scaling analysis.
The random-initialization model confirms that this

geometric resonance is overwhelmed by learned-weight
noise at any practical k: even at the sweet spot k = 4,
only 3 out of 20 random seeds produce a match above
the 3σ threshold, with a peak z-score of 3.6σ. At k ≥ 8,
zero matches are observed. This directly explains the null
result observed on the production models of Sec. VIE 1
(k = 64–128): the resonance is mathematically real but
thermodynamically invisible.

3. Phase B: SGD Channel Dynamics as Null Control

Tracking the per-channel weight norms wj(t) = ∥W j
Q∥·

∥W j
K∥ over 3,000 SGD steps at k = 4 reveals uniform ex-

ponential decay across all four frequency channels, with
no selective pruning. The decay profile follows wj(t) ≈
wj(0) · e−λt (λ = 0.01), and the correlation between loss
and resonance z-score is weak and non-significant (Spear-
man ρ = −0.24, p = 0.064). This serves as a critical null
control : on structureless isotropic input, all RoPE fre-
quency channels are equally uninformative, and weight
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decay acts as a pure Tikhonov regularizer that shrinks
all channels uniformly. The result inversely confirms that
the highly non-uniform per-channel weight distributions
observed in production pre-trained models must be en-
tirely sculptured by the structured, non-equilibrium sta-
tistical properties of natural language—a concrete man-
ifestation of the non-equilibrium driving force that the
NESS framework of Sec. VI F subsequently quantifies at
the global scale.

4. Exclusion of Alternative Hypotheses

The precision of the scaling law strongly excludes the
standard alternatives:

1. “The null result on production models indi-
cates RoPE has no geometric content.” —
Excluded. The resonance is directly observed at
k = 2 with sim(N∗) = 0.999. The null result re-

flects suppression by O(1/
√
k) averaging, not ab-

sence of geometry.
2. “The micro-transformer is too small to be

representative.” — Excluded. The micro-
transformer faithfully implements every axiom of
Sec. II. The scaling law—a purely kinematic prop-
erty of the Weyl sum—depends only on k, not on
model capacity or training data.

3. “The k−1/2 scaling is coincidental.” — Ex-
cluded. The exponent −0.557 matches the CLT
prediction −0.500 within 11% over a 16× range in
k, with R2 = 0.938. No alternative mechanism pre-
dicts this specific exponent.

5. Bridge to the Asymptotic Spatial Ergodic Hypothesis

This result provides the first direct physical justifica-
tion for the Asymptotic Spatial Ergodic Hypothesis in-
voked in Sec. III. The hypothesis posits that causally dis-
tant tokens decorrelate into isotropic thermal noise—but
the RoPE connection is a deterministic, exactly periodic
gauge action. The O(1/

√
k) scaling law resolves this ten-

sion: at the operating point of modern LLMs (k ≥ 64),
the high-dimensional phase dephasing of the torus con-
nection crushes the deterministic geometric signal be-
low the stochastic noise floor, effecting an irreversible
transition from visible quasi-periodic geometry to ther-
modynamic ergodicity. The next experiment (Sec. VIE)
demonstrates, at the macroscopic sequence scale, the
downstream consequences of this thermodynamic regime.

E. The Context Horizon Phase Boundary and
Thermodynamic Amnesia

Scaling to the macroscopic limits of the sequence man-
ifold, we tested the topological compactification proof re-
garding the Context Horizon (theorem 5 and theorem 6).

Standard machine learning theories characterize long-
context failures as smooth out-of-distribution positional
encoding degradation, predicting performance to decline
linearly with weight perturbation or sequence extension.
In contrast, our measure-theoretic framework formulates
the Attention Sink—the empirical phenomenon first doc-
umented by Xiao et al. [12]—as a measure-theoretic
Dirichlet boundary defect, anchoring probability mass
against an expanding Entropic Bulk Pressure (Θ(

√
deff)).

Eq. (47) predicts an exponential upper limit on con-
text length Nmax, predicting a sharp macroscopic phase
transition—not a smooth degradation—when this en-
tropic pressure exceeds the network’s geometric capacity.
Our experimental strategy proceeds in two tiers. The

primary test is a cross-architecture Noise Haystack ex-
periment (Sec. VIE 1), which organically forces the phase
transition at native spectral capacity (α = 1.0) by in-
jecting maximum-entropy input and extending sequence
length. As a complementary investigation, we conducted
an α-scaling sweep on a single architecture to dynami-
cally map the boundary defect’s evaporation trajectory
across the full (α,N) parameter space. Thermodynami-
cally, scaling the pre-softmax logits by α → 0 acts as a
strict isomorph to elevating the thermal bath tempera-
ture (T →∞): by artificially driving the system toward
the high-temperature uniform limit, the protocol directly
emulates the condition where Entropic Bulk Pressure
overtakes geometric defect capacity. The α-parameter
therefore serves as the primary thermodynamic control
variable, allowing us to actively trace the ordered phase
transition and map the exponential boundary predicted
by Eq. (47).

1. Cross-Architecture Universality of the Phase Transition

As the primary confound-free test, we conducted a
noise-isolation experiment at full spectral capacity (α =
1.0) across three architecturally diverse models: Qwen3-
0.6B (dhead = 64, QK-Norm), LLaMA-3.1-8B (dhead =
128, Grouped-Query Attention (GQA) [32] 4:1), and
Gemma-3-1B [24, 25] (dhead=288, GQA [32] 4:1). Rather
than artificially compressing α, this protocol directly
injects maximum-entropy input—uniform random noise
tokens—which forces the Asymptotic Spatial Ergodic
Hypothesis (Sec. III B) to hold exactly within the QK
space, thereby maximizing the Entropic Bulk Pressure
for a given architecture.
The results (Fig. 9) reveal a universal thermodynamic

phase transition. All three models, despite spanning a
13× range in dhead and fundamentally different atten-
tion architectures (full MHA, GQA, with and without
QK-Norm), exhibit a catastrophic PPL cliff in the iden-
tical narrow interval N ≈ 32 → 48: Qwen3 undergoes
a 40.9× jump (121 → 4,965), LLaMA a 23.2× jump
(178→ 4,120), and Gemma a 48.8× jump (174→ 8,509).
Beyond the transition, PPL saturates to architecture-
dependent plateaus (∼ 6 × 105 for Qwen3/LLaMA, ∼
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FIG. 9. Universal Phase Transition under Noise Iso-
lation across Three Architectures. Perplexity (PPL) vs.
sequence length N for uniform random noise haystacks at full
spectral capacity (α = 1.0). All three models—Qwen3-0.6B
(dhead = 64), LLaMA-3.1-8B (dhead = 128), and Gemma-3-1B
(dhead = 288)—exhibit a universal PPL cliff at N ≈ 32 → 48
(shaded region), followed by saturation. Error bars show stan-
dard deviation over 5 independent random seeds.

3× 106 for Gemma), reflecting the larger entropic phase
space available in higher-dimensional heads.

This cross-architecture universality is a hallmark of
a genuine thermodynamic phase transition: the critical
pointN eff

max is dictated by the effective geometric capacity
of the boundary defect—not by engineering details such
as head dimension, normalization scheme, or grouping
strategy. The fact that architectures ranging from 0.6B
to 8B parameters, with dhead spanning 64 to 288 and fun-
damentally different QK processing pipelines, all shatter
at the same critical sequence length establishes the uni-
versality class of the Attention Sink phase transition.

2. Effective Dimension and the Stable Rank Correction

The theoretical upper bound in Eq. (47) evaluates
Nmax using the full ambient head dimension dhead, yield-
ing astronomical values (1014–1071) that vastly exceed
any practical context window. The observed universal
phase transition at N ≈ 32–48 reveals that the effective
degrees of freedom participating in the thermodynamic
competition are far fewer.

To quantify this, we measured the Stable Rank
sr(W ) ≡ ∥W∥2F /∥W∥2op of the trained WQ and WK pro-
jection matrices, which counts the number of singular
values that effectively contribute to the spectral energy.
Defining the effective dimension as the geometric mean
deff =

√
sr(WQ) · sr(WK), we observe severe anisotropic

compression across all architectures (Table X).
Evaluating the theoretical capacity bound (Eq. (47))

using deff in place of the naive ambient dhead collapses

TABLE X. Stable Rank dimension compression across archi-
tectures. deff is 4–15× smaller than the ambient dhead, ex-
plaining why the theoretical upper bound is extremely loose
when evaluated at full dimension. Values of Neff

max ≤ 1 reflect
the strict isotropic noise limit; structured text operates well
below this maximum Entropic Bulk Pressure (see Sec. VI E,
The Anisotropy Gap).

Model dhead deff Compression Neff
max

Qwen3-0.6B 64 12.3 5.2× 115
LLaMA-3.1-8B 128 30.2 4.2× 1
Gemma-3-1B 288 19.3 14.9× 1

the predicted N eff
max from astronomical values to O(1)–

O(102), now in order-of-magnitude agreement with the
observed phase transition at N ≈ 32–48. Physically,
the trained weight matrices concentrate their spectral en-
ergy onto a low-dimensional submanifold: WK projects
any input—including isotropic noise—into an effective
subspace of rank ∼ deff ≪ dhead. The Entropic Bulk
Pressure therefore competes against a boundary defect
whose geometric depth scales as

√
deff , not

√
dhead, mak-

ing the thermodynamic horizon far more fragile than the
ambient-dimension bound suggests.
To independently verify that this effective dimension

governs the phase transition a priori—without circular
reasoning from the PPL observation—we directly com-
puted the Stable Rank of the empirical Key covariance
matrix ΣK = 1

N

∑
i kik

⊤
i for structured text inputs from

C4 [33], obtaining an architecture-independent effective
degree-of-freedom count N text

eff . Across all models, the
measured text N text

eff ranges from 16 to 26 for Qwen3
and Gemma, and saturates near 50 for LLaMA—all con-
sistently below or near the observed noise boiling point
of N ≈ 32–48. This a priori geometric measurement,
computed entirely from Key-vector statistics without any
reference to PPL, independently predicts that structured
text should survive—precisely as observed—thereby clos-
ing the epistemic loop and rendering the theory genuinely
falsifiable.

3. The Anisotropy Gap: Isotropic Thermodynamic Limits
vs. Structured Text

A naive evaluation of the isotropic capacity bound (Ta-
ble X) against empirical text context windows reveals
an exponential separation: N eff

max ≈ 1 for LLaMA-3.1-8B
and Gemma-3-1B, yet these models demonstrably pro-
cess 128,000 and 8,192 tokens of structured text, respec-
tively. Rather than a theoretical failure, this gap explic-
itly quantifies the difference between the absolute ther-
modynamic limit of the architecture and the low-entropy
manifold of natural language.
The derivation of the Entropic Bulk Pressure (the-

orem 5) mathematically models the strict maximum-
entropy (noise) limit, where the Asymptotic Spatial Er-
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godic Hypothesis holds exactly and the full effective di-
mension deff participates in the entropic competition.
Our noise haystack experiments (Sec. VIE 1) unequiv-
ocally establish that when the sequence maximizes the
effective dimensional volume, the architecture strictly
undergoes thermodynamic amnesia exactly as predicted
at N ≈ 32–48. Structured text survives extended con-
texts strictly because natural language embeddings suffer
from severe representation degeneration [34]—the well-
documented “cone effect”—clustering tightly on highly
anisotropic, low-dimensional submanifolds within the
ambient Key space. This severe geometric compression
dynamically lowers the effective Entropic Bulk Pressure,
granting the optimization process a massive anisotropic
escape from the strict isotropic thermodynamic limit.

The N text
eff measurement from Key covariance (previ-

ous subsection) provides direct evidence for this mech-
anism: structured text concentrates its spectral energy
onto ∼16–50 effective dimensions, well within the bound-
ary defect’s capacity, whereas isotropic noise fills the full
deff and overwhelms it. The theoretical phase bound-
ary established here therefore characterizes the absolute
thermodynamic failure point—the Carnot limit—of the
architecture under maximum thermal variance (noise).
Extending the theory to predict context limits for struc-
tured text would require replacing the isotropic Wendel
measure with an empirical, data-dependent anisotropic
distribution—a direction we leave for future work.

4. α-Scaling Thermodynamic Phase Diagram

To dynamically map the boundary defect’s evapora-
tion across the full (N,α) parameter space, we deployed a
frozen pre-trained Qwen3-0.6B language model (dhead =
64, mean spectral norm product ∥WQ∥op∥WK∥op = 4.44,
bulk variance σ2

E = 6.68) and systematically compressed
the Attention logits by a temperature scaling factor
α ∈ [0.10, 1.00] during inference, algebraically equiva-
lent to shrinking ∥WQ∥op∥WK∥op 7→ α2∥WQ∥op∥WK∥op.
For each of 14 values of α, we evaluated perplex-
ity (PPL) across 20 sequence lengths spanning N ∈
{8, 12, . . . , 512}, constructing inputs from uniform ran-
dom noise tokens. We simultaneously recorded the sink
probability mass c0 at the zeroth token.
As anticipated by the theoretical model, the results

reveal a macroscopic phase transition that is incompati-
ble with smooth linear degradation (Fig. 10). Consistent
with the thermodynamic equivalence established above—
where α-scaling acts as a strict temperature isomorph—
the protocol traces an ordered, monotonic evaporation
trajectory, with the dual-axis synchronization between
c0 and PPL across the full (α,N) parameter space con-
firming that the mechanism is measure-theoretic redistri-
bution, not trivial numerical noise. When the effective
spectral capacity α2∥WQ∥op∥WK∥op is reduced below a
critical threshold, Nmax does not decline gradually; in-
stead, it undergoes a catastrophic exponential collapse.
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FIG. 10. 2D Thermodynamic Phase Diagram: Con-
text Horizon vs. Spectral Geometric Capacity. Each
point represents the maximum sequence length Nmax (defined
as the last N with PPL < 500) for a given effective spectral
norm product α2∥WQ∥op∥WK∥op. The red dashed curve is

the exponential fit Nmax = 30.2 · e0.09α2∥WQ∥∥WK∥; the blue
dotted line shows the linear prediction of standard interpola-
tion theory. The shaded pink region marks the total collapse
zone (PPL > 500 at all N). For α ≤ 0.50 the model collapses
at the shortest probed lengths (N ≤ 8); the exponential fit
captures the steep emergence of context capacity for α ≳ 0.60.

At α = 1.00 (full spectral capacity), the model sus-
tains baseline PPL ≈ 23 at short sequences (N ≤ 32),
with PPL diverging sharply beyond N = 64 as the noise
haystack overwhelms the Attention Sink’s finite capacity.
By α = 0.60, perplexity at N = 16 has already surged
to ∼93, and at N = 512 it exceeds 4.9× 107. The tran-
sition from α = 0.60 to α = 0.50 is explosive: PPL at
N = 16 jumps from 93 to 1,728—an 18.6× amplifica-
tion over a mere 17% reduction in spectral capacity—
and by α ≤ 0.30, perplexity at the shortest sequences
already exceeds 105, signalling the total evaporation of
the boundary defect. The empirical phase boundary
Nmax ∝ exp(0.09α2∥WQ∥∥WK∥) is consistent with the
exponential scaling law predicted by Eq. (47).

5. Simultaneous Evaporation of the Topological Anchor

Simultaneous measure-theoretic tracking conclusively
identifies the physical mechanism underlying the per-
plexity divergence (Fig. 11). At full spectral capacity
(α = 1.0), the topological anchor concentrates substan-
tial probability mass c0 ≈ 0.44–0.51 at the zeroth token—
far exceeding the uniform baseline 1/N—confirming that
the boundary defect is geometrically robust. As α de-
creases through the critical region, c0 does not fluctuate
randomly; it traces a strictly monotonic, ordered decay.
At α = 0.70, the anchor still retains c0 ≈ 0.33 at N = 16.
By α = 0.45, it has weakened to c0 ≈ 0.12. Below
α ≤ 0.30, the anchor mass collapses to c0 ≈ 0.03–0.05,
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FIG. 11. Attention Sink Probability Mass c0 vs. Se-
quence Length N for Selected α. At full capacity
(α = 1.0), c0 ≈ 0.44–0.51, far exceeding the uniform base-
line 1/N . As α decreases, c0 undergoes a monotonic, ordered
decay, eventually collapsing to the uniform level c0 ≈ 1/N for
α ≤ 0.30—the measure-theoretic signature of complete defect
evaporation.

TABLE XI. Attention Sink probability mass c0 across selected
(α,N). The uniform baseline is 1/N . Bold entries mark the
regime where the defect has fully evaporated (c0 ≈ 1/N).

α N =16 32 64 128 256 512
1.00 0.515 0.508 0.456 0.460 0.448 0.442
0.80 0.412 0.406 0.366 0.355 0.346 0.329
0.60 0.235 0.236 0.194 0.126 0.095 0.059
0.50 0.162 0.162 0.086 0.055 0.032 0.016
0.40 0.095 0.095 0.038 0.017 0.006 0.002
0.30 0.052 0.050 0.016 0.008 0.004 0.002
0.20 0.034 0.033 0.016 0.008 0.004 0.002
1/N 0.063 0.031 0.016 0.008 0.004 0.002

indistinguishable from the uniform distribution 1/N .
This ordered evaporation constitutes the empirical sig-

nature of the weak-∗ convergence ωbulk ⇀ δ∞ predicted
in Eq. (37): the boundary defect’s geometric capacity,
starved of spectral operator norm, is overwhelmed by
the entropic bulk pressure, and the anchoring measure
physically dissolves into the amnesia state. The tabu-
lated c0 values (Table XI) quantitatively document this
condensation across the full (α,N) parameter space.

6. Dual-Axis Synchronization and Exclusion of Alternative
Hypotheses

The most powerful exclusion evidence emerges from
the dual-axis synchronization plot (Fig. 12), which super-
imposes PPL divergence and c0 evaporation on a shared
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FIG. 12. Dual-Axis Synchronization: PPL Diver-
gence and Sink Evaporation. Solid lines (left axis,
log-scale): perplexity vs. sequence length N for α ∈
{0.10, 0.30, 0.60, 1.00}. Dashed lines (right axis, log-scale):
corresponding sink mass c0. As α decreases, the perplexity ex-
plosion and c0 collapse occur in precise synchrony at the same
critical (α,N) locus, directly confirming the causal link be-
tween boundary defect evaporation and thermodynamic am-
nesia.

abscissa. At every (α,N) coordinate, the two observ-
ables evolve in strict anti-correlation: the perplexity rises
sharply precisely where—and only where—the sink mass
collapses. This consistent synchronization establishes a
direct causal link between the topological boundary de-
fect’s physical capacity and the model’s macroscopic lan-
guage modeling performance.

This synchronization strongly excludes the principal
alternative hypothesis. A critic might contend that
compressing ∥WQ∥op∥WK∥op simply destroys activation
variance, producing uniform output noise. Were this
the case, the Softmax normalization—which is scale-
invariant—would leave c0 strictly unaffected, and any
PPL increase would be uncorrelated with sink dynamics.
The empirical observation of an ordered, monotonic evap-
oration of c0 from 0.51 to 0.002, precisely tracking the
spectral norm reduction, strongly refutes this rebuttal.
The collapse mechanism is measure-theoretic—a physical
redistribution of probability mass—not a trivial numeri-
cal instability.

Taken together, these results confirm the three cen-
tral predictions of the theory: (i) the Attention Sink is
a finite-capacity topological boundary defect, not a nu-
merical artifact; (ii) the context horizonNmax is governed
by the exponential spectral scaling law of Eq. (47); and
(iii) when the defect’s geometric capacity is starved be-

low the Entropic Bulk Pressure Θ(
√
d), the sequence of

measures undergoes an irreversible weak-∗ condensation
ω ⇀ δ∞—thermodynamic amnesia—in precise quantita-
tive agreement with the measure-theoretic compactifica-
tion established in theorem 5.
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F. Tomography of the Parameter NESS Vortex

Finally, we elevate our empirical validation to the
super-macroscopic dynamics of the parameter space op-
timization process itself, testing theorem 14. We note at
the outset that the existence of non-equilibrium dynam-
ics during SGD is a generic mathematical consequence of
Singular Learning Theory (SLT) [35]: for any misspeci-
fied deep network, the empirical Fisher and Loss Hessian
generically fail to commute, violating detailed balance.
What the geometric framework of Sec. VB contributes
beyond SLT is an analytical decomposition (Eq. (79))
that resolves the thermodynamic vorticity into three in-
dependent cohomological obstructions and predicts how
the NESS circulation is geometrically channeled by the
Transformer’s specific gauge orbit structure. Classical
optimization literature broadly assumes that Stochastic
Gradient Descent (SGD) thermally relaxes into a static,
isotropic Gaussian Gibbs equilibrium via detailed bal-
ance. The framework rejects this, demonstrating that
the structural algebraic singularities of the architecture
cause a Dual-Metric Collision (D ̸= F ̸= H), generating
an irreducible Thermodynamic Vorticity 2-form (Ω ̸= 0),
trapping the probability measure in a dissipative Non-
Equilibrium Steady State (NESS).

The experimental protocol is designed to produce an
unambiguous phase-space tomography of the optimiza-
tion steady state. We define the cross-sectional circula-
tion integral on the 2D PCA-projected parameter trajec-
tory:

Γ×(T ) =

T∑
t=1

[x(t)∆y(t)− y(t)∆x(t)], (85)

which measures the cumulative angular momentum of
the probability flux. If the system obeys detailed balance
(irrotational Brownian diffusion), Γ× fluctuates symmet-

rically about zero with Γ× ∼ O(
√
T ); if a genuine non-

conservative vortex is present, Γ× accumulates monoton-
ically as O(T ). We quantify the distinction via the Hurst
exponent H of the Γ× time series (H = 0.5 for random
walk, H ≈ 1.0 for deterministic drift) and the t-statistic
testing the null hypothesis of zero mean incremental drift.

Methodological precision on PCA projections. Because
2D PCA projections of high-dimensional trajectories can
produce spurious visual spirals even for isotropic ran-
dom walks that strictly obey detailed balance—the top
PCA eigenvectors of a random walk natively produce si-
nusoidal basis functions [36]—the PCA trajectory visu-
alizations and PCA-based Γ× integrals presented below
serve as complementary diagnostics that illustrate the
vortex geometry. The rigorous, artifact-free foundation
for the NESS resides in the exact FP64 Lie commuta-
tor measurement [G,H] ̸= 0 (Sec. VIF 1), which is com-
puted without any dimensional reduction, stochastic es-
timation, or PCA projection.
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FIG. 13. FP64 Sandbox: Exact NESS Detection at
Machine Precision. (a) PCA 2D parameter-space vortex
for the 2-layer micro Transformer, showing deterministic ro-
tational structure. (b) Cross-sectional circulation integral
Γ×(t), exhibiting sustained monotonic accumulation (|t| =
27.9). (c) Training loss during NESS tracking, confirming a
stable convergence plateau (avg-100 loss = 1.365). (d) Bar
chart of 20 independent exact ∥[G,H]∥F /(∥G∥F ∥H∥F ) mea-
surements, all strictly non-zero (T = 34.0, P < 10−10).

1. FP64 Sandbox: Exact Commutator at Machine Precision

To preemptively seal all computational-artifact
rebuttals—low-rank subsampling error, Hutchinson
trace estimation bias, and adaptive-optimizer momen-
tum residuals—we first executed the NESS tomography
on a controlled sandbox: a 2-layer Pre-Norm Trans-
former (dmodel = 64, nheads = 4, dffn = 256, RoPE, ∼99K
non-embedding parameters) trained at float64 double
precision (εmach = 2.22 × 10−16) with momentum-free
SGD (β1 = 0, β2 = 0, constant η = 10−5). In this
sandbox, the full 16,384 × 16,384 empirical gradient
covariance G and Loss Hessian H were computed
exactly—without subsampling, random estimation, or
rank truncation—from 512 per-sample gradients.
After 30 epochs of cosine-annealed pre-training and

a 2,000-step cooling phase, the model was tracked for
10,000 momentum-free SGD steps with snapshots every
10 steps. PCA projection of the resulting 1,001-snapshot
trajectory onto the first two principal components reveals
a clear deterministic rotational structure (Fig. 13a), with
the circulation integral Γ× exhibiting sustained mono-
tonic accumulation (|t| = 27.9, H = 1.011; Fig. 13b)
while the loss remains on a flat convergence plateau (avg-
100 loss = 1.365; Fig. 13c).
The decisive measurement is the exact Lie commuta-

tor. Across 20 independent batch samples, the normal-
ized Frobenius norm evaluates to:

∥[G,H]∥F
∥G∥F ∥H∥F

= 0.00184± 0.00024 , (86)

with T = 34.0 on 19 degrees of freedom (P < 10−10);
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FIG. 14. Parameter-Space NESS Vortices for Two
Production Architectures. PCA 2D projections of the
mid-layer MLP weight trajectory (5,001 snapshots over
50,000 AdamW steps at constant η = 10−5). (a) GPT-2
Small (Layer 6, 4.7M tracked parameters). (b) Qwen3-0.6B
(Layer 14, 9.4M tracked parameters). Color gradient encodes
training time (viridis). Both architectures exhibit unmistak-
able deterministic spiral circulation.
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FIG. 15. Cross-Sectional Circulation Integral Γ×(t).
(a) GPT-2 (Γ× = −14.09, |t| = 92.4). (b) Qwen3-0.6B
(Γ× = −15.13, |t| = 79.8). Upper panels: cumulative cross-
circulation; lower panels: cumulative angular displacement in
PCA space. Both traces are strictly monotonic with identical
sign, confirming a topologically determined vortex chirality.

all 20/20 measurements are strictly positive (Fig. 13d).
Because this non-vanishing commutator is computed at
the absolute float64 machine-precision floor—without
any stochastic estimation, dimensional reduction, or op-
timizer momentum—the attribution to computational
noise is strongly excluded. The non-commutativity
[G,H] ̸= 0 is an arithmetic truth of the architecture’s
algebraic variety.

2. Cross-Architecture Universality of the NESS Vortex

Having established the arithmetic ground truth in the
sandbox, we scaled the protocol to two production-grade
architectures spanning fundamentally different design
generations: GPT-2 Small (124M parameters, Learned
PE, LayerNorm, standard 2-matrix MLP) and Qwen3-
0.6B (596M parameters, RoPE, RMSNorm + QK-Norm,

TABLE XII. NESS vortex diagnostics for the two production
Transformer architectures under AdamW isothermal train-
ing (complementary PCA-based metrics; see methodological
precision note in text). All p-values are ≪ 10−100. FDR:
Fluctuation-Dissipation Relation.

Diagnostic GPT-2 Small Qwen3-0.6B
|t|-statistic 92.4 79.8
Hurst exponent H 1.003 1.005
Γ× (terminal) −14.09 −15.13
Mean drift rate (/step) −2.82×10−3 −3.03×10−3

PCA PC1 variance 85.3% 68.3%
PCA top-3 cumulative 93.9% 85.5%
Converged loss (avg-100) 2.83 0.17
FDR violation 1.31 1.13

SwiGLU 3-matrix MLP). Each fully converged pre-
trained model was subjected to 50,000 steps of isother-
mal continued training (constant η = 10−5, AdamW [37]
with weight decay= 0) on WikiText-2 [38], with snap-
shots of the mid-layer MLP weights captured every 10
steps (5,001 snapshots total, coordinate-subsampled to
5,000 dimensions via sparse JL projection [39]).

The PCA-projected trajectories for both architec-
tures exhibit unmistakable deterministic spiral circula-
tion (Fig. 14), and the cross-sectional circulation inte-
grals Γ×(t) accumulate monotonically with identical neg-
ative sign (Fig. 15). The quantitative agreement across
all core diagnostics is striking (Table XII): both mod-
els yield Hurst exponents saturated at H ≈ 1.0, mean
drift rates within 7% of each other (∼ 3 × 10−3/step),
and t-statistics exceeding 79—all with p-values far below
10−100.

Two features merit theoretical emphasis. First, the cir-
culation chirality under AdamW is deterministic: both
architectures produce strictly negative Γ×, consistent
with a geometrically determined tangent-space orien-
tation of the singular algebraic variety. As shown in
Sec. VIF 3, the sign reverses under Pure SGD—a phe-
nomenon we interpret as a direct macroscopic signa-
ture of the Dual-Metric Collision (theorem 14). Second,
the lower PC1 explained variance in Qwen3 (68.3% vs.
85.3%) reflects its SwiGLU 3-matrix FFN, which gen-
erates a higher-dimensional parameter flow manifold—
consistent with the richer Lie-algebraic structure of the
gated architecture.

3. Exclusion of Optimizer Momentum Artifacts

A critical potential confound is that the observed circu-
lation might originate from the underdamped oscillatory
dynamics of AdamW’s first-moment buffer (β1 = 0.9)
rather than from intrinsic geometric vorticity. To cate-
gorically exclude this, we repeated the identical 50,000-
step protocol with both architectures using momentum-
free pure SGD (β1 = 0, β2 = 0, η = 10−5), eliminating
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FIG. 16. Parameter-Space Vortices under Momentum-
Free Pure SGD (β1 = 0, β2 = 0). (a) GPT-2 (|t| = 173.1).
(b) Qwen3-0.6B (|t| = 37.4). The NESS circulation persists—
and in fact strengthens for GPT-2—in the complete absence
of any adaptive optimizer state.

TABLE XIII. Four-way cross-validation: 2 architectures × 2
optimizers (complementary PCA-based metrics; see method-
ological precision note in text). The NESS vortex persists
across all four conditions; the GPT-2 SGD t-statistic increases
relative to AdamW.

Model Optimizer |t| H Γ× Drift rate
GPT-2 AdamW 92.4 1.003 −14.09 −2.82×10−3

GPT-2 Pure SGD 173.1 0.999 4.1×10−4 8.1×10−8

Qwen3 AdamW 79.8 1.005 −15.13 −3.03×10−3

Qwen3 Pure SGD 37.4 1.012 5.5×10−5 1.1×10−8

all adaptive gradient history.
The results (Fig. 16, Table XIII) are decisive. Un-

der pure SGD, the NESS vortex signal persists in both
architectures with overwhelming statistical significance
(|t| = 173.1 for GPT-2, |t| = 37.4 for Qwen3; H ≈ 1.0
in both cases). Remarkably, the GPT-2 t-statistic nearly
doubles from 92.4 (AdamW) to 173.1 (SGD), strongly
excluding the momentum-artifact hypothesis: if the vor-
tex were generated by the β1-buffer, removing it should
extinguish the signal, not amplify it. The t-statistic in-
crease occurs because SGD eliminates the stochastic vari-
ance injected by the adaptive second-moment estimator
(β2-buffer), reducing the standard error of the mean cir-
culation increment even faster than the absolute drift
magnitude decreases—yielding a higher signal-to-noise
ratio despite a smaller absolute displacement.

The absolute circulation amplitude |Γ×| decreases by
∼ 104× under SGD (4.1 × 10−4 vs. 14.09) because the
adaptive learning-rate amplification of AdamW magni-
fies per-step displacements. However, the monotonicity
and persistence—the defining topological signatures of
NESS—are entirely unaffected. This proves that the cir-
culatory topology originates from the parameter man-
ifold’s intrinsic geometry (the Dual-Metric Collision of
Eq. (79)), not from the optimizer’s internal state vari-
ables.

We note that the sign of Γ× reverses between AdamW
(negative) and Pure SGD (positive). While the 2D PCA
coordinate frame natively possesses a Z2 gauge ambigu-
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FIG. 17. Non-Transformer Baselines: NESS Vortex in
CNN and MLP. PCA 2D parameter-space vortices for ar-
chitectures containing no attention mechanism, no positional
encoding, and no gauge symmetry structure. (a) ResNet-18
on ImageNet (|t| = 54.8, H = 1.000). (b) 2-layer MLP on
MNIST (|t| = 102.1, H = 1.000). NESS circulation is de-
tected in both, confirming the universal genericity predicted
by the Dual-Metric Collision (theorem 14).

ity, this reversal is not merely a random projection ar-
tifact; it is a deterministic macroscopic signature of the
Dual-Metric Collision formalized in theorem 14. In our
continuous framework, the NESS thermodynamic vortic-
ity natively operates as an exterior 2-form Ω ∈ Λ2T ∗W
(Eq. (79)), and the PCA plane acts as a secant space
upon which this 2-form is pulled back (ι∗Ω). Pure SGD
operates under a kinematic metric driven by the raw em-
pirical diffusion tensor, establishing a baseline hierarchy
of principal variance components. In contrast, AdamW’s
adaptive preconditioner imposes a strongly anisotropic,
inverse-variance metric. By actively suppressing updates
along axes of maximum gradient variance and ampli-
fying flat directions, AdamW structurally reorders the
trajectory’s principal components—functionally swap-
ping the orientation of the dominant PCA secant plane
(Ω(e2, e1) = −Ω(e1, e2)). Furthermore, this metric defor-
mation algebraically alters the spectral anisotropy of the
diffusion metric g, structurally inverting the off-diagonal
skew of the Lie commutator [g,H♯] that actively propels
the flux. Consequently, the sign of Γ× in PCA space
perfectly encodes the joint orientation of the optimizer’s
actively warped thermodynamic metric and the intrin-
sic landscape geometry. The strictly topologically mean-
ingful observable is the non-conservative nature of the
flux—evidenced by the sustained monotonicity and non-
zero Hurst exponent H ≈ 1.0—which proves that the
dissipating NESS definitively survives regardless of the
specific metric-dependent gauge framing.

4. Universality of the Thermodynamic Vortex and
Architecture-Specific Channeling

To validate the foundational premises of our thermo-
dynamic formulation, we must isolate the universal driv-
ing forces of the Dual-Metric Collision from Transformer-
specific topology. Because our continuous framework na-
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TABLE XIV. Five-architecture NESS diagnostic summary.
All models exhibit H ≈ 1.0 (deterministic drift) and
|t| ≫ 3 (p ≪ 10−10). The normalized Lie commutator
∥[G,H]∥F /(∥G∥F ∥H∥F ) is measured from 10 independent
batch samples for each non-Transformer model.

Architecture |t| H FDR ∥[G,H]∥F
∥G∥F ∥H∥F

NESS

ResNet-18 (ImageNet) 54.8 1.000 0.78 0.047 ± 0.006 ✓
ResNet-18 (CIFAR-10) 57.6 1.000 0.82 0.061 ± 0.017 ✓
MLP (MNIST) 102.1 1.000 1.44 0.018 ± 0.010 ✓
GPT-2 Small 92.4 1.003 1.31 — ✓
Qwen3-0.6B 79.8 1.005 1.13 — ✓

tively incorporates the algebraic singularities of Singu-
lar Learning Theory (SLT) [35] and stochastic thermo-
dynamics [3, 4], the thermodynamic vorticity decompo-
sition (Eq. (79)) mathematically predicts that NESS is
a universal baseline property of any over-parameterized
deep network whose empirical Fisher and Loss Hessian
generically fail to commute ([G,H] ̸= 0)—driven intrin-
sically by state-dependent gradient noise and the singular
algebraic variety of the parameter manifold, rather than
by the Attention mechanism itself. To empirically con-
firm this theoretical genericity, we proactively deployed
the exact NESS tomography protocol to architectures de-
void of attention, positional encoding, and multi-head
gauge structure.

To test this prediction, we applied the identical 50,000-
step NESS tracking protocol (constant η = 10−5, snap-
shots every 10 steps, coordinate subsampled to 5,000 di-
mensions) to three non-Transformer architectures: (i) a
torchvision pre-trained ResNet-18 [40] on ImageNet
(SGD, 200K training images, TPU v4-8); (ii) a ResNet-
18 trained to 88.6% on CIFAR-10 (AdamW); and (iii) a
2-layer MLP (784→512→256→10) trained to 97.4% on
MNIST (AdamW).

As shown in Fig. 17 and Table XIV, the NESS vor-
tex is unambiguously detected in every non-Transformer
architecture tested. The 2-layer MLP—the simplest pos-
sible deep classifier, with only 670K parameters and no
structural complexity whatsoever—produces the highest
t-statistic of all five architectures (|t| = 102.1), with a di-
rectly measured non-zero Lie commutator (∥[G,H]∥F =
0.018 ± 0.010, |t| = 5.4). The ImageNet-pretrained
ResNet-18 yields ∥[G,H]∥F = 0.047 ± 0.006 (|t| = 24.1)
over 10 independent measurements. In all cases, Γ× is
strictly negative and H saturates at 1.000.

Far from confounding our Transformer-specific find-
ings, the ubiquitous presence of the NESS vortex across
these diverse baselines profoundly corroborates the uni-
versal premise of our continuous framework: all misspec-
ified deep networks inherently generate non-equilibrium
vorticity due to their algebraic singularities. The
three independent cohomological obstructions derived
in Eq. (79)—the Lie Commutator [g,H♯], the Entropic
Curl, and the Metric Deformation—are sourced by the
Dual-Metric Collision (D ̸= F ̸= H) and the singular al-

gebraic variety of the parameter manifold, both of which
are shared by all over-parameterized architectures. The
MLP and ResNet results therefore constitute a direct em-
pirical validation of this universal thermodynamic foun-
dation.

Building upon this verified universal baseline, the true
predictive power of the geometric framework comes into
sharp focus. While the existence of a non-equilibrium
flux is a generic consequence of singular algebraic geom-
etry, the exact analytical decomposition of Eq. (79) fur-
ther predicts how this flux is structurally channeled by
architecture-specific Lie-algebraic topology. The Trans-
former does not create the NESS vortex; rather, its spe-
cific gauge orbit structure—the U(1) RoPE connection,
the multi-head

∏
O(dhead) bundle, and the asymmet-

ric FFN vorticity generator—acts as a highly structured
topological conduit that actively scatters and reshapes
the fundamental probability flux. This geometric chan-
neling is directly verified by the spectral structure of
the vortex trajectories (Table XIV): the extreme spectral
compression of the simple MLP vortex (PC1 at 94.2%—
nearly confined to a single 2D plane) starkly contrasts
with the higher-dimensional, distributed flow of Qwen3’s
SwiGLU architecture (PC1 at 68.3%). This quantita-
tive difference confirms that while all over-parameterized
models provide the fundamental rotational driving force,
the Transformer’s distinct gauge topology actively forces
the probability momentum to scatter across a richer mul-
tidimensional orbit—in exact agreement with the Lie-
algebraic dimensionality predicted by the vorticity de-
composition.

5. Synthesis of NESS Evidence

Taken together, the four tiers of NESS evidence—
machine-precision commutator (T = 34.0 at FP64),
cross-architecture vortex universality (|t| > 79 for both
Transformers), optimizer-independent persistence (|t| =
173 under momentum-free SGD), and non-Transformer
genericity (|t| > 54 for CNN and MLP)—constitute
strong empirical evidence that the neural parameter
manifold does not achieve detailed balance. The op-
timization process is suspended in a dissipating Non-
Equilibrium Steady State, advected by the intrinsic
structural singularities of the architecture, in quantita-
tive agreement with the thermodynamic vorticity decom-
position of theorem 14.

G. Section Synthesis

The sequence of empirical results derived from these
six tests provides a coherent empirical picture: the Trans-
former’s discrete operations are quantitatively consistent
with the continuous geometric framework developed in
Sec. II through Sec. V.
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At the microscopic limit, the exact adherence to a
−0.5 scaling law at the zero-section (Sec. VIA) iden-
tifies the precise ultraviolet (UV) topological cutoff
of the spatial fiber. Moving to the temporal arrow,
the Lie-Trotter interferometer (Sec. VIB) empirically
bridges discrete algorithmic steps with continuous non-
commutative torsion. At the mesoscopic scale, symmet-
ric ablation (Sec. VIC) demonstrates the necessity of
geometric vorticity—equivalently, spectral scattering via
anti-symmetric Jacobian components—for the forward
norm stability of mature trained configurations; compan-
ion training experiments show this necessity to be config-
urational rather than architectural (Sec. VIC 5). Prob-
ing the spatial gauge connection, the Poincaré recurrence
experiment (Sec. VID) directly observes exact geometric
resonance on the RoPE torus at small feature dimension
and quantitatively confirms that the O(1/

√
k) thermody-

namic suppression renders these resonances invisible at
production scale—physically justifying the Asymptotic
Spatial Ergodic Hypothesis. Expanding to the macro-
scopic sequence horizon, the Attention Sink phase tran-
sition (Sec. VIE) confirms that context capacity is gov-
erned by the thermodynamic limits of a Dirichlet bound-
ary defect. Finally, at the scale of total system evolu-
tion, parameter space tomography (Sec. VI F) reveals
that the optimization process operates as a dissipating
NESS vortex over a singular algebraic variety, consistent
with the predictions of Singular Learning Theory chan-
neled through the Transformer’s gauge orbit structure.

By linking the abstract geometric constructions of Sec-
tions II through V directly to deterministic, macroscopic
empirical observables, these findings demonstrate that
continuous differential geometry provides a highly pre-
dictive analytical framework for understanding the sta-
bility limits, context bounds, and optimization dynamics
of Large Language Models.

VII. CONCLUSION

By translating the discrete algebraic components of
the Transformer architecture into a continuous integro-
differential equation on a semantic fiber bundle, we
have constructed a predictive, descriptive geometric
framework for the architecture’s stability limits, context
bounds, and optimization dynamics. Across a six-part
empirical campaign spanning 124M to 8B parameters, we
measured direct quantitative signatures consistent with
the continuous geometric predictions.

a. Closing the Theoretical Loop. Our experimental
results demonstrate that this continuous framework pro-
vides a coherent and predictive description of the archi-
tecture’s behavior across physical scales.

• Microscopic Identity: Machine-precision (R2 =
1.000) verification of the ϵ−1/2 scaling law
(Sec. VIA) confirms that the topological mollifier
ϵ controls the Lipschitz stretch of the flow exactly
as predicted.

• Kinematics & Topology: The Lie–Trotter tor-
sion interferometer (Sec. VIB) demonstrates that
representation drift is quantitatively consistent
with the deterministic Lie bracket predicted by op-
erator splitting of non-commuting vector fields.

• Mesoscopic Stability: Symmetric ablation
(Sec. VIC) demonstrates the necessity of geometric
vorticity—equivalently, spectral scattering via anti-
symmetric Jacobian components—for the forward
norm stability of trained configurations; companion
training experiments (Sec. VIC 5) show this neces-
sity is configurational, not architectural.

• Gauge Connection & Thermodynamic Sup-
pression: A controlled micro-transformer exper-
iment (Sec. VID) directly observes Poincaré re-
currence on the RoPE torus at small feature di-
mension (k = 2) and quantitatively confirms the

O(1/
√
k) thermodynamic suppression that renders

these geometric resonances invisible at production
scale—physically justifying the Asymptotic Spatial
Ergodic Hypothesis.

• Macroscopic Thermodynamics: The con-
text window degrades through a phase transition
(Sec. VIE) where entropic bulk pressure over-
whelms the Dirichlet boundary condition—and
natural language survives extended contexts only
because Neff ≪ N .

• Non-Equilibrium Dynamics: The parameter
manifold is trapped in an irreversible NESS vor-
tex (Sec. VI F), verified across 2×2 conditions, con-
sistent with the predictions of Singular Learning
Theory channeled through the Transformer’s gauge
orbit structure.

b. Open Questions and Speculative Directions. Be-
yond the empirically verified predictions, the geometric
framework suggests several directions for future investi-
gation:

1. Implications for Linear Attention. Gromov’s
Non-Squeezing Theorem [41] suggests that a finite-
dimensional token vector cannot embed a mas-
sive context window into a symplectic cylinder of
smaller cross-sectional area without phase-space
collisions. Standard Softmax may escape this con-
straint by acting as a topological dissipator; “Lin-
ear Attention” removes this nonlinear dissipator
and may therefore encounter Gromov’s capacity
limits. This connection remains to be formally es-
tablished.

2. Arithmetic Failures and Ultrametric Topol-
ogy. Exact integer arithmetic operates natively
on an ultrametric topology (the p-adic metric)
that cannot be smoothly embedded into the Trans-
former’s Archimedean fiber bundle. Whether LLM
arithmetic failure can be rigorously attributed to
this topological incompatibility is an open question
requiring formal proof.

3. Non-Abelian Positional Holonomy for Tree-
Reasoning. Upgrading the positional gauge group
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from U(1)d/2 to a non-abelian Lie group (SU(2)
or Sp(n)), with the sequence topology elevated to
a branched CW Complex, could natively distin-
guish permutations of logical branches, encoding
Abstract Syntax Trees directly within the continu-
ous geometry.

4. Parameter-Efficient so(d) Feed-Forward
Layers—posed and settled. The symmetric
ablation experiment (Sec. VIC) empirically es-
tablished that the skew-symmetric component of
the FFN Jacobian—equivalently, the geometric
vorticity Ω ∈ so(d)—is the essential stabilizer that
arrests Power Iteration resonance in the residual
stream. This suggested a testable architectural hy-
pothesis: rather than relying on two large, untied
dense matrices Win and Wout to organically learn
the necessary asymmetry, one could structurally
enforce it by defining Wout = W⊤in + A, where
A ∈ so(d) is a strictly skew-symmetric learnable
matrix (A = −A⊤), parameterized in a low-rank
form with R ≪ d, substantially reducing the
parameter count of the FFN while explicitly guar-
anteeing the injection of Lie-algebraic rotational
friction—an empirical question that the geometric
framework motivates but cannot settle a priori.
Postscript: settled negatively. This hypothesis has
since been tested—and refuted—by the controlled
twin-ablation campaign of Sec. VIC 5, in its gated
(SwiGLU) realizationWdown =W⊤up+∆ with train-
able low-rank ∆. The gate path already supplies
full-rank Jacobian asymmetry organically, and the
measured marginal effect of the explicit low-rank
term is ∼ 0.003 nats at 0.6B and 1B scale (null
within twin noise); the bare tie trains stably with
no correction whatsoever; and at matched param-
eter count a narrower untied FFN strictly domi-
nates the tied variant while requiring 1.5× fewer
FFN FLOPs. The framework’s role was to motivate
a falsifiable architectural hypothesis; its refutation
sharpens the framework’s scope: the vorticity re-
quirement is configurational (remark 6), is organi-
cally saturated by gated architectures, and does not
translate into a parameter-efficiency prescription.

5. Holographic Validation of Axiom 1. A par-
ticularly striking test of the gauge-transport inter-

pretation of attention arises in holographic quan-
tum gravity. In a companion study [42], we train a
decoder-only Transformer to reproduce the bound-
ary state of a three-dimensional random tensor
network—a discrete model of the AdS/CFT cor-
respondence. The pre-softmax attention logits of
the converged model exhibit statistically signifi-
cant positive correlation (Spearman ρ = 0.51, p =
5 × 10−23) with the exact pairwise mutual infor-
mation between boundary sites, which defines the
holographic bulk geometry. This provides direct ev-
idence that the geometric transport structure iden-
tified in Axiom 1 is not merely a mathematical
analogy: when the “semantics” are literal quan-
tum gravity, the Transformer’s attention mecha-
nism spontaneously encodes the emergent space-
time metric.

c. Outlook. The geometric framework developed
here establishes that the Transformer’s stability limits
and context bounds are rigorously governed by contin-
uous differential geometry and non-equilibrium thermo-
dynamics. The preliminary holographic validation [42]
suggests that this geometric structure extends beyond
metaphor: in a physical system with known emergent
geometry, the Transformer’s attention independently dis-
covers the bulk metric. As architectures approach
practical scaling limits, this analytical perspective—
complementary to standard empirical scaling laws—is of-
fered as a source of falsifiable architectural hypotheses
rather than prescriptions: the trajectory of open ques-
tion 4 above (posed by an earlier version of this frame-
work, settled negatively by controlled twin ablations)
exemplifies the intended mode of use, and the config-
urational stability criterion of remark 6—whose evolu-
tion along the training trajectory remains unmeasured
territory—is the successor program.

DATA AND CODE AVAILABILITY

The analysis code and experimental pipelines used in
this study are publicly available at https://github.
com/magicknight/GeoML. The pre-trained models used
are publicly available through their respective reposito-
ries (Hugging Face).
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