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Abstract

Diffusion large language models (dLLMs) gen-
erate responses by iteratively unmasking and
revising many positions in parallel. This pro-
cess leaves a rich denoising trace depicting
which tokens become confident, which remain
unstable, and when commitments form. Ex-
isting dLLM reinforcement learning methods
use this signal only weakly. Flat rollouts are
cheap, but assign a single outcome reward to
the whole trajectory. Tree rollouts provide finer,
verifiable training signals by branching par-
tial trajectories and propagating leaf rewards
upward, but is compute intensive. We ask
whether the denoising trace itself can provide
tree-like supervision without tree-level com-
pute. We introduce CAPR (Cached-Amortized
Path Refinement), a dLLM-RL algorithm that
summarizes the denoising trace into a compact
path state, uses cached trajectory states to gen-
erate cheap sibling continuations, and trains
a block-level value head for local block-wise
supervision. Under a block-wise unmasking
schedule, CAPR records path-state and block-
progress features, then redistributes the final
outcome reward across blocks according to the
tokens revealed in each block. This trains the
value head to convert one sparse reward into
block-level PPO weights. CAPR therefore re-
covers much of the granularity of tree search
while avoiding full tree expansion, reducing
rollout-generation cost to roughly 0.75x of
flat rollouts and 0.6 x of tree rollouts (at stan-
dard setting). Across 4x4 Sudoku, Countdown,
GSMSK, and Math500, on dense and mixture-
of-experts LLaDA backbones, CAPR sets a
new state of the art for RL-tuned dLLMs at
256- and 512-token budgets. On Sudoku, it
matches the strongest tree-structured baseline
at less than one third of the per-step compute.

1 Introduction

Diffusion large language models (dLLMs) (Nie
et al., 2025b; Zhu et al., 2025b) generate text by de-
noising a fully masked sequence over many parallel

steps. At every step, the model exposes a predic-
tive distribution for every masked position. This is
a rich trace of how the answer forms, but current
reinforcement learning (RL) based post-training
for dLLMs (Zhao et al., 2025a; Zhu et al., 2025a;
Tang et al., 2026; Xie et al., 2026; Pan et al., 2026)
uses little of it. An end-of-generation reward must
still be assigned across many denoising steps and
token blocks, so the learner has no direct signal for
which step fixed an important token and which step
merely changed an irrelevant one.

Existing RL methods for dLLMs sit at two ex-
tremes. Flat-rollout methods assign the same out-
come reward to all steps. They are cheap, but
they cannot tell which denoising decisions mat-
tered. Tree-rollout methods (Pan et al., 2026) fork
alternative continuations and compare their final
rewards. They obtain finer advantages, but their
cost grows quickly with branching factor and depth.
Figure 1 (right) shows this cost-granularity trade-
off. The denoising trace offers a third route. At
each step, a position either becomes more stable
and confident, or it keeps changing. Figure 1 (left)
illustrates this on a simple prompt (“7+5:”). By
step three the tens digit has settled at 1, while the
units digit is still oscillating. The trace therefore
tells us which positions are becoming committed,
without running a tree search. The key question is
how to convert this trace into a learning signal.

We answer this question with CAPR(Cached-
Amortized Path Refinement), an RL algorithm for
block-based dLLMs. CAPR consists of three broad
mechanisms. a) Cache & Steer: CAPR records
the early denoising steps, builds a compact path
state from confidence and stability at each posi-
tion, and reuses this cached prefix for producing
sibling rollouts or branches. The path state is used
immediately at every denoising step to steer the
next-step logits, reinforcing stable commitments
and damping oscillating ones. b) Branch & Prune:
At a fixed mid-trajectory step, CAPR branches a
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Figure 1: The denoising trace contains information that current RL methods do not use. Left: each masked position
has a sequence of provisional predictions however stable and confident positions can be separated from positions
that keep changing. Right: prior dLLM-RL methods occupy two extremes of the cost—granularity plane. Flat
rollouts are cheap but give one scalar advantage per trajectory, d-TreeRPO (Pan et al., 2026) pays tree-expansion
cost for a small number of segment-level advantages. The approach introduced in this paper named, CAPR, uses the
trace to obtain per-block advantages at roughly 0.75x flat-rollout cost.

small number of Gumbel-perturbed sibling contin-
uations (rollouts when completed) from the cached
prefix. At block boundaries, it keeps the siblings
whose path states indicate the strongest commit-
ments while pruning others. Finally, a small c)
Block Critic that reads the path state at each block
boundary and converts the outcome reward into one
advantage per block for the PPO update. Figure 2
depicts the three mechanisms. This design keeps
the useful part of tree methods which makes local
comparison among alternatives, without expanding
a full tree.

Due to caching and pruning, CAPR is much
more efficient compared to both flat rollouts as
well as tree rollouts. Figure 1(right) shows that
CAPR consumes 0.75x of the flat rollout gener-
ation cost. At standard d-TreeRPO tree rollout
settings of branching factor= 4 and tree depth= 2,
CAPR incurs 0.6 of the tree rollout generation
cost as shown in Table 6 in Appendix B.

CAPR is not just efficient but also more accurate
compared to both flat and tree rollouts. On four
reasoning benchmarks (4 x4 Sudoku, Countdown,
GSMBS8K, Math500) and two open-source LLaDA
backbones spanning dense and mixture-of-experts
variants, CAPR sets a new state of the art for RL-
tuned dLLMs at both the 256-token and 512-token
decoding budgets. On Sudoku, it matches the
strongest tree-structured baseline at less than a third
of the per-step compute (Table 2). Ablations show
that all three mechanisms help, with per-block ad-
vantages providing the largest gain.

Contributions.

* A denoising trace-based view of RL for masked
dLLMs: confidence and stability along the de-
noising path can be turned into per-block advan-
tages, without full tree expansion.

* CAPR, a block-based RL algorithm that caches

early denoising outputs, amortizes sibling roll-
outs from the cached prefix, steers each next de-
noising step with a path state, and uses a block
critic to turn the final reward into one advantage
per block for PPO.

* State-of-the-art results for RL-tuned dLLMs at
both 256-token and 512-token decoding bud-
gets across four reasoning benchmarks and two
LLaDA backbones, with less than a third of the
per-step compute of the strongest tree-structured
baseline on Sudoku.

2 Related Work

Diffusion language models. Diffusion language
models generate text by iteratively denoising
masked tokens rather than predicting strictly left to
right (Nie et al., 2025b; Zhu et al., 2025b; Sahoo
et al., 2024; Shi et al., 2024; Nie et al., 2025a; Ye
et al., 2025b,a; Labs et al., 2025; Song et al., 2025).
This decoding process exposes a distribution over
every masked position at every step, which makes
dLLMs a natural setting for trace-based training sig-
nals. Recent open models and paradigms, including
LLaDA-1.5 (Zhu et al., 2025a), LLaDA-MoE (Zhu
et al., 2025b), Dream-7B (Ye et al., 2025a), and
SDAR (Cheng et al., 2025), have made dLLMs
strong reasoning backbones. We use the dense and
MoE LLaDA variants in our experiments.

RL post-training for dLLMs. Most RL methods
for dLLMs differ in how they assign an outcome
reward to the denoising process. Flat-rollout meth-
ods, including Diffu-GRPO (Zhao et al., 2025a),
VRPO (Zhu et al., 2025a), wdl (Tang et al., 2026),
and d2-stepMerge (Wang et al., 2026), keep sam-
pling cheap by applying one trajectory-level reward
to all token updates. This makes the update sim-
ple, but it does not identify which denoising steps



or blocks mattered. Step-aware methods such as
SAPO (Xie et al., 2026) and TraceRL (Wang et al.,
2025) attach more local signals inside a rollout,
but they do not use the denoising trace to learn a
block-level value function. Tree-based methods,
especially d-TreeRPO (Pan et al., 2026), compare
branched continuations and produce segment-level
advantages. They are effective, but the cost grows
rapidly with branching factor and depth. CAPR
targets the gap between these regimes. It keeps the
rollout structure close to flat sampling, but uses the
trace to produce one advantage per block.

Concurrent work explores related ways to stabi-
lize or enrich dLLM-RL, including consistency-
trajectory regularization (Yang et al., 2025a),
lateral-thought reinforcement (Huang et al., 2025b),
multimodal RL for dLLMs (Yang et al., 2025b),
entropy and anchoring objectives (Yang et al.,
2026; Cui et al., 2025; Li et al., 2026), boundary-
aware updates (Lin et al., 2025), MDPO (He
et al., 2025), principled denoising objectives (Ou
et al., 2025), and inpainting-style RL (Zhao et al.,
2025b). CAPR is complementary to these direc-
tions. Its main contribution is to convert the denois-
ing trace into reusable path states and per-block
PPO weights.

Connections to policy optimization and guided
decoding. CAPR’s block critic is a lightweight
actor—critic component (Sutton, 1988; Schulman
et al., 2016, 2017) adapted to sparse, outcome-
only rewards. It reads features that are specific
to masked decoding: path-state statistics, block
progress, prompt-level reward statistics, and the
tokens revealed so far. A slowly-updated target
copy (Lillicrap et al., 2016) and a small replay
buffer keep this online value head stable.

The steering shift is related to guided decoding,
but it does not use an external classifier or reward
model. It uses the model’s own trace. Stable, confi-
dent positions receive a small positive bias on the
next denoising step, while oscillating positions are
damped. The form follows the additive logit con-
trol induced by linearly-solvable MDPs (Todorov,
2006). Finally, CAPR uses a one-sided x? trust
region to suppress rare token-level log-ratio spikes
without penalizing all policy movement equally.
This is related in spirit to asymmetric clipping (Yu
et al., 2025; Xie et al., 2026) and policy-gradient
stabilization (Cui et al., 2025; Zhang et al., 2025;
Tan et al., 2026; Zheng et al., 2025), but it is ap-
plied to token-level dLLM updates with an explicit

upper-tail trust-region interpretation.

3 Method

3.1 Preliminaries

A masked dLLM 7y generates a completion y for
prompt ¢ over N denoising steps, moving from
zy = [q; IMASKI®] to 29 = [g; y]. Block decod-
ing partitions the L completion tokens into blocks.
Flat GRPO (Shao et al., 2024) optimizes a clipped
policy-gradient objective with a rollout-level out-
come advantage shared by all tokens in the comple-
tion. Tree methods (Pan et al., 2026) obtain more
local advantages by comparing branched contin-
uations. CAPR keeps the sampling pattern close
to flat GRPO, but replaces the single rollout-level
advantage with one advantage per block. We write
1i5(0) = mo(yi;)/ o, (ysj) for the token-level im-
portance ratio used by the PPO update in CAPR.

The CAPR methodology is illustrated in Fig. 2.
During the early denoising steps it records how
each masked position behaves across steps. Sta-
ble, confident positions are treated as emerging
commitments, oscillating positions are treated as
unresolved. This record is compressed into a path
state. The path state is then used in three ways: it
steers the transition z; to z;_1, later branches reuse
a cached prefix, and it gives the block critic the
information needed to turn one final reward into
one advantage per block.

3.2 CACHE & STEER

At each denoising step ¢, CAPR reads how each
position j is behaving by recording confidence in
the current top token, entropy of the probability
distribution per position at the current step, and
whether the top token stayed stable across denois-
ing steps. These are packed into a small feature
vector <;5§-t) = (cg-t), sg.t), eg.t), ag-t)) where c¢; is con-
fidence, s; is top-token stability, e; is normalized
entropy, and a; is certainty. The feature computa-
tions are defined in App. A.1.

The path state hg-t) is updated in GRU-style (Cho
et al., 2014). A reset gate forgets stale evidence
when entropy is high, and an update gate preserves
memory when the token has remained stable and
certain. Thus h; acts as a signed memory of com-
mitment. Positive h; means the position is stable,
negative h; means the model is still oscillating.
The exact analytic gates are defined in App. A.1.

(t) (t=1) (t)
h;’ « PathGRU(h; 7, ¢;”), (1)
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Figure 2: Overview of CAPR. (a) Trace State / Cache & Steer: CAPR summarizes per-position confidence,
entropy, and stability into a path state, then uses it to steer the next reverse step while carrying only the previous
clean-token prediction and path state. (b) Branch & Prune: a shared denoising prefix is forked once at the branch
step, and siblings are kept by path-state quality. (c) Block Critic: a value head reads block-boundary states and
converts the final reward into per-block PPO weights. Self-distillation uses solved rollouts as supervised targets so

zero-variance groups still provide learning signal.

At step t, CAPR uses z; to steer the resulting
logits and then identifies the positions and sampled
token predictions to form z;_1. Across steps, only

z; and the path state h;t) are carried over and the
logits themselves are recomputed each step. CAPR
steers the logits as follows.

h ) (250 1)
A

A4 4= 2)
where A is a path state steering scaling constant. A
stable and confident token receives a positive push
and an oscillating token is dampened.

The same path state adjusts the confidence used
to choose which masked positions are revealed as

well as which unmasked positions should be re-
(t)

masked. First, we compute ;- as follows.
(®)
1+s:
) _ (&) ® @) J
K =¢; —i—'yhj a; — 3)

where + is a path state injection scaling constant.
K steers which positions are trusted enough to
unmask. If the denoising schedule decides to un-
mask K; tokens, CAPR selects
Uy = TopK,.., _pmsa (5, K0), (@)
For these positions in U, identified for unmask-
ing, the logit bias steers which token is sampled.
After sampling, the new prediction replaces z; for
the following denoising step and the logits them-
selves are not carried forward. Both steering sig-

nals in Eq. 3 and 4 come from the model’s own
denoising trace rather than an external classifier.

3.3 BRANCH & PRUNE

To explore alternative completions (see App. D),
and to assign granular rewards for every block in
every branch, at low compute cost, we perform
branching at the midpoint of the denoising trajec-
tory in CAPR. To reduce compute costs for each
branch, CAPR caches a prefix so that these sibling
continuations (i.e. branches) can start without any
extra forward pass. The prefix is a combination of
logits distribution at the branch step, along with the
predicted tokens, and path state h(*).

At a fixed fraction f (we set it to 0.5) of the
denoising budget N, it forks GG, branches from the
shared prefix. The fork reuses the stored branch-
step prefix and changes only the predictions for
the G branches by sampling a different G, for
every vocab token v in each branch. The pre-
dictions for each branch are then calculated as
arg max,, (ﬁgtl)) /T + gv) for every position j in U;
att = f, x N with G, ~ Gumbel(0,1). 7 is the
sampling temperature. Each sibling copies the cur-
rent path state and then completes the remaining
denoising steps independently.

This prefix caching gives the compute advantage.
One branch group costs [ f, + Gy(1 — f;)] N for-
ward steps, detailed comparision with baselines
on forward cost is given in App. B. At G,=2,
and f,=0.5, cost per rollout is Gib [fb + Gp(1 —
fb)}N =0.75N. To produce G rollouts, we run
M = [G/G}] such groups.

At a regular frequency schedule after the fork,
CAPR keeps the most useful branches rather than
carrying all of them forward. The score is com-
puted based on mean path state h® of the branch
and hence branches with more positions settled



into stable predictions receive higher scores. This
pruning is deliberately local and cheap. It does
not require evaluating a reward model at interme-
diate steps, it uses the same trace signal already
maintained by “Cache & Steer”.

Tree method branches many times and compares
final rewards of many continuations, but this ex-
pands compute quickly. CAPR instead creates a
small local comparison set by forking sibling con-
tinuations from a cached mid-trajectory state. Since
the siblings share the same prefix and differ only
in the suffix, their outcomes and path-state quality
give useful evidence about which later denoising
decisions are promising. Pruning them prevents the
small branch set from growing into a full tree.

3.4 BLOCK CRITIC

The block critic answers a simple question: after
seeing only the final reward, which blocks were
most useful? At each block boundary, CAPR stores
a compact state containing the path state, block
progress (number of unmasked tokens within the
block), prompt-level reward statistics, and tokens
revealed so far. Using this compact state, the value
head is trained as discussed in App. A.2.

After the rollout finishes, CAPR redistributes
the final reward R over blocks according to how
many tokens each block revealed, with the final
block also receiving the terminal outcome signal.
TD/GAE (Schulman et al., 2016; Sutton, 1988)
with a slowly updated target head Vj; (Lillicrap

et al., 2016) then produces one block advantage Ay
for each block b. Thus, the value head converts one
sparse outcome reward into block-level weights
over the denoising path.

For PPO, these block advantages are used only
to reweight the rollout-level GRPO advantage. Let
b;(j) denote the block in which token j of rollout
is revealed. CAPR computes

w;p = Bsoftmax(A4;1.8)s,
A, j = AFRPO [(1 = BD) + BrD Wi b, ()]

where B is the number of blocks. The factor B
keeps the mean block weight near one, so the block
critic redistributes the rollout-level signal rather
than changing its overall scale. Every token re-
vealed in the same block receives the same block
weight. When the value head is poorly calibrated,
the blend Srp is reduced and PPO falls back to-
ward the flat GRPO advantage. Appendix A.2 gives
the value-head features, TD targets, and blending

(&)

gate. At inference, the value head is removed and
only the trained LoRA-adapted policy remains.

3.5 Training Objective and CAPR Algorithm
The complete CAPR objective is

Leapr = Lppo + B LkL + AfLye2

(6)
+ LN + Ly

In Eq. 6, Lppo is the clipped PPO loss using
the block-weighted advantages from Eq. 5, 5Lxk1,
keeps the policy near the reference model, Ay L, 2
is a chi-square regularizer that damps large positive
log-ratio deviations, £nrr, is the self-distillation
loss on solved rollouts, and ¢, Ly trains the block
critic. The joint KL + x? design is motivated by
the observation that KL regularization alone is
too weak to prevent over-optimization of sparse
rewards (Huang et al., 2025a). Appendix A.2
gives the value-head features and calibration, Ap-
pendix A.3 defines Ly, and its schedule, and Ap-
pendix A.4 defines £, 2. Algorithm 1 summarizes
one optimization iteration.

Inference. At deployment, CAPR uses only the
trained LoRA policy with the standard single-path
dLLM denoising loop. Cache & Steer, branching,
pruning, the block critic, and self-distillation are
training-only mechanisms. Their signal has already
been distilled into the policy weights at train time.
Inference therefore uses the same number of model
forwards as the base dLLM, with no value head or
training-time path state.

4 Experiments

We evaluate CAPR on four verifiable reasoning
benchmarks under matched decoding budgets. The
experiments ask three questions: whether block-
level attribution improves final accuracy, whether
the gains hold across dense and mixture-of-experts
dLLMs, and whether the extra training signal is
cheaper than tree-structured rollouts.

4.1 Experimental Setup

Models and tasks. We evaluate LLaDA-8B-
Instruct (Nie et al., 2025b) and LLaDA-MoE-
7B-A1B-Instruct (Zhu et al., 2025b). Both are
trained with rank-64 LoRA adapters on frozen base
weights, bf16 activations, fp32 optimizer state, and
DeepSpeed ZeRO-2. Benchmarks are 4x4 Su-
doku, Countdown, GSM8K (Cobbe et al., 2021),
and Math500 (Lightman et al., 2024). Sudoku



Table 1: Pass@1 on four reasoning benchmarks at 256-
and 512-token generation budgets. CAPR is evalu-
ated with the same zero-shot setting, including prompts,
parser, deterministic decoding, and token budget as in
d-TreeRPO. Gray values show gains over the corre-
sponding base model.

Method Sudoku Countdown GSM8K  Math500

256 512 256 512 256 512 256 512

LLaDA-8B-Instruct

Base 6.7 5.5 195 160 76.7 782 324 362
+ Diffu-GRPO 129 11.2 313 37.1 79.8 819 341 39.0
+ VRPO 128 9.6 223 180 80.1 81.5 356 348
+ wdl 252 242 512 461 808 823 344 390
+ SAPO 203 161 520 563 80.6 82.1 33.8 384
+d2-stepMerge  76.1 662 524 52.1 8l.1 82.0 344 385
+ TraceRL 256 254 504 526 803 824 356 39.1

+ d-TreeRPO 929 803 71.1 621 812 826 377 389
93.0 927 727 699 824 824 379 398

+ CAPR +86.3 +87.2 +53.2

LLaDA-MoE-7B-A1B-Instruct

Base 127 81 426 414 718 71.0 30.1 422

+ Diffu-GRPO 173 154 50.1 482 742 737 38.1 434
+ wdl 406 354 566 587 762 764 39.8 434
+ SAPO 212 187 542 548 752 76.8 38.6 404
+ GDPO 312 306 58.1 534 748 752 384 412
+ TraceRL 274 252 542 49.1 754 76.1 40.0 44.1

+ d-TreeRPO 783 720 672 606 755 774 412 463
848 81.0 688 727 794 775 416 504

+ CAPR +72.1 +72.9 +26.2 +31.3 +7.6 +6.5 +11.5 +8.2

and Countdown stress exact constraint satisfaction,
while GSM8K and Math500 test mathematical rea-
soning from natural-language prompts.

Evaluation. We follow the d-TreeRPO evalua-
tion script (Pan et al., 2026): zero-shot pass@1, de-
terministic decoding (7=0), block length ¢}, =32,
and denoising steps N=L/2.

Baselines and hyperparameters. Baselines in-
clude the base model, Diffu-GRPO (Zhao et al.,
2025a), VRPO (Zhu et al., 2025a), wd1l (Tang
et al.,, 2026), SAPO (Xie et al., 2026), d2-
stepMerge (Wang et al., 2026), TraceRL (Wang
et al.,, 2025), GDPO where available, and d-
TreeRPO (Pan et al., 2026). CAPR uses
G=8 rollouts, Branch & Prune with fork
fraction f,=0.5 and Gp=2 sibling continua-
tions, GAE (7, Agac)=(0.99,0.95), value coeffi-
cient ¢,=0.5, chi-square regularizer coefficient
Ar=0.01, reference-KL coefficient 5=0.01, learn-
ing rate 3x 1075, and max self-distillation weight
wi*=0.10.  Baselines reproduced from d-
TreeRPO (Pan et al., 2026). App. C gives the full
configuration.

4.2 Main Results

Table 1 reports results for the two decoding budgets
L=256 and L=512 in separate columns so short-
and long-budget decoding are compared under the
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Figure 3: Training reward for the eight CAPR runs.
Curves are centred rolling means with raw reward shown
faintly. Sudoku shows the clearest cold start, GSM8K
and Math500 start from stronger base-model compe-
tence. (Top) LLaDA-8B-Instruct (Bottom) LLaDA-
MOoE-7B-A1B-Instruct. Refer App. F for contrast with
baselines

same parser, prompt format, and token limit for
every method. At L=256, CAPR is best or tied-
best on all reported tasks for both backbones.

On LLaDA-8B-Instruct, at L=256, CAPR
reaches 93.0 on Sudoku, 72.7 on Countdown, 82.4
on GSMSK, and 37.9 on Math500. Compared with
d-TreeRPO at L=256, the gains are +0.1, +1.6,
+1.2, and +0.2 points, respectively. The largest
absolute improvements over flat-rollout baselines
occur on Sudoku and Countdown, where the final
reward is sparse and a single rollout-level advan-
tage gives weak reward assignment.

Fig. 3 shows that training rewards improve con-
sistently across most tasks, with Sudoku exhibiting
the strongest cold-start effect and the steepest gains
during training. In contrast, GSM8K and Math500
begin from substantially higher initial rewards, in-
dicating stronger base-model competence but com-
paratively smaller RL-driven improvements. The
MoE backbone generally shows noisier optimiza-
tion dynamics than the dense model, though both
converge to stable high-reward regimes.

On LLaDA-MoE-7B-A1B-Instruct, CAPR ob-
tains 84.8 on Sudoku, 68.8 on Countdown, 79.4
on GSMS8K, and 41.6 on Math500. This is +6.5
over d-TreeRPO on Sudoku and +1.6 on Count-
down, +4.1 on GSM8k while slightly improving
the best prior scores on Math500. Thus, same
training recipe transfers from dense backbone to
sparse-MoE backbone without task-specific retun-
ing. Case study in App. H

Table 2 reports wall-clock cost on 8xA100-
80GB. CAPR takes 165 seconds per optimization
step versus 596 seconds for d-TreeRPO. The sav-
ing comes from sharing the early denoising prefix



Table 2: Compute cost on 4 x4 Sudoku with LLaDA-8B-
Instruct. Batch = wall-time per rollout batch; Update =
wall-time per parameter update; Conv. = total training
time to convergence. Baselines reproduced from (Pan
et al., 2026). For all batch size = 4/device

Method Batch (s) Update (s) Conv. (h) Acc (%)
Diffu-GRPO 111 9.12 ~24 12.9
wdl 86 7.21 24 252
SAPO 423 35.25 ~72 20.3
GDPO 153 12.72 ~48 25.7
TraceRL 604 43.14 ~48 25.6
d-TreeRPO 596 9.91 48 92.9
CAPR 165 10.10 ~24 93.0

Table 3: Module ablation on 4 x4 Sudoku (LLaDA-8B-
Instruct). Br/Pr/Cr/SD denote Branch, Prune, Block
Critic, and self-distillation. Metrics are computed over
the last 200 steps.

Br Pr Cr SD Tpeak Tlast200 DKL ZST
v 0.27 0.20 0.61 0.00
v v 0.36 0.34 1.30 0.00

v 0.48 0.50 3.07 0.00
v v 0.53 0.46 0.81 0.00
v v v 0.85 0.69 0.16 0.00
v v v v 1.00 0.83 1.15 0.22
v v v v 0.90 0.83 0.21 0.10

and spending extra forwards only on a small num-
ber of suffix continuations, while the block critic
supplies the per-block attribution.

4.3 Ablation: Contribution of Each
Mechanism

Table 3 and Figures 4 and 5 isolate the CAPR mech-
anisms on Sudoku, where sparse rewards make
reward assignment most visible. Branch-only train-
ing improves over Diffu-GRPO but stays in the
low-reward regime, adding pruning gives only a
modest lift. The block critic is the first component
that changes the learning curve substantially. By it-
self it reaches 0.48 peak reward, and together with
Branch & Prune it reaches 0.85. This shows that se-
lective suffix exploration and per-block attribution
are complementary rather than interchangeable.

The full model adds self-distillation on top of
this branch—critic stack. In Figure 4, the full CAPR
curve rises into the high-reward band early and
remains above the non-distilled variants for most
of training. Figure 5 shows the same progression
as peak rewards: 0.27 for Branch only, 0.36 with
pruning, 0.85 with Branch & Prune plus the Block
Critic, and 0.90-1.00 for full CAPR depending on
maximum self-distillation weight w:3**. We select
weg™*=0.10 because it keeps the last-200 reward
equal to the highest-peak variant while reducing
KL from 1.15 to 0.21.

Figure 6 explains the role of self-distillation.
Without self-distillation, zero-variance groups con-

Branch only
Branch + Prune
Block Critic
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Figure 4: Sudoku training reward under progressive
activation of CAPR mechanisms. Branching and prun-
ing alone give small gains, the block critic changes the
slope, and self-distillation moves the curve into the high-
reward band.
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Block Critic
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Full CAPR (Wsg = 0.05)
Full CAPR (Wsg = 0.10)
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Figure 5: Peak Sudoku reward by ablation configuration.
The bar chart mirrors Table 3. The largest jump occurs
when Branch & Prune is paired with the Block Critic,
followed by self-distillation.
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Figure 6: Sudoku stability diagnostics. Left: self-
distillation (SD) turns solved zero-variance groups into
usable signal. Right: full CAPR avoids the large gradi-
ent spikes seen without self-distillation.

tribute no relative advantage and therefore pro-
vide little training signal. Full CAPR reuses
those solved groups as supervised targets, so the
zero-variance ratio rises when more rollouts are
solved instead of becoming dead data. The gra-
dient panel shows the trade-off. Branch only has
small gradients but weak learning, CAPR without
self-distillation has large spikes, and full CAPR
keeps useful solved-group signal while producing
a smoother late-training gradient profile.

4.4 Training Dynamics

Table 4 and Figure 7 check whether the accuracy
gains come from unstable policy drift. For the
dense backbone, reference KL stays below the
0.4 guide line in all four tasks. Countdown and



Table 4: Training-time diagnostics for the eight main
CAPR experiments. Reward statistics use the last 200
steps up to the selected peak; the remaining columns
are medians over the same window.

Sudoku Countdown GSM8K Math500

\ .
. e P

Benchmark — rpeax T1ast200 Dxkr, X?eg Ly x103 V|

LLaDA-8B-Instruct

Sudoku 0.90 0.83 0.29 0.25 1.0 0.00
Countdown 0.87 0.63 0.07 0.18 4.0 0.05
GSMSK 0.81 0.78 0.06 0.14 6.0 0.08
Math500 0.45 0.36 0.07 0.21 5.0 0.06
LLaDA-MoE-7B-A1B-Instruct
Sudoku 0.97 0.72 1.02 0.09 17.0 0.13
Countdown 0.94 0.60 0.57 0.15 13.0 0.13
GSMSK 0.86 0.64 0.06 0.28 7.0 0.12
Math500 0.55 0.34 0.97 0.03 7.0 0.14
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Figure 7: Dense-backbone diagnostics. Reference KL
stays below the guide line, the chi-square regularizer
remains bounded, and the value-head MSE stays small
across benchmarks.

GSMSK remain especially close to the reference
model, while Sudoku and Math500 move more be-
cause they require larger changes from the base pol-
icy. The chi-square regularizer statistic rises when
learning accelerates but stays bounded, and the
value-head MSE remains small, indicating that the
block critic is tracking the changing policy rather
than diverging.

The MoE rows in Table 4 show the same qualita-
tive pattern with higher task-dependent KL on Su-
doku and Math500, which is expected for routing-
sensitive logits. Importantly, the reported check-
points still have controlled gradient norms and sta-
ble last-window rewards. Figure 8 gives the com-
plementary view. The block critic loss typically
peaks when the policy is changing fastest and then
falls or stabilises, while the self-distillation NLL
tracks how predictable solved rollouts become.
These modules are therefore useful as training-time
attribution and stabilization signals, but they are
removed at inference, only the trained LoRA policy
is used.

0 10
fraction of training
—— value-head loss Ly ---- self-distillation NLL Ly,

Figure 8: Block Critic loss and self-distillation NLL for
the eight CAPR runs. Curves are min-max normalized
within each panel, peaks mark phases where the policy
changes fastest. (Top) LLaDA-8B-Instruct (Bottom)
LLaDA-MoE-7B-A1B-Instruct.

Table 5: Hyperparameter sensitivity on 4x4 Sudoku
(LLaDA-8B-Instruct). Entries are peak training reward
for maximum self-distillation weight w3;** and learning

rate 7, other settings are in App. C.

Configuration 7n=3x10"° 77:5><10_5
wig™*=0 0.85 0.63
wii**=0.05 1.00 0.85
wig**=0.10 0.90 0.78

4.5 Hyperparameter Sensitivity

Table 5 varies the two most important optimization
knobs on Sudoku. The lower learning rate is con-
sistently better. The selected setting, w2;**=0.10
and n=3x1077, gives slightly lower peak reward
than w;}**=0.05 but substantially tighter KL and
smoother gradients, hence used in all exps.

5 Conclusion

Masked diffusion language models expose a denois-
ing trace that standard RL post-training largely ig-
nores. CAPR turns this trace into a training signal.
It records confidence, entropy, and token stability
in a compact path state, uses that state to steer re-
verse denoising steps, reuses cached prefixes to cre-
ate cheap sibling continuations, and trains a Block
Critic to convert one final outcome reward into per-
block PPO weights. In this way, CAPR preserves
the locality of tree-style comparisons without ex-
panding a full search tree.

Across dense and mixture-of-experts LLaDA
backbones, CAPR improves reasoning under the
same decoding setting as the baselines. At the
matched 256-token budget, it is best or tied-best
on all reported tasks, with the largest gains on
Sudoku and Countdown, where flat rollout-level
signals are weakest. The 512-token results show
that the same pattern holds at longer generation



lengths. On Sudoku, CAPR matches the strongest
tree-structured baseline while using less than one
third of its per-step wall-clock time. The ablations
show that the gains do not come from branching
alone. Branching and pruning add useful diversity,
the Block Critic provides the largest intermediate
improvement by localizing the reward signal, self-
distillation keeps solved groups useful after group-
relative advantages vanish, and the chi-square regu-
larizer limits unstable ratio spikes. CAPR therefore
offers a practical middle ground for dLLM-RL,
with finer reward assignment than flat rollouts at
substantially lower cost than full tree expansion.

Limitations

CAPR is evaluated on automatically verifiable rea-
soning tasks. This is a controlled setting for study-
ing reward assignment, but it does not establish
performance for open-ended instruction following,
factuality, dialogue safety, or preference-based ob-
jectives where rewards are noisier and less local.
The experiments also use zero-shot pass@1 decod-
ing, pass @k evaluation, robustness under different
sampling settings, and out-of-domain prompts re-
main important tests of generalization.

The block critic is learned online from the same
rollouts used to update the policy. This keeps
CAPR lightweight, but the value estimates may
be less reliable for very long reasoning chains, de-
layed subgoals, or domains where many partial tra-
jectories can lead to the same final reward. CAPR
is also tested only on LLaDA-family masked diffu-
sion language models. Other dLLM architectures
may expose different trace statistics, and branch
fraction, block size, self-distillation weight, and
value-head calibration may need retuning.

Finally, the compute measurements reflect
our software stack and 8 x A100-80GB hardware.
CAPR reduces denoising continuations relative to
tree expansion, but it still requires RL fine-tuning
of large language models. Memory layout, kernel
efficiency, and distributed-training overhead can
change wall-clock cost on other systems.

Ethical Considerations

CAPR is a training algorithm for improving rea-
soning in masked diffusion language models. The
experiments use public reasoning benchmarks with
automatically checkable rewards, and we do not
introduce new user data or sensitive annotations.
However, stronger reasoning models can be mis-

used in the same ways as other capable language
models, including producing misleading explana-
tions, assisting harmful workflows, or making in-
correct answers appear more persuasive. CAPR
does not add a safety-alignment layer, so user-
facing deployments should retain the safeguards,
monitoring, refusal behaviour, and domain-specific
evaluations required for the underlying model.

RL fine-tuning large models also has an envi-
ronmental cost. CAPR is designed to reduce train-
ing cost relative to tree-structured rollouts, and we
report hardware and wall-clock measurements to
make that cost visible. Future work should continue
to report compute transparently and study whether
trajectory-aware signals can be reused across tasks,
seeds, or training runs.

We downloaded models from huggingface.
GSAI-ML/LLaDA-8B-Instruct' is available under
MIT license. inclusionAl/LLaDA-MoE-7B-A1B-
Instruct? is available under Apache license 2.0. The
models were used as per their intended use.
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A CAPR Optimisation Iteration

Algorithm 1 states the full per-prompt update used
in our experiments. The same loop runs unchanged
across the four benchmarks. Only the schedules
and weights listed in Table 7 differ. Symbols fol-
low §3: G is the target group size, f the branch
fraction, GG the number of branches per cached
prefix, B the number of blocks, 7, the Polyak rate
of the slow value head Vd-), B1p the TD blend, and
T«d the self-distillation reward threshold.

A.1 Path-State Update Details

For masked position j at denoising state z;, let
p;t) = mo(- | #); and vj(t) = argmax, p§t)(v).
Let ﬁj(t_l) be the token prediction carried from the
previous denoising update. CAPR forms the same

path-state features used in §3.2:

¢ =Pp; Y s; = Ly’ =75
()
o A7) () _ 01 _ o)
J 0N J J
maxy H (p,”)
(7
Here c§t) is confidence, sg.t) is stability, e§t) is nor-

malized entropy, and agt) is certainty. The Path-

GRU update in Eq. 1 is implemented as
Pt = a(a5(0.5 - ey))) ,

J

(t) (t)
sy’ +a;
u§t> _U<as <J2J _0,5>> ,

m® = 129 — 1)1 +alP) (1 +s1),
7t _ () g, (t—1) )y, ()
h;’ = tanh(rj h; + (L =77 )m; ) ,

B = RMSNorm (u”h{ ™) + (1 = u{)R{"), @)
where r](-t) is the reset gate and u§t) is the update
gate, o and « are constants. The final RMS
normalization is applied across positions in the
sequence and prevents prompt-dependent hidden-
scale drift.

A.2 Block Critic Features and TD Blending

Weuse b € {1,..., B} for block index and reserve
t for denoising time. At block boundary b, the
value head receives a compact state with both scalar
features and a pooled token-embedding feature:

wb = (M(hb)> U(hb)7 pznaSky b/(B_l)v qu UR(q), €b) 7(9)
where p(hy) and o (hy) are the mean and standard

deviation of the path state inside the current block,

piask i the fraction of positions in that block that

remain masked, (R,, or(g)) are the mean and stan-
dard deviation of outcome rewards among rollouts
for prompt ¢, and ey, is the average input embed-
ding of the tokens that have already been placed in
block b.

For rollout ¢ with final outcome reward R;, let
n; », be the number of tokens unmasked in block b,
i.e., positions that switch from [MASK] to a visible
token while block b is being denoised. CAPR forms
reward-conserving block rewards
(1~ wp) Rill[b = B,
Ec:l Ni,e

(10)

The first term gives dense block supervision propor-
tional to the tokens revealed in each block, while
the second term keeps the terminal outcome signal
on the final block. This mattered in runs that reach
EOS before block B, instead of 1/B it will be ac-
curate with n; 5/ >~ n; ., where n; 5 is the number
of tokens latest unmasked in block b.

b = Whikl

The target head V; computes TD residuals
and GAE advantages on the block-boundary
chain (Schulman et al., 2016; Sutton, 1988):

Gip = 1ip + YVg(sipt1) — Vi(sip),
B-b

Az‘A,b = Z(VAgae)%i,bM,
=0

(1)

with ng(SL B+1) = 0. The value-head regression
target is the corresponding A-return:

vl =sg (A +Vslsiw), (12
where sg denotes stop-gradient. The online value
head V; is trained to predict yXb, while V is up-
dated as a slow Polyak average (Lillicrap et al.,
2016).

The block-level signal is blended into PPO only
when the value head is calibrated. Let Ly be the
recent value-head loss and by, be a running baseline
tracking the best smoothed value loss so far. CAPR
uses

2
bV
—5

= (13)
b2 + Ly

qv B = Brp g

When the value head loss rises far above its base-
line, gy becomes small and CAPR falls back to-
ward the flat GRPO signal. As the value head re-
covers, the block weighting reopens automatically.



A.3 Self-Distillation Loss

CAPR uses self-distillation only during training.
Let A; be the active completion tokens of rollout 4,
i.e., the valid completion tokens selected by the cur-
rent PPO mask. In our reported runs all tokens in
A; are averaged uniformly, so no additional token
weighting is used.

First, solved rollouts supervise themselves with
a small next-token loss. LetC = {i : R; > 7y}
be the solved rollouts and let p.or = |C|/(QG) be
their fraction in a batch of () prompts. CAPR uses

Ly = —weg Ziec ZjeAi 108 To(y1g)
° ZiEC |~Az|

The effective self-distillation weight grows with
the solved-rollout fraction and is bounded by the
tuned maximum,

(14)

eff

Wgqg = min(wsdpgom maX) )

Weq (15)
so it is near zero when solved rollouts are rare, in-
creases as correct samples become common, and
never exceeds wi;™*. In Table 5, we vary this max-
imum while keeping the remaining self-distillation

settings fixed.

A.4 Chi-Square Regulariser

Sparse-reward updates can fail because of a few
tokens, not because the whole completion moves
too far. In a solved rollout, PPO may strongly in-
crease the probability of a small number of already-
likely tokens. These upper-tail log-ratio spikes can
dominate the gradient, especially when most other
rollouts have zero or identical reward. Standard
PPO clipping and KL regularisation (Kakade and
Langford, 2002; Schulman et al., 2017) control av-
erage policy movement, but they do not specifically
target this token-level upper tail.

CAPR therefore adds a small outlier-only y?
term. It is not a second full KL penalty: ordi-
nary movement is still handled by PPO and KL.
The extra term activates only when a token’s cen-
tred log-ratio is unusually large and positive. This
follows the robustness motivation of chi-squared
preference optimisation (Huang et al., 2025a) and
is related in spirit to asymmetric policy-gradient
controls that treat positive and negative update di-
rections differently (Yu et al., 2025; Xie et al.,,
2026). For each sequence, CAPR computes d; =
log 9 (y;) — log et () on the active completion-

token set .4 and normalises it by

d= A7) dy,

keA
1/2
Sq = (|.A|_1 Z(dk - CZ)Q) N
. 7k€A
dj = (dj — d)/(s4 + €). (16)
Only the upper tail is penalized:
. 2
Lo=[ATY [dj — 1L. (17)

JeEA

The one-sided form is important. Positive spikes
make the new policy over-commit to a few sampled
tokens. Negative movements usually reflect proba-
bility mass being moved away from sampled tokens
and are already bounded by the clipped PPO objec-
tive. Penalising both sides equally would make the
regulariser behave like another broad KL term and
would unnecessarily resist useful exploration.

A simple trust-region view gives the same
intuition. For bounded token advantages, the
performance-difference bound contains an error
term proportional to how far the new policy moves
from the old one (Kakade and Langford, 2002).
Since total variation is controlled by chi-squared
divergence, keeping the upper-tail x? small bounds
the harmful part of the update:

J(mg) — J(m9) 2 Appo — Cy/Lyz,  (18)

for a constant C' depending on the advantage scale.
CAPR uses Eq. 17 only as a soft penalty, so the
method keeps the usual PPO/KL update while
damping the rare token-level jumps most likely
to destabilise sparse-reward training.

B Denoising Forward-Pass Cost

We compare rollout-generation cost by counting de-
noising model forward passes for one prompt. This
is the shared cost paid before the PPO-style update.
For shared quantities we follow the d-TreeRPO
comparison setting (Pan et al., 2026): comple-
tion length L=256, and denoising budget N =256.
CAPR-specific quantities use our reported values in
Appendix C: branch fraction f;=0.5 and branches
per cached prefix G,=2, G=8 terminal comple-
tions.

Flat methods sample each completion indepen-
dently. With G completions and /N denoising steps
per completion, the cost is

Cﬂat =GN. (19)



Algorithm 1 One CAPR optimisation iteration for
prompt g.
Require: Policy 7y, reference ¢, value head Vi, and target
head V.
Require: Rollouts GG, branches per cached prefix G, fork
fraction fp, denoising steps IV, blocks B.
1: Set M = [G/G,] cached prefixes and initialise path
state h = 0.
2: form=1,...,M do
3: Denoise from zy to the fork step fp N, updating h
from confidence, entropy, and stability.
4: Cache the fork-step state and spawn G}, sibling con-
tinuations by resampling the cached scores.
5: Continue the siblings to completion with the same
trace update and steering rule.
6: At scheduled block boundaries, prune low-quality sib-
lings using mean path-state quality.
7: end for
8: Score the completed rollouts with the verifier to obtain
outcome rewards I?;.
9: for each rollout 7 and block b do
10: Form the reward-conserving block signal
Tip = Wolk i 27:7',’:1 -+ (1 — woi) RilL[b = BJ.
11: Compute TD residuals, GAE advantages Ai,b, and
value targets y}’/ p using Eq. 11 and Eq. 12.
12: end for
13: Convert block advantages into token weights with Eq. 5.
14: Optimise the policy and value head with Lcapr in Eq. 6,
including KL, x?, and self-distillation terms. ~
15: Update the target head by Polyak averaging: ¢ < (1 —
)P+ Tp.

Thus the flat baseline costs 8 - 256 = 2048 for-
wards.
For d-TreeRPO, we use the forward-count for-

mula reported in Pan et al. (2026). With tree branch-
ing factor By and depth H, the reported cost is

C _ Btree(BtIgee - 1) N
tree = C—.
e Btree -1 H

(20)

With Biee=4, H=2, (these settings are the min-
imal requirements as per (Pan et al., 2026)) and
N=256, this gives (4 +16) - 128 = 2560 forwards.

CAPR uses a smaller comparison set by sharing
the early prefix. One branch group runs a shared
prefix for f, N steps, then forks Gy, sibling suffixes
of length (1 — f;) N. Without pruning, one group
costs

Cgroup = [fb + Gb(l - fb)] N. (21)

Producing G completions requires G/G}, groups,
giving
G
Ccapr = G [fo+Gy(1 = f)]N.  (22)
With G=8, Gp=2, f,=0.5, and N=256, the no-

pruning count is 4 - 1.5 - 256 = 1536 forwards.
Scheduled pruning can only reduce this value. If

0=po <p1 <+ <pp <ppy1 = 1 are suffix
checkpoints and a,, siblings are kept on interval
[Pm, Pm+1], then one group costs

P

N fb"’(l_fb)zam(perl_pm) , (23)

m=0

which is no larger than the no-pruning value when-
ever a,, < Gy. Table 6 therefore reports CAPR’s
conservative upper bound.

Table 6: Per-prompt denoising forward-pass cost under
the d-TreeRPO comparison setting. Shared quantities
use, L=256, and N=256. CAPR-specific quantities
use Gp=2 and f,=0.5, G=8.

Method Forwards per prompt #fwd
Diffu-GRPO GN 2048
d-TreeRPO LECH I 2560
CAPR < G% [fo+Go(1—f5)] N <1536

C Hyperparameters

Table 7 reports the CAPR hyperparameters used
for the results in Table 1. Unless noted otherwise,
the values are shared across tasks.

D CAPR Search Efficiency

This appendix explains CAPR’s compute advan-
tage. The goal is not to prove a new convergence
theorem, but to clarify why a block-level value
head can recover much of the attribution signal that
tree rollouts obtain by spending additional forward
passes.

D.1 Tree Search reduces Variance by
spending Forwards

Tree methods branch a partial denoising path, fin-
ish many continuations, and compare their final
rewards. If a node has B!, __ leaves, the reward
average at that node has variance roughly

2
O-R|st

BH

tree

Var(Riree | St) ~ (24)
where aélSt is the outcome-reward variance after
state s;. This is useful, but the variance reduction
is purchased by evaluating many continuations.

D.2 CAPR learns the same Signal Once

CAPR keeps only a small number of continuations,
but it records the path state at every block boundary.
For block boundary state s;, the value head learns

V¢(8b) ~ E[R | Sb], (25)



Table 7: CAPR hyperparameters, organised by mecha-
nism.

Group Parameter Value
Generation & rollouts
target rollouts G 8
block length £y, 32 tokens
number of blocks B L/l
denoising steps NV L/2
evaluation temperature 0/ pass@1 decoding
rollout temperature 1.0
Cache & Steer path state (§3.2)
a, (entropy gate scale) 4.0
a (stability gate scale) 5.0
7 (path-state injection) 0.15
A (path-state steering scale) 1.0
Af (X2 coefficient) 0.01

B (reference KL coefficient) 0.01

Branch-and-prune sampler (§3.3)

branch fraction fj, 0.5
branches per cached prefix G, 2
first prune checkpoint pq 0.33
second prune checkpoint p2 0.67
keep ratio 0.75
Block Critic (§3.4)
TD discount ~y 0.99
GAE Agae 0.95
value-MSE coefficient ¢, 0.5
value-head hidden dim 128
Polyak coefficient 7, 0.005
replay-buffer size 32
block-shaping mass wy,i 0.20
Self-distillation loss (Appendix A.3)
wgq (base NLL scale) 0.10
wi™ (maximum NLL weight) 0.10
Tod (reward threshold) 0.99
power p 2.0
7~L1L (NLL clamp) 3.0

Optimisation

learning rate 7 3x107°

optimiser AdamW

weight decay 0.1

gradient clip 1.0

PPO inner epochs p 2

PPO clip € 0.4

LoRA rank (r, a, dropout) (128,64, 0.05)
DeepSpeed stage ZeRO-2

precision bf16 (fp32 master)

so it can estimate which blocks made the final re-
ward more likely before seeing many extra leaves.
The TD residual

Oop =1p + 7V¢_>(Sb+1) — Vd‘)(sb) (26)
turns one final reward into one block-level signal.
This is the same role that a tree plays: it tells the
optimiser which parts of a path were useful. The
difference is that CAPR learns this mapping and
reuses it, instead of rebuilding a fresh tree for every
prompt.

D.3 Why this is Stable

Two safeguards keep the learned signal from domi-
nating when it is unreliable. First, the target value
head Vj is a slow Polyak average of the online
head, which smooths noisy block targets. Second,
CAPR gates the TD blend using the recent value
loss: when the value head is poorly calibrated, 3,
becomes small and the update falls back toward the
flat GRPO advantage.

The self-distillation loss and chi-square regu-
lariser are local to the policy update and are de-
fined in Appendix A.3 and Appendix A.4. Self-
distillation copies solved rollouts back into the
LoRA policy, which is why the value head and
search machinery can be removed at inference.

D.4 Implication of the Bound

CAPR trades tree depth for a learned block predic-
tor. When the value head explains a nonzero part
of the final-reward variance, the resulting block
advantage has lower noise than a flat rollout advan-
tage at nearly the same generation cost. When the
value head is weak, the calibration gate reduces its
influence, so CAPR reverts toward the flat baseline
rather than relying on an inaccurate local signal.
This yields the following practical comparison:

tree search : lower variance by more leaves,

CAPR : lower variance by learned block values.

27)
The empirical diagnostics in §4.4 check this predic-
tion. The value loss decreases, the \? statistic stays
bounded, and the full CAPR run has the smoothest
gradient-norm trajectory.

E Detailed Descriptions of dLLM RL
Baselines

This appendix summarises the baselines in Table 1.
For each method, we describe its training signal,
the advantage assigned to token updates, and the
main approximation used for masked diffusion like-
lihoods. The goal is to make the comparison with
CAPR interpretable rather than to reproduce the
original derivations.

Diffu-GRPO (Zhao et al., 2025a). A direct port
of GRPO to masked dLLMs. The reward is the ver-
ifier outcome on the final completion o;, and the ad-
vantage A; j = r; — mean{r; }]G:l is broadcast to
every token of o;. The only dLLM-specific piece is
the log-probability estimator: rather than marginal-
ising over denoising orders, Diffu-GRPO evalu-



ates log 7y in a single forward pass on a randomly
masked prompt and a fully masked completion, and
re-samples the prompt mask each inner update for
regularisation. This makes training cheap but gives
every token the same rollout-level signal. CAPR
instead uses the per-block advantages of §3.4.

VRPO (Zhu et al., 2025a). A DPO-style prefer-
ence optimiser using offline pairs (g, 0", 0o') and
no explicit reward model. Since logmg(o | ¢q)
is intractable, VRPO substitutes an ELBO bound
Br(o | q) < logm(o | ¢q) and forms the DPO
score from differences of By, — By, on 0¥ and o'.
Two ideas reduce the variance of this estimator: an
optimal allocation of the sampling budget across
diffusion timesteps (more n;, fewer n,,) and anti-
thetic sampling that shares noise between the live
and reference models. The remaining gap is struc-
tural: the score is built on a lower bound, not the
true log-likelihood. VRPO is the recipe behind the
public LLaDA-1.5 release on LLaDA-8B-Instruct.

wdl (Tang et al., 2026). A ratio-free alterna-
tive to GRPO. After scoring a group with the
verifier, wdl maps the group-relative advantages
A; = R; — mean(Ry.¢) to softmax weights
wE = softmax(41)A;) and optimises 3, (—w;™ +
w; )logmg(0; | q), sidestepping the dLLM ratio
entirely. The token-level log-probabilities are still
approximated by the mean-field, single-pass esti-
mator of Diffu-GRPO, with the same rollout-level
signal for every token.

SAPO (Xie et al., 2026). An augmented Diffu-
GRPO with a step-aware reward. SAPO estimates
whether an intermediate diffusion state makes
progress by comparing the expected outcome of
rollouts continued from two intermediate states. In
practice, the cheaper variant continues from one
intermediate state and the fully masked state. The
combined signal Agmal = A; + 1[A; > 0] Rprocess
is again broadcast to all tokens, so the per-step gran-
ularity ends at the rollout level. Like Diffu-GRPO,
SAPO inherits the mean-field likelihood approxi-
mation under randomly masked conditioning.

GDPO (Rojas et al., 2026). A GRPO variant
that keeps the broadcast advantage but lifts the
importance ratio from token-level (mean-field)
to sequence-level via an ELBO surrogate, r; =
LELBO(Oi ’ q, 9)/LELBO(02' | q, Oold)- Variance
is controlled by replacing the outer Monte Carlo
over diffusion time with a small set of determinis-
tic quadrature points (typically N=2 or 3) and a

lightweight inner Monte Carlo over masked states.
As with VRPO, the optimisation runs on a bound
rather than on the true log-likelihood. We include
GDPO only in the LLaDA-MoE-7B-A1B-Instruct
section of Table 1 because Pan et al. (2026) report it
only on that backbone under their shared evaluation
setting.

TraceRL (Wang et al., 2025). A trajectory-
aware PPO that optimises along the model’s actual
decoding path rather than under random masking.
For each prompt, a rollout exposes a chain of inter-
mediate states (21, ..., 2p). For a token o; revealed
at the transition z; — z;_1, the importance ratio
is computed on 7(- | z;). A diffusion-based value
model Vp, then produces per-token GAE-style ad-
vantages, giving a fine-grained learning signal. The
trade-off is the standard one: a learned value model
is sensitive to value mis-specification and reward
hacking, and the trajectory-conditioned likelihoods
do not correct for the marginalisation over alterna-
tive decoding orders that lead to the same o.

d-TreeRPO (Pan et al., 2026). A tree-rollout
baseline. Each prompt expands into a balanced tree
of branching factor B and depth H. Every node
represents an N/ H-step diffusion segment, and
the per-tree-node advantage is averaged bottom-
up from leaf rewards. This gives the finest non-
CAPR advantage signal in our comparison, but the
B(B"-1) N
cost grows as —pz—— - ; forwards per prompt.
CAPR targets similar attribution granularity with
a single flat rollout structure, with cost linear in G
and independent of tree depth.

F Reward-Curve Comparison

Figure 9 compares CAPR training reward curves
with d-TreeRPO and the open-source Diffu-
GRPO (Zhao et al., 2025a) and wd1l (Tang et al.,
2026) baselines. CAPR moves from the low-
reward region into the same high-reward band
as the tree method while using the cheaper
cached/branched rollout structure. On GSM8K and
Math500, the base model already has stronger task
competence and the reward axis is much narrower,
so CAPR stays close to the d-TreeRPO curve and
may move slightly above or below it at different
parts of training. This is the expected behaviour:
on easier dense-backbone tasks, the main benefit is
stable without paying for full tree expansion, rather
than a large absolute change in training reward.



Diffu-GRPO wdl == d-TreeRPO === CAPR
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Figure 9: Training reward curves for CAPR compared with d-TreeRPO and open-source baselines Diffu-GRPO and
wdl across the four reasoning tasks.

G Training Details <answer>

G.1 Prompts </answer>

Prompts used in Sudoku, Countdown, GSM8k and Using only the numbers {NUMBERS}, create an
Math500 are as follows: arithmetic expression that evaluates to

exactly {TARGET}. You must use all numbers
from the list, and each number must be used
exactly once. You may use the operations +, -,
*, and / as needed. After reasoning, provide
only your final expression inside
<answer></answer> tags without including an
equals sign or the target number. For example,
if the numbers are [2, 3, 4] and the target is
5, a valid answer is: <answer>2*4-3</answer>.

### Sudoku

Please solve the following 4x4 Sudoku puzzle.
The puzzle is provided as a 16-character
string reading left-to-right, top-to-bottom,
where 'Q' represents empty cells.

Rules:
- Fill empty cells with digits 1-4
- Each row must contain digits 1-4 exactly

once ### GSM8k
- Each column must contain digits 1-4 exactly
once Respond in the following format:
- Each 2x2 box must contain digits 1-4 exactly <reasoning>
once e
</reasoning>
Important: Your solution must be a COMPLETE <answer>
16-character string with only the digits 1-4, e
representing your final solved grid. </answer>
Respond in this exact format: You are a math expert. You will be given a
<reasoning> question to solve. Solve it step by step. Put
Your step-by-step solving process only the final answer (the number) in the
</reasoning> <answer> </answer> tag without any other text.
<answer>
[16-character solution string with no spaces {QUESTION}
or separators]
</answer>

#it# Math500
Solve the following Sudoku puzzle: {PUZZLE}

Respond in the following format:

<reasoning>
### Countdown e .

</reasoning>
Respond in the following format: <answer>
<reasoning> .

</answer>

</reasoning>



You are a math expert. You will be given a
question to solve. Solve it step by step. Wrap
the final answer in a \\boxed{{}}.

{QUESTION}

G.2 Reward Functions

Sudoku. The reward is defined as the percentage
of correctly filled previously empty cells, with a
maximum value of 1 and a minimum value of 0.
Countdown. The reward is 1.0 if the provided
expression achieves the target using the given num-
bers. If the numbers used are correct but the target
is missed, the reward is 0.1. In all other cases, the
reward is 0.

GSMBSKk. During training, we utilize a correctness-
based reward, assigning a value of 1.0 if the pro-
vided answer matches the ground truth.

Math500. Similarly, during training, we employ
a correctness-based reward system, assigning a re-
ward of 1.0 if the given answer matches the ground
truth.

G.3 Dataset Links

Following previous works (Zhao et al., 2025a; Tang
et al., 2026), we adopt the 4x4 Sudoku training
and test sets provided by Diffu-GRPO (Zhao et al.,
2025a) for Sudoku. For Countdown, models are
trained on the 3to4 Countdown task training set?
and evaluated using the test set provided by Diffu-
GRPO. For GSM8K* and Math500°, we strictly fol-
low their official training-test splits for both train-
ing and evaluation. All datasets were used as per
their intended use.

H Case Study

This section presents a case study comparing
CAPR against its strongest baseline, d-TreeRPO,
on the same GSMS8K question, as shown in Fig-
ure 10. CAPR produces both a correct reasoning
process and the correct final answer.

Shttps://huggingface.co/datasets/Jiayi-Pan/
Countdown-Tasks-3to4

4https://huggingface.co/datasets/openai/gsm8k

Strain: https://huggingface.co/datasets/ankner/
math-500, test: https://huggingface.co/datasets/
HuggingFaceH4/MATH-500
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LLaDA-8B-Instruct + CAPR

Question: Digimon had its 20th anniversary. When it came out John was twice as old as Jim. If John
is 28 now how old is Jim?

Model Output:

<reasoning>

To determine Jim’s current age, we need to follow these steps:

1. Identify John’s age when Digimon came out.

2. Determine Jim’s age when Digimon came out.

3. Calculate Jim’s current age.

First, we know that Digimon had its 20th anniversary, so it came out 20 years ago. If John is currently
28 years old, then his age when Digimon came out was 28 — 20 = 8 years old.

Next, we know that when Digimon came out, John was twice as old as Jim. Therefore, let’s set up the
equation: 8 = 2 - Jim’s age. To find Jim’s age, we divide both sides by 2: Jim’s age = 8/2 = 4.
Now, we know Jim was 4 years old when Digimon came out. Since Digimon came out 20 years ago,
Jim’s current age is 4 + 20 = 24 years old. v/

</reasoning>

<answer>

24)v

</answer>
|\ J

LLaDA-8B-Instruct + d-TreeRPO

Question: Digimon had its 20th anniversary. When it came out John was twice as old as Jim. If John
is 28 now how old is Jim?

Model Output:

<reasoning>

To determine Jim’s current age, we need to follow these steps:

1. Understand that Digimon had its 20th anniversary, 20 years ago.

2. At that time, John was twice as old as Jim.

3. We are currently given that John is 28 years old.

Let’s denote Jim’s current age as J.

Since Digimon had its 20th anniversary 20 years ago, John was 28 — 20 = 8 years old at that time.
At that time, John was twice as old as Jim. Therefore, we can set up the equation: 8 = 2.J. To find
Jim’s current age, we solve for J: J = % =4.

Thus, Jim is currently 4 years old. X

</reasoning>

<answer>

X (ground truth: 24)

</answer>
. J

Figure 10: A case study comparing LLaDA-8B-Instruct trained with CAPR (top) and d-TreeRPO (bottom) on the
same GSM8K question. Both models correctly derive that Jim was 4 years old 20 years ago. CAPR carries the
temporal offset through the final step (4 + 20 = 24), whereas d-TreeRPO conflates “Jim’s age then” with “Jim’s
current age J” and stops at 4.
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