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Abstract

Language models (LMs) represent tokens us-
ing embedding matrices that scale linearly with
the vocabulary size. To constrain the parameter
footprint, prior work proposes hashing many
tokens into a single vector within encoder-only
models. While this offers parameter efficiency,
many-to-one collisions prevent its use in causal
LMs. In this paper, we propose MULTIHASH-
FORMER, a new framework that allows hash-
based autoregression. Each token is repre-
sented as a unique hash signature, a short se-
quence of discrete hash IDs, generated by mul-
tiple independent hash functions. A Hash En-
coder compresses this signature into a single
latent vector for processing by a Transformer
decoder. Then, a Hash Decoder generates the
hash signature of the next token, which is then
mapped back to text. We evaluate our approach
at the 100M, 1B and 3B parameter scales,
demonstrating that MULTIHASHFORMER con-
sistently outperforms standard Transformer
LMs across multiple benchmarks. Furthermore,
we show that our model handles multilingual
vocabulary expansion with a constant parame-
ter footprint without any modifications.!

1 Introduction

Language models (Ettinger et al., 2025; Team,
2025; Abdin et al., 2024, LMs) typically map to-
kens into high-dimensional vectors via learned em-
bedding matrices. This allows each token in a dis-
crete vocabulary to be represented by a unique,
dense vector. However, this linear scaling creates
a vocabulary bottleneck, locking the model into a
fixed token capacity and restricting its ability to
adapt seamlessly to new domains, or languages.
To mitigate this, previous research has explored
token hashing (Prakash et al., 2020; Shu and
Nakayama, 2018; Svenstrup et al., 2017; Ganchev
and Dredze, 2008) to fix the parameter footprint of

!Code is available at https://github.com/HUIYINXUE/
MHF.

the embedding space. Hash-based models such as
the Proformer (Sankar et al., 2021) and the Hash-
Former (Xue and Aletras, 2022) use many-to-one
mappings, where multiple tokens (e.g., cat, map,
and physics) may share the same hash index (e.g.,
40). While parameter-efficient, these models are
restricted to encoder-based architectures and dis-
criminative training. In generative settings, if a
decoder predicts a shared hash index, the model
cannot deterministically recover the intended token
from the set of colliding candidates. Consequently,
this ambiguity has made training causal LMs on
hashed spaces practically infeasible.

In this paper, we propose MULTIHASHFORMER,
a new framework designed to bypass the vocab-
ulary bottleneck for decoder-based LMs. Draw-
ing inspiration from chaotic dynamic memory sys-
tems (Skarda and Freeman, 1987) which lever-
age distributed, overlapping state spaces for high-
capacity pattern retrieval (Bricken and Pehlevan,
2021), we replace the traditional embedding ma-
trix with a modular hashing interface. Specifically,
each token is converted into a unique hash signa-
ture consisting of a short sequence of discrete hash
IDs generated by multiple independent hash func-
tions, similar to chaotic transitions that allow bio-
logical networks to chain together vast vocabularies
of concepts (Tsuda, 2001). For example, cat is rep-
resented as [12, 40, 56] and map as [99, 40, 3]. This
multi-ID mapping eliminates the token collision
problem of previous hash-based methods while al-
lowing the model to scale its vocabulary capac-
ity with a strictly sub-linear parameter footprint.
For example, using four hash functions and 16,000
buckets per function, the MULTTHASHFORMER
theoretically supports an upper bound of 16000*
(approx. 65 quadrillion) unique signatures.

The interface is independent of the sequence pro-
cessing backbone (e.g., a Transformer (Vaswani
et al., 2017)) and manages the bidirectional trans-
lation between discrete tokens and the hash sig-
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Figure 1: Overview of the MULTIHASHFORMER framework using three different hash functions (for illustration
purposes) with B buckets to obtain a multi-ID hash signature.

natures. At the input, a gated compositional em-
bedding compresses the multi-ID signature into a
dense latent vector, providing the backbone with
a unified representation for sequence processing
(Hash Encoder). At the output, a cascaded pre-
dictor reconstructs the hash signature of the next
token sequentially, which is then deterministically
mapped back to a specific discrete text token in the
vocabulary (Hash Decoder). Figure 1 illustrates
the MULTIHASHFORMER architecture.
Our main contributions are as follows:

* We introduce the first hash-based framework
that supports causal language modeling by
preventing token collisions through multi-ID
signature generation.

e MULTIHASHFORMER models consistently
outperform standard Transformer LMs at
100M, 1B and 3B scales across 10 tasks, while
offering better rare word representations.

* We show that our models maintain perfor-
mance while expanding the vocabulary size
from 32K to 48K without any structural
changes, or parameter count increase.

2 Related Work
2.1 Token-Free Models

LMs rely on an embedding matrix that scales lin-
early with the vocabulary size. While subword
tokenizers like BPE (Sennrich et al., 2016) and
SentencePiece (Kudo and Richardson, 2018) miti-
gate vocabulary explosion, they remain constrained
by a fixed, data-derived vocabulary that struggles
with rare or out-of-domain words.

Token-free models such as AU-Net (Videau
et al., 2025), Bolmo (Minixhofer et al., 2025), H-
Net (Hwang et al., 2025), BLT (Pagnoni et al.,
2025), CANINE (Clark et al., 2022), and ByT5

(Xue et al., 2022) bypass the vocabulary bottle-
neck entirely by operating directly on unicode or
byte sequences. However, this approach dramat-
ically increases the input sequence length. Alter-
natively, T-FREE (Deiseroth et al., 2024) avoids
tokenization by embedding words via sparse activa-
tions over locality-based hashed character trigrams.
While parameter-efficient, it relies on character-
level morphological similarity, making it language-
dependent. In contrast, MULTIHASHFORMER is
orthogonal to these approaches. It resolves the vo-
cabulary bottleneck while retaining the sequence
compression advantages of subword tokenization.
By decoupling the parameter matrix from the dis-
crete vocabulary using combinatorial multi-hash
mapping rather than sub-character heuristics, MUL-
TIHASHFORMER remains language-agnostic and
supports any arbitrary tokenization strategy.

2.2 Factorized and Hash-Based Embeddings

To compress the memory footprint of standard em-
bedding matrices, prior work has explored parame-
ter reduction techniques. For example, ALBERT
(Lan et al., 2020) uses matrix factorization to de-
couple the embedding dimension from the hidden
dimension. While this reduces the parameter foot-
print, it still allocates a localized, explicit vector per
token, failing to break the linear scaling constraint.

A different approach is to use random hash
embeddings (Svenstrup et al., 2017), which map
discrete tokens into a highly compressed set of
physical buckets. Architectural extensions like
Proformer (Sankar et al., 2021) and HashFormer
(Xue and Aletras, 2022) demonstrate that token
hashing can be used to train Transformer-based
models. However, compressing a vast vocabu-
lary into a restricted physical bucket space in-
evitably forces multiple tokens to share the same
index. This collision on a single hash function
level prevents deterministic token recovery during



autoregressive generation, restricting these meth-
ods strictly to encoder-only architectures. MUL-
TIHASHFORMER resolves this limitation via the
multi-identifier framework detailed in §3.

3 MultiHashFormer

MULTIHASHFORMER comprises three modules
shown in Figure 1: (1) a Hash Encoder that maps
a discrete input token to a distributed multi-ID sig-
nature and compresses this signature into a sin-
gle dense embedding; (2) a Sequence Process-
ing Backbone that converts these embeddings into
contextualized representations; and (3) a Hash De-
coder that auto-regressively reconstructs the multi-
ID signature of the next token.

3.1 Hash Encoder

Multi-Hash Indexing. To map each dis-
crete token w into the hash signature space,
we use H independent hash functions:
Hi(w), Ho(w), ..., Hu(w). For any non-
padding token, the i-th coordinate of the signature
is computed using the non-cryptographic Mur-
murHash3 (MMH3) algorithm (Senuma, 2025).
The algorithm uses iterative bitwise multiplication
and rotation to diffuse the input, ensuring a
single-bit change yields a uniform, randomized
hash. We use a hash function-specific seed;:

Hi(w) = MMH3(w, seed;)
(mod B—1)+1 ifw # pad.

B denotes the number of discrete hash buckets per
function. H;(pad) = 0 is reserved across H to
denote the padding token. To guarantee that every
token in the vocabulary maps to a collision-free
multi-hash ID, we use an iterative rehashing strat-
egy. If a new token generates a signature that con-
flicts with an existing vocabulary entry, we incre-
mentally modify the seed of the final hash function
(seed ) until an unused signature is found.

Gated Compositional Embedding. We allocate
H separate embedding matrices E() ¢ RB*d
(where ¢ € {1,..., H}) to each hash coordinate
‘H, where d represents the backbone hidden di-
mension. Because hash buckets are shared glob-
ally per function, overlapping tokens that are se-
mantically unrelated inevitably collide. Inspired
by the multi-embedding approach of Guo et al.
(2024), we resolve this ambiguity by compressing
the coordinates into a unified token representation

via a context-aware compositional gate. To deter-
mine the contribution of each bucket, the individ-
ual hash embeddings pass through a feed-forward
bottleneck network with a compression dimension
d, < d, followed by softmax normalization. Fi-
nally, a linear adapter matrix W projects the com-
bined representation into the latent space of the
sequence processing backbone:

- (4)
e = ( alE['HKﬂi),]) Ws,

i=1

where W, € R4 represents the structural
adapter, W; € R%*? and Wy € R%*! sequen-
tially project the representations to an activation
scaler with an non-linear activation above the in-
termediate bottleneck mainifold. Given an input
sequence of tokens (w1, wa, . .., wy, ), the Hash En-
coder processes each token wj to its corresponding
hash embedding e; € R¢.

3.2 Sequence Processing Backbone

X = [e,eq,...,e,]" where X € R"*? passes
through a standard stack of L Transformer layers.
At each time-step ¢, the final layer of the backbone
emits a contextualized latent vector h; € R%: h, =
Transformer(X{, ;). Subsequently, h; is fed to
the Hash Decoder.

3.3 Hash Decoder

To map the continuous hidden states back into the
multi-hash ID signature space, we implement an
auto-regressive Cascaded Predictor. This module
iteratively refines its index predictions. It functions
as a structured error-correcting system where pre-
ceding hashing choices directly constrain and con-
textualize subsequent token-signature inferences.
To anchor this iterative cascade to the sequence
context for predicting the next token w1, the de-
coder initializes its prediction loop with the final
hidden state of the backbone at the current time-
step . Thus, the root state c(!) € R for the logit
computation cascade is defined as ¢(!) = h,.

Logit Computation. For each sequential hash
head i € {1,..., H}, the decoder projects the cur-
rent latent hash state c¢(?) € R to compute a logit
distribution o) € RP over the physical bucket
allocations. This is executed by slicing a dedicated



subspace of the hash head weights W((f) € R9xB;
ol — ng)TC(i)7

where W((f) defines the localized parameter weight
matrix assigned exclusively to the ¢-th coordinate
bucket array. Following Press and Wolf (2017),
we tie the input and output embedding weights by
setting W(()i)T =EO,

Soft Embedding Retrieval. For all non-terminal
heads (i < H), the decoder extracts a continuous
representation of its prediction to pass down the
cascade. We first compute a normalized probability
distribution p(9 € RP across the bucket candidates
via a softmax operation:

p¥ = Softmax(o®).

Using a hard discrete index during intermediate
steps disrupts differentiability. Instead, the module
computes a soft bucket embedding el € R? as
the expected value of the shared embedding matrix
E®, weighted by the logit probabilities:

el = EOTp®

State Update via Cascade Mixer. To propagate
the contextualized trajectory to the next signature
head, the internal hash state requires an update.
We achieve this using a recursive cascade mixer
inspired by tree-structured recursive networks
(Socher et al., 2011; Goller and Kiichler, 1996).
This block concatenates the existing state with the
retrieved soft embedding and routes the joint rep-
resentation through a bottleneck layer. Augmented
with a structural residual connection, the subse-
quent state formulation c("+1) is defined as:

i+ 7 7 7

where o is an element-wise activation, and
W) ¢ R2xb and W) € RV represent the
low-rank projection weights of the bottleneck layer.

3.4 Probability Modeling

Standard autoregressive LMs decompose the
joint probability of the input into a product
of conditional probabilities. In contrast, MUL-
TIHASHFORMER leverages the outputs of the
Hash Decoder to factorize this token-level pre-
diction. Specifically, the normalized distributions
(p(l), e p(H )) produced iteratively by the cas-
caded predictor serve directly as the hash-specific
conditional probabilities P(#;(w;) | -) for each
signature coordinate ¢ € {1,..., H}.

Training Phase. The Hash Decoder maps tokens
into a virtual vocabulary space V,;,; defined by
the total combinations of physical bucket alloca-
tions, where |Vyiri| = B . Because the actual
language vocabulary is highly compact relative to
this space, it forms a strict subset: V.. C Vyire
and |Vyire| > [Vaceu|. Consequently, we allow pre-
dictions over coordinate combinations that might
not map to actual entries in the language vocabulary.
This unconstrained formulation simplifies the opti-
mization objective. The training probability distri-
bution for a given token w is thus optimized via the
product of its independent coordinate probabilities:

H

Ptrain(w ‘ ) = HP(HZ(ZU) | )

i=1

Inference Phase. Allowing unconstrained decod-
ing at inference could cause the model to generate
coordinate combinations that do not map to actual
semantic entries, leaking probability mass into in-
valid signatures. To guarantee the generation of
valid multi-hash ID sequences, we explicitly ex-
clude all unassigned signature during inference.
This requires re-normalizing the probability distri-
bution strictly over the true token vocabulary V,.:

H
[[,.Z, P(Hi(w) | -)
H
> wev,y iz P(Hi(w') | )
By accumulating the log-probabilities of individ-

ual hash IDs, the final step is a standard softmax
normalization over the valid token space V.

Ping(w [ ) =

4 Experimental Setup
4.1 Models

We evaluate MULTIHASHFORMER models against
standard autoregressive LMs across 100M, 1B and
3B parameter scales. All configurations use a
decoder-only Transformer backbone based on the
Qwen3 (Team, 2025) architecture. We use Mistral-
7B-v0.3 (Jiang et al., 2023), a predominantly En-
glish BPE tokenizer with a 32K vocabulary.

Baselines. We use two baseline configurations:
(1) A causal LM with a conventional embedding
matrix E € RVI*? and an equivalent LM head
W, € RVl (Standard); (2) a variant of Stan-
dard with k additional transformer layers to match
the total parameter count of MULTIHASHFORMER
(Standard+kL). This allows us to verify that



any performance improvements in MULTIHASH-
FORMER do not result from increased parameter ca-
pacity.” Embedding and LM head weights are tied
similar to the MULTTHASHFORMER. We match
the hidden dimension d and the number of attention
heads to the MULTIHASHFORMER.

MultiHashFormer. We use the same core se-
quence processing backbone to the baseline config-
urations. We denote variants as HHB B, where H
is the number of independent hash functions and
B is the physical bucket allocation per head. We
evaluate two configurations: H3B10K (H = 3,
B = 10, 240)?, which directly matches the base-
line parameter count, and H4B16K (H = 4,
B = 16, 384), our optimal configuration based
on §6. For brevity, we fix the embedding matri-
ces and projection layer sizes across all vocabulary
settings. The bottleneck projection dimension for
both the Gated Compositional Embedding and the
Cascade Mixer is set to d, = 64 (where d, < d).

4.2 Pre-training Data and Hyperparameters

All models are pre-trained from scratch on a subset
of English FineWeb-Edu (Penedo et al., 2024). Fol-
lowing Chinchilla scaling laws (Hoffmann et al.,
2022), we adjust data volume based on model scale.
The 100M models were trained on 10B tokens, and
the 1B and 3B models on 100B tokens. We use a
global batch size of 256 with a 2,048-token context
window. See Table 7 in Appendix C for details.

4.3 Evaluation Benchmarks

Core capabilities. We include LAMBADA (Pa-
perno et al., 2016) for Language Modeling; Com-
monsense Reasoning (CR) using ARC-Easy (Bhak-
thavatsalam et al., 2021), COPA (Roemmele et al.,
2011), OBQA (Mihaylov et al., 2018), PIQA (Bisk
et al., 2020), HellaSwag (Zellers et al., 2019); and
Reading Comprehension (RC) with RACE (Lai
et al., 2017), SciQ (Welbl et al., 2017), SIQA (Sap
et al., 2019). We evaluate CR + RC using
ReCoRD (Zhang et al., 2018).?

Rare Words. To investigate if the shared bucket
mechanism of MULTIHASHFORMER improve rare
word representations, we evaluate 1B models on

’Due to computational resource constraints, we consider
this variant for 100M and 1B scales only.

3We report normalized accuracy for ARC-E, HellaSwag,
SIQA, OBQA, and SciQ); F1 scores for ReCoRD; and standard
accuracy for all remaining tasks. We use a five-shot setting for
ARC-E, SIQA, and OBQA, while the rest are evaluated in a
zero-shot setting.

the Card-660 dataset (Pilehvar et al., 2018). This
dataset contains word pairs (rare-rare or rare-
frequent) with human-annotated similarity scores.
We compute the cosine similarity between the
words using the final and second-to-last hidden
states corresponding to the last token. Finally,
we measure the correlation between these model-
derived scores and the human annotations.

4.4 Vocabulary Expansion

As mentioned in §1, a key theoretical advantage of
MULTIHASHFORMER is its ability to expand its
vocabulary capacity without increasing its param-
eter footprint. To evaluate this capability, we test
the models on their ability to integrate new tokens
during multilingual vocabulary expansion.

Continual Pre-training Data. We continue pre-
training (CPT) models on a multilingual corpus
containing 6B tokens evenly split across Arabic,
Chinese, and Hindi from FineWeb2 (Penedo et al.,
2025). We also include an extra 2B English tokens
from FineWeb-Edu (Penedo et al., 2024) to miti-
gate catastrophic forgetting. Following Yao et al.
(2021), we add 5K tokens per language, yielding a
final vocabulary of 48K tokens.

Model Configuration. For MULTIHASH-
FORMER, we expand the vocabulary size by
registering new unique virtual (multi-hash ID)
signatures without adding new parameters. For
baselines, the weights of the new tokens within
the embedding matrix are initialized using mean
initialization, a standard protocol where each
new token receives the average embedding of its
corresponding source tokens from the original
tokenizer (Mundra et al., 2024; Tejaswi et al.,
2024; Yamaguchi et al., 2025, 2026). To reduce
computational overhead, we only update the
embedding layer, the LM heads for the Standard
baselines, and the hash encoder and decoder for
MULTIHASHFORMER. Following Remy et al.
(2024); Owodunni and Kumar (2025); Nakash
et al. (2025), the first two and last two Transformer
layers are also updated. See Table 8 (Appendix C)
for full details.

Evaluation. We use five multilingual tasks
from MuBench (Han et al., 2025), which
are HellaSwag, TruthfulQA (Lin et al., 2022),
StoryCloze (Mostafazadeh et al., 2016), and



#Param Lang. Model. Commonsense Reasoning Reading Comprehension CR+RC
Model Emb Dec LAMBADA ARC-E COPA OBQA PIQA HellaSwag RACE SciQ SIQA ReCoRD
Rnd. Guess 25.00 50.00 25.00  50.00 25.00 25.00 25.00 25.00 19.10
Standard 25M 87 15.33 41.33 64.00 27.00  58.87 28.59 2641  59.00 3598 49.47
g Standard+4L 25M  116M 19.64 45.08 64.00 27.00  60.17 29.99 2679  62.60  36.80 53.08
= MHF (H3B10K) 25M  87TM 16.40 4491 61.00 2640  60.23 27.81 27.18 5550  37.00 48.21
MHF (H4B16K) 52M  87M 18.79 45.24 62.00 27.60  59.03 27.99 2842 58.00 36.03 50.11
Standard 65M  0.9B 30.41 59.85 64.00 31.60  65.78 38.99 2938  69.90  39.10 63.20
o  Standard+2L 65M 1.0B 30.66 60.23 65.00 3120  65.02 39.85 29.28 7210  38.89 63.78
MHF (H3B10K) 65M  0.9B 35.78 61.95 65.00 34.00  68.17 40.45 29.00 6830  40.48 64.51
MHF (H4B16K) 138M  0.9B 35.34 64.35 71.00 29.80  66.49 41.32 31.39 7020  41.66 64.90
x Standard 65M  2.8B 28.64 60.23 65.00 31.80  65.83 39.65 29.76  64.80  38.28 62.26
[ag]
MHF (H4B16K) 138M  2.8B 37.26 66.88 68.00 34.60 6839 42.89 3091  70.60  40.74 64.13

Table 1: Performance of standard and our MULTTHASHFORMER models. Bold denotes best performance.

MMLU (Hendrycks et al., 2021).* We also in-
clude the English benchmarks from §4.3 to track
catastrophic forgetting.

5 Results
5.1 Core Capabilities

Table 1 presents the performance of the baselines
alongside MULTIHASHFORMER (MHF) models
across the 100M, 1B, and 3B parameter scales.

Efficacy while scaling parameter counts. We
first observe that as the model capacity increases
from 1B to 3B parameters, MHF (H4B16K) con-
sistently outperforms the baseline on 9 out of 11
tasks. Specifically, on the LAMBADA task, MHF
(H4B16K) offers substantial gains of 4.93% and
8.62% over the Standard baseline (30.41% and
28.64%) at the 1B and 3B scales, respectively. Al-
though the standard LM baseline achieves higher
scores on OBQA at the 1B scale, the overall results
indicate the efficacy of MULTIHASHFORMER in
capturing contextual dependencies.

Gains under strict parameter matching. When
matching the parameter count at the 1B scale,
MULTIHASHFORMER variants offer superior
performance compared to baselines. Specifically,
MHF (H3B10K) and MHF (H4B16K) outperform
Standard and Standard+2L baselines on 8 out of
10 tasks, respectively. Notably, MHF (H4B16K)
achieves 64.90 on ReCoRD, surpassing the 63.78
of Standard+2L. Similarly, MHF (H3B10K) out-
performs Standard on COPA with 71.00 vs. 65.00.
These results suggest that decoupling the vocab-
ulary is effective. Allocating more parameters to

*We only include tasks where all Standard baselines out-
perform random guessing. For MMLU, we apply this filtering
criterion at the subtask level and report the average over the
retained subtasks. We report zero-shot accuracy for MMLU
and normalized accuracy for the remaining tasks.

the embeddings improves performance more than
adding more layers to the model on larger scales.

Per-task performance. Looking at specific tasks,
we note a performance trade-off based on the hash
configuration. On OBQA, models with fewer hash
buckets achieve higher accuracy. This reversal
likely stems from the long-tail distribution of the
dataset. A large bucket allocation fragments the em-
bedding space for sparse vocabulary items, which
degrades the representation of rare factual tokens.
Conversely, reading comprehension requires high
representational capacity to prevent coordinate-
level collisions between tokens across complex con-
texts. At the 1B scale, the lower-capacity MHF
(H3B10K) variant underperforms the Standard
baseline on SciQ (68.30% vs. 69.90%) and RACE
(29.00% vs. 29.38%), although it outperforms
the baseline on SIQA (40.48% vs. 39.10%). Ex-
panding the physical bucket allocation to the MHF
(H4B16K) configuration improves these scores to
70.20% on SciQ and 31.39% on RACE, surpass-
ing the Standard baseline. MULTIHASHFORMER’s
strong performance on LM and reasoning tasks
stems primarily from its ability to mitigate the soft-
max bottleneck (Yang et al., 2018), which is fur-
ther analyzed in Appendix A. This advantage is
especially evident in LAMBADA, which requires
predicting specific, context-dependent words, and
HellaSwag, which tests narrative logic. Our model
effectively distinguishes between high-probability
candidates that Standard baselines often conflate.

Performance saturation at 100M. At the 100M
scale, the decoder size is more important than the
vocabulary representation. MULTIHASHFORMER
variants do not consistently outperform Standard
baselines, especially on COPA, HellaSwag, and
ReCoRD. Instead, increasing decoder depth by 4
layers is better across 7 tasks. We attribute this to
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Figure 2: MULTTHASHFORMER (blue shades, diamond marker) are similar or better than Standard (orange shades,
circle marker) at 1B and 3B scales after expanding the vocabulary from 32K to 48K without adding a single new
parameter. Black horizontal lines denote random baseline performance per task.

Model Last Hidden States Second-to-Last Hidden States

Pearson 1 Spearman p1 Pearsonr?  Spearmanp T

0.20 0.22 0.26 0.25
0.23 0.23 0.32 0.29

0.22 0.22 0.29 0.29
0.20 0.26 0.30 0.32

Starndard
MHF (H3B10K)

Standard+2L
MHF (H4B16K)

Table 2: Correlations between human annotations and
cosine similarities computed from the last two hidden
states of the 1B models on the Card-660 dataset.

three constraints of smaller and shallower archi-
tectures: (1) restricted hidden dimensions conflate
distinct tokens with similar hash signatures; (2)
shallower depth prevents the model from contex-
tualizing and disambiguating these embeddings;
and (3) narrower hidden states restrict the rank
upper bound (see our theoretical analysis in Ap-
pendix A), degrading log-probability estimation.
Consequently, MULTTHASHFORMER scales more
effectively with larger decoders.

5.2 Rare Word Representations

Table 2 shows the correlation coefficients on the
Card-660 dataset. The MULTIHASHFORMER
variants consistently outperform Standard models
while maintaining an equivalent parameter count.
We find that MULTIHASHFORMER is better at iden-
tifying semantically equivalent word pairs (see ex-
amples in Appendix B). This performance gap is
particularly evident when analyzing hidden states
from the second-to-last decoder layer, where repre-
sentations are less biased toward the specific train-
ing tasks. Our model effectively captures semantic
representations of rare vocabulary items by forcing
sparse tokens to share representational capacity.

5.3 Vocabulary Expansion

Figure 2 illustrates the performance of the adapted
baselines compared to the adapted MULTIHASH-

FORMER models at 1B and 3B parameter scales
across Arabic, Hindi, Chinese, and English. No-
tably, both the 1B and 3B MHF (H4B16K) models
consistently outperform Standard on 12 and 13 out
of 22 multilingual tasks, respectively. They achieve
this without the additional 31-million-parameters
needed to accommodate 15K new tokens in the
expanded vocabulary of the Standard baselines.
We further find that MHF (H3B10K) and MHF
(H4B16K) perform comparably (difference smaller
than 1%) on 15 out of 22 tasks. This indicates
that performance remains robust during vocabulary
expansion. Furthermore, under a strict parameter-
count matching constraint prior to vocabulary ex-
pansion, MHF (H3B10K) and MHF (H4B16K)
achieve better or comparable performance to the
Standard models on the majority of English tasks
(6 and 9 out of 10, respectively). This suggests
that MULTIHASHFORMER does not suffer from
more catastrophic forgetting relative to Standard. It
successfully supports a 46.9% larger multilingual
vocabulary without a single additional parameter
while preserving its core capabilities in English.

6 Analysis

We further analyze the core architectural compo-
nents of MULTIHASHFORMER. Due to computa-
tional resource constraints, we conduct this analy-
sis at the 1B parameter trained up to 20B tokens.

Single vs. Multi-hash ID. To demonstrate the
necessity of Multi-ID signatures, we evaluate
three different MULTIHASHFORMER configura-
tions (H4B4K, H4B8K, and H4B16K) against
their Single-ID counterparts (H1B4K, H1BS8K,
and H1B16K). Table 3 presents the results on
LAMBADA. Models with Multi-ID signatures
consistently outperform those using Single-ID sig-



MHF B4K BSK B16K
H1 4.29 8.77 14.30
H4 30.27 30.47 30.91

Table 3: LAMBADA accuracy across different MHF
(H4B B) configurations against their corresponding vari-
ants HI1B B using Single-ID signature.’

Lang. Model.
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Figure 3: Average scores on four core capabilities across
1B MULTIHASHFORMER variants at against their pa-
rameter counts in embeddings (vertical bars). Horizon-
tal dotted lines represent the Standard baseline.

natures across all configurations (B4K, B8K, and
B16K). Specifically, the performance difference
is higher at lower bucket capacities (B4K), where
H4B4K achieves 30.27% accuracy compared to
the 4.29% of H1B4K. Expanding the capacity to
B16K with Single-ID only improves accuracy to
14.30%. These results suggest that a signature
collision severely degrades the core capability
of the model. Employing Multi-ID signatures
to prevent such collisions is more effective than
increasing the number of hash buckets.

Varying Hash Functions and Bucket Size. To
evaluate the impact of hash configuration on pa-
rameter efficiency and downstream performance,
we test various combinations of hash functions (H)
and bucket sizes (B). Figure 3 illustrates average
scores on four core capabilities of MULTIHASH-
FORMER variants against their embedding parame-
ter counts, across different combinations of H and
B. All MULTIHASHFORMER configurations con-
sistently outperform Standard on Language Model-
ing and Commonsense Reasoning, including vari-
ants that utilize strictly smaller embedding matri-
ces, such as H3B4K, H4B4K, and H3B8K. Al-
though scaling both H and B sharply increases
the embedding parameter count, the corresponding

SHIBB use single value for 4 coordinates to strictly match
the number of parameters in H4 B for a fair comparison.

LSH:MMH3 0:4 1:3 2:2 3:1 4:0
LAMBADA 3091 30.60 30.80 31.40 31.36
Table 4: LAMBADA accuracy across different

MHF(H4B16K) variants while replacing a different
number of MMH3 functions to LSH.

accuracy scores remain stable. Specifically, the
best-performing variant improves over the lowest
by only 4%, despite a tenfold increase in param-
eter count from 10M to 102M. Consequently, the
H4B16K variant achieves an optimal balance be-
tween parameter efficiency and predictive accuracy.
We therefore adopt H4B16K as the primary con-
figuration for the 1B and 3B scaling experiments
presented in §5.1.

MMH3 vs. LSH. We also investigate whether
incorporating Locality-Sensitive Hashing (Datar
et al., 2004, LSH) enhances the general capability
of the model by capturing morphological similar-
ity. Because LSH maps structurally similar input
features to identical hash buckets with high proba-
bility, applying it to character-level trigrams tends
to force subwords with similar spelling to share em-
bedding representations. To evaluate this mecha-
nism, we pre-train three additional MHF (H4B16K)
variants from scratch at a 1B-parameter scale, keep-
ing the dataset and hyperparameters identical. Ta-
ble 4 presents the performance of these models
on LAMBADA. Increasing the proportion of LSH
functions while fixing the total number of hash
functions does not yield a consistent accuracy im-
provement. This outcome suggests that explicitly
injecting a morphological inductive bias is not nec-
essary given the inherent computational complexity
of LSH compared to MMH3. The standard deter-
ministic random hashing of MMH3 provides suffi-
cient representational flexibility for the network to
learn subword relationships entirely end-to-end.

7 Conclusion

We introduced MULTIHASHFORMER, a generative
framework that leverages multi-hash structures to
bypass traditional vocabulary bottlenecks. Empiri-
cal evaluation demonstrates that it offers improve-
ments both in core capabilities and rare word rep-
resentations. Furthermore, the framework enables
seamless vocabulary expansion without requiring
additional parameters.



Limitations

Model size. Due to computational resource con-
straints, we restrict our evaluation to models at
the 100M, 1B and 3B scales. Following the pro-
tocol of Cheng et al. (2024), 1B and 3B models
were trained from scratch within a standard aca-
demic budget of 100B tokens. While MULTIHASH-
FROMER shows an upward performance trajectory
with model size, exploring larger scales (e.g., 7B+
parameters) remains a valuable direction for in-
stitutions with access to the required computing
resources.

Single seed. Due to the high computational cost
of pre-training 1B and 3B parameter models from
scratch for 100B tokens, conducting multiple train-
ing runs was prohibitive under our academic infras-
tructure constraints. Consequently, our empirical
results are based on a single seed per configura-
tion. However, the consistent performance gains
observed across both the 1B and 3B scales demon-
strate the robustness of the MULTIHASHFORMER
framework. This consistency indicates that the im-
provements introduced by our Hash Encoder and
Hash Decoder stem from inductive bias rather than
random sampling variance. Furthermore, adopting
the established hyperparameter protocols of Li et al.
(2025) and Cheng et al. (2024), we ensure standard
and reproducible training dynamics.
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A Softmax Bottleneck

A.1 Preliminaries

Language models (LMs) define the conditional dis-
tribution Py(w|c) by applying a softmax function
to a linear projection of the hidden state h;:

exp htT W

P, =
o (wlc) S exp by wo

where both the context vector hy(ci;6) and
the word embedding w,, (w;;0) are on a d-
dimensional space. Their inner product, h, w,,
defines the logit. To analyze the expressive capac-
ity of the softmax function, we define the following
three matrices and their log-probabilities:

Hy=[hy,...,h,]", W,;,=
A = [ai,j]nx\v\ S Rnxlv|7

[Wl7 e ,W|V|]T

where a; ; = logp* (w;|c;)

* eXp(h;er)
1 =1 _
ogp”(wlc) = log <Zw’ exp(hy W)

=h/ w, — log Z exp(h?ww/)

w’!

H, € R™*? denote the matrix of h; and Wy €
RIVIX is the projection matrix for all tokens in the
vocabulary. The matrix A € R™*VI contains the
log probabilities of the true data distribution. We
index H and W by 6 to indicate that both represent
functions within a joint family &/ parameterized by
0. In practice, Hy is realized via a Transformer-
based LM, while Wy is instantiated as a learned

token embedding lookup table.
We further define a set of matrices, F'(A), gen-
erated by applying a row-wise shift to A:

F(A)={A +AJ, vy, | A € R"*" is a diagonal matrix}

where J;, 1| € R™*IVI denotes the all-ones matrix.
This row-wise shift operation effectively adds a
unique scalar constant to each element of A’s rows.
Since the diagonal entries of A can be any real val-
ues, F'(A) constitutes an infinite set characterized
by two key properties:

Property 1. For any matrix A’, A’ € F(A) if and
only if Softrmax(A’) = P*. Thus, F(A) represents
the set of all logit matrices that recover the true
data distribution.

Property 2. For any Aj, Ay € F(A) such that
A # Ay, it holds that |rank(A1) — rank(A2)| <
1. Hence, the matrices in F'(A) maintain consis-
tent ranks, with a maximum discrepancy of one.

Given Property A.1, we establish:

Lemma 1. Given a model parameter 0, HQW;— €
F(A) ifand only if Py(X|c) holds forall c € L.

Following this lemma, expressiveness is framed
as follows: does there exist a parameter 6 and a
matrix A’ € F(A) satisfying HyW,] = A’. LMs
learn matrices Hy and Wy to factorize a target
matrix A’ € F(A). For a valid factorization,
the rank of the product H(NV;,r must be at least
equal to the rank of A’. Because Hy € R"*¢
and Wy € RIVIX?| the rank of this product is
strictly upper-bounded by the embedding dimen-
sion d. Consequently, if d > rank(A’), a univer-
sal approximator can recover A’. Conversely, if
d < rank(A'), no pair (Hy, Wy) can recover A’,
regardless of the expressiveness of Uf.

Proposition 1. Assuming the function family U is
a universal approximator, there exists a parameter
0 such that Py(X|c) = P*(X|c) forall c € L if
and only if d > minpscp(a) rank(A’).

By combining Proposition A.1 with the proper-
ties of F'(A) outlined in Property A.1, Yang et al.
(2018) define the Softmax Bottleneck:

Corollary 1. (Softmax Bottleneck). If d <
rank(A) — 1, then for any function family U that
acts as a universal approximator, there is no pa-
rameter 0 such that Py(X|c) = P*(X|c) for all
c € L. That is, Py(X|c) # P*(X|c) must hold for
at least some contexts.

This demonstrates that an insufficient dimension
d restricts Softmax from expressing the true data
distribution. The conclusion is not restricted to
a finite language £. Because when L is infinite,
one can always take a finite subset and the softmax
bottleneck still exists.

A.2 MULTIHASHFORMER as a Mitigation
Strategy

While training, MULTIHASHFORMER approxi-
mates elements in A by

long

:Zlogp*(?-[ w)le
(exp( COTw® i gi)(w)>
2=

L exp(etTwl)

log p” (wlc)

w0
Wi (w) T (w)

= Zlog

— Z log Z exp(c(i)ng.i))
=1 j=1



The model projects representations to coordinates
of the hash signature, using H localized parameter
weight matrices assigned exclusively to i-th coor-
dinate bucket array, ng) € R¥*EB_ These coordi-
nates are then mapped to the true vocabulary space
via transition matrices 7(?) € {0,1}5*IV]. Here,
each column of 7() is a one-hot vector, satisfying
Zle W(Z])C = 1 for every column k.

The estimation could be further written in a matrix
form:

H
Anypr = ZH((,Z)WSL)TW(Z)

i=1
H B ) )
-3t (St wi )|
i=1 j=1

Consequently, rank(AMHp) < min(n, B, Ve
H x min(d,B)) = min(B, H x d), where H
denotes the number of hash functions config-
ured by MULTIHASHFORMER, B denotes the
number of discrete hash buckets per function,
and d is the dimensionality of the latent hash
state vectors c(Y. Given that the rank of Stan-
dard baselines is bounded by rank(AStandard) <
min(d, n, [Vaen.|) = d, MULTIHASHFORMER el-
evates the upper bound of this rank to enhance
model expressiveness, while employing multi hash
functions and non-linear transformation between
latent hash state vectors. This aligns with the intu-
ition that aggregating multiple distinct observations
inherently improves estimation accuracy.

During inference, although we exclude all unas-
signed signatures, the rank upper bound remains
invariant between training and inference. This sta-
bility stems from the fact that the row-wise parti-
tion function does not contribute to the final up-
per bound of the rank. While MultiHashFormer
does not produce an arbitrary rank, it elevates the
rank of the conditional distribution matrix. This
improvement drives performance gains in high-
entropy reasoning tasks, including LAMBADA and
HellaSwag.

B Rare Word Examples from Card-660

We first look to word pairs with high human-
annotated similarity to serve as hard examples for
our illustration. Table 5 presents examples of high-
similarity word pairs from the Card-660 dataset.
We compare normalized human annotation scores
against cosine similarities derived from the second-
to-last decoder layers of the 1B Standard base-
line and MULTIHASHFORMER. Compared to the

Word Pair Human Stnd. H3B10K Stnd.+2L H4B16K
Abbrevation
retweeting
<+ RTing 1.00 0.56 0.65 0.47 0.71
science-fiction
> sci-fi 1.00 0.77 0.90 0.77 0.86
Brooklyn
> Brklyn 1.00 0.45 0.53 0.46 0.61
Internet Explorer 4
< IE4 1.00 0.51 0.61 0.53 0.61
1TV2
< ITV Two 1.00 0.51 0.60 0.43 0.52
electrolytic polishing
<+ electropolishing 0.99 0.74 0.83 0.62 0.87
Alias
full-HD
< 1080p 1.00 0.55 0.72 0.40 0.67
Malva parviflora
<> cheeseweed 1.00 0.52 0.58 0.57 0.61
first milk
< colostrum 1.00 0.54 0.64 0.53 0.69
little bee-eater
<> Merops pusillus 1.00 0.48 0.60 0.51 0.64
Misspelling
leggin
<> legging 1.00 0.59 0.57 0.39 0.60
tariga
4 tariqah 1.00 0.77 0.82 0.72 0.82
shit
<> shxt 0.99 0.17 0.53 0.22 0.52
sweeeet
< sweet 0.99 0.36 0.45 0.37 0.52
Synonym
25
<> twenty-five 1.00 0.75 0.81 0.75 0.84
shapeless
> amorphous 0.99 0.38 0.50 0.51 0.63
unforeseen
<> unanticipated 0.97 0.82 091 0.83 0.93

Table 5: Examples of word pairs from Card-660 with
high human-annotated similarity scores (normalized to
[0, 1]), compared against cosine similarities computed
from the second-to-last decoder layer of the 1B Standard
baselines and MULTIHASHFORMER models.

Standard baseline, MULTIHASHFORMER consis-
tently assigns higher similarity scores to semanti-
cally equivalent word pairs, such as abbreviations,
aliases, misspellings, and synonyms. Examples
from word pairs with low similarities and medium
similarities are shown in Table 6.



Word Pair Human Stnd. H3B10K Stnd.+2L H4B16K
Low

NetMeeting

< Marwar Hall 0.00 0.37 0.41 0.39 0.34

Park Ji-sung

<> Yosemite Park 0.00 0.36 0.49 0.36 0.43

Pizza Hut

> Pizzle rot 0.02 0.29 0.25 0.31 0.27

cheddah

<> cheddar 0.06 0.44 0.23 0.47 0.51

cheddah

<> cheddar 0.06 0.44 0.23 0.47 0.51

Apple

<> Applebees 0.10 0.49 0.56 0.49 0.65
Medium

Ben-Hur

<« Titanic 0.39 0.40 0.39 0.27 0.50

radionavigation

<> frequency band 0.44 0.37 0.44 0.34 0.42

night sky

> skyglow 0.49 0.60 0.65 0.60 0.64

circus

<+ ropedancer 0.50 0.46 0.56 0.51 0.47

transmigration

<+ residence permit 0.52 0.44 0.64 0.50 0.57

Head tilt

<> cervix 0.52 0.35 0.49 0.34 0.49

C.2 Hyperparameters for VE
Continual-pretraining

Hyperparameters 1B 3B

Adaptive Decoder Layer Indices  [1,2,19,20] [1,2,35,36]
Attention dropout 0.0 0.0

Tie word embeddings True True
Vocabulary size 48,122 48,122
Tokenizer expanded expanded
Mistral Mistral
Batch size 256 256
Train steps 16K 16K
Sequence length 2,048 2,048
Maximum Learning Rate 3e-4 2e-4
Learning rate scheduler cosine cosine
Warmup steps 800 800
Optimizer AdamW  AdamW
Adam € le-8 le-8
Adam S 0.9 0.9
Adam (2 0.999 0.999
Gradient clipping 1.0 1.0
Weight decay 0.1 0.1
Training precision BF16 BF16

Table 6: Examples of word pairs from Card-660 with
low and medium human-annotated similarity scores
(normalized to [0, 1]), compared against cosine sim-
ilarities computed from the second-to-last decoder layer
of the 1B Standard baselines and MULTIHASHFORMER
models. A human annotation score of 1.00 indicates
semantic equivalence.

C Hyperparameters

C.1 Hyperparameters for Pre-training

Hyperparameters 100M 1B 3B
Hidden size 768 2048 2048
Intermediate size 2560 6144 11008
Max window layers 12 20 36
Added layers (if scaling the depth) 4 2 1
Number of attention heads 12 16 16
Number of hidden layers 12 20 36
Number of key value heads 2 8 2
Rope theta IM 1M M
RMS norm eps le-06 le-06 le-06
Attention dropout 0.0 0.0 0.0
Tie word embeddings True True True
Hidden activation SiLU SiLU SiLU
Initializer range 0.02 0.02 0.02
Vocabulary size 32,768 32,768 32,768
Tokenizer Mistral Mistral Mistral
Batch size 256 256 256
Train steps 20K 200K 200K
Sequence length 2,048 2,048 2,048
Maximum Learning Rate Se-4 3e-4 2e-4
Learning rate scheduler cosine cosine cosine
‘Warmup steps 2000 2000 2000
Optimizer AdamW AdamW AdamW
Adam e le-8 le-8 le-8
Adam f3, 0.9 0.9 0.9
Adam £ 0.999 0.999 0.999
Gradient clipping 1.0 1.0 1.0
Weight decay 0.1 0.1 0.1
Training precision BF16 BF16 BF16

Table 7: Hyperparameters of pre-training at each model
scale.

Table 8: Additional hyperparameters of continual-
pretraining at each model scale.

D MultiHashFormer Abbrevations and
Configurations

Table 9 presents the detailed configurations of
MULTIHASHFORMER variants along with their
abbreviations.

MHF abbr. H B
H3B4K 3 4,09
H3B8K 3 8,192
H3B10K 3 10,624
H3B16K 3 16,384
H4B4K 4 4,096
H4B8K 4 8,192
H4B16K 4 16,384
H4B32K 4 32768

Table 9: Detailed configurations of MULTIHASH-
FORMER variants along with their abbreviations.
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