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Abstract

In settings where labeled verifiable training data is the binding constraint, each
checked example should be allocated to the model and reward density where it is
most informative. We identify a reward-density principle that governs this alloca-
tion: sparse sequence-level reward is most useful on models that can explore and
discover better behavior, while dense token-level teacher supervision is better suited
for compressing that behavior into a smaller deployment model. The principle
yields a simple allocation rule: use scarce labeled data upstream on the strongest
available teacher, then transfer the reward-shaped behavior downstream as dense
supervision.
We evaluate this rule through a four-stage workflow—teacher RL, forward-KL
warmup, on-policy distillation, optional post-bridge student RL—on verifiable
math with Qwen3 and Llama models. At fixed Qwen3-1.7B deployment-student
size, an RL-improved 8B teacher distilled through the dense bridge outperforms
direct GRPO on the same student (79.3% vs. 75.9% on MATH; 25.2% vs. 19.8%
on AIME 2024, avg@16), while transfer from the same teacher before RL un-
derperforms. A component ablation confirms that each stage is load-bearing:
replacing the RL-improved teacher with a raw teacher costs 7.8 MATH points,
removing the forward-KL warmup costs 1.7, and removing on-policy distillation
costs 3.3. The teacher-quality ordering—raw-teacher transfer < direct GRPO <
RL-teacher transfer—replicates on Llama-3.1-8B-Instruct with a Llama-3.3-70B-
Instruct teacher. The operational lesson is to avoid spending scarce labeled data
on the least prepared policy: use sparse reward for teacher-side discovery, dense
transfer for student compression, and student-side sparse reward only after the
bridge.

1 Introduction

Labeled training data is the bottleneck of LLM post-training. Pretraining text and teacher rollouts can
scale with compute; labeled data for verifiable tasks does not scale so easily. Each example needs a
problem with a checkable answer and a grader whose errors will not corrupt the reward. The practical
question is therefore not which post-training algorithm is best in isolation, but which model should
receive each scarce labeled example, with which density of signal, and in what order.

The default approach is to train the deployment model directly: if a 1.7B model is the deployment
target for MATH, run GRPO on it directly. This paper argues for a different allocation, and for the
simple reward-density principle behind it.

∗Equal contribution, order decided by a coin flip.
†Correspondence to yuanda@math.princeton.edu
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The reward-density principle. Sparse reward first defines a reward-shaped target distribution.
Direct GRPO asks the deployment student to discover this target from its own sparse rollouts. The
teacher-first route instead uses the labeled examples to train a stronger teacher, then treats that teacher
as a dense, autoregressive proxy for the target. The bridge is the projection step: forward KL moves
the student onto teacher support; OPD transfers the teacher under student occupancy. Sparse reward
is used where exploration is productive, and dense teacher supervision is used where the goal is
compression.
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Figure 1: Headline contrast on the same Qwen3-1.7B deployment student (avg@16, %; details in
Table 6). Each panel uses its own zoomed accuracy axis so the three runs stay visually comparable
across MATH and AIME. Allocating the same labeled training data to teacher RL plus the two-stage
bridge outperforms direct student GRPO at every benchmark.

What this changes in practice. The standard post-training pipeline—SFT, then RL on the deploy-
ment model—places the scarce labeled data in the least effective position first. The teacher-first view
prescribes a different order: allocate the labeled training data to a model large enough to use it, run
a two-stage dense bridge into the deployment model, and only then decide whether any held-out
labeled data remains worth using on the student. Figure 2 summarizes the resulting pipeline.
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Figure 2: Where labeled training data should be allocated. The teacher-side path (Stage 1: teacher
RL) discovers reward-shaped behavior; the two-stage dense bridge (Stage 2a: FKL warmup, Stage 2b:
OPD) converts it into token-level supervision for the deployment student; the optional post-bridge
student RL stage (Stage 3) uses any remaining labeled data on a now-trainable student.

Contributions. We evaluate the reward-density principle on verifiable math and make three contri-
butions:

1. Teacher-first allocation (Section 4). At fixed deployment-student size, a fixed pool of
labeled training data yields a stronger student when it is allocated to teacher RL plus dense
transfer than when it is allocated to direct student RL. The gain requires a reward-shaped
teacher: transferring the same base teacher before teacher-side RL underperforms direct
GRPO, so scale alone is not the cause.

2. A two-stage dense bridge (Sections 3 and 4.2). In the pre-Stage-3 transfer comparison, a
forward-KL warmup on teacher rollouts followed by OPD on student rollouts outperforms
both teacher-sample SFT and OPD-only transfer. The warmup reduces the cold student’s
coverage mismatch so that the subsequent OPD stage—which is a local trust-region update
under a dense teacher-induced implicit reward—is better conditioned.
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3. Post-bridge student RL (Section 4). The bridge changes student trainability: sparse-reward
GRPO that is weak on a cold student lifts the bridge endpoint above both direct GRPO and
a matched replay control that reuses bridge data.

Scope. The evidence is on verifiable math (MATH-500, AIME 2024, AIME 2025) with two
student-teacher families: Qwen3-family models [Yang et al., 2025] as the main study, and Llama-
family models [Grattafiori et al., 2024] as a cross-family replication (Section 4.3). The Qwen
deployment student is Qwen3-1.7B, paired with Qwen3-8B and Qwen3-14B teachers in two variants
each—off-the-shelf (“raw”) and RL-trained. The Llama student is Llama-3.1-8B-Instruct with a
Llama-3.3-70B-Instruct teacher. On-policy distillation requires a shared tokenizer; we therefore run
the recipe separately within each family. An additional non-RL teacher control (SFT-trained teacher)
is reported in Appendix B.

Terminology. A sparse reward is a sequence-level task reward R(x, y) available only at the end of
a trajectory. A reward-shaped target π∗

R is the KL-regularized policy induced by that reward. A dense
teacher signal is the token-level teacher log-probability rT (st, yt) = β log πT (yt | st) supplied by
a teacher that approximates π∗

R. OPD is reverse-KL distillation on student rollouts. The two-stage
bridge (or FKL-to-OPD) is forward-KL on teacher rollouts followed by OPD on student rollouts.

2 The Workflow

We now spell out the operational route implied by the allocation principle. The workflow takes a
fixed pool of labeled training data D, a deployment student πθ, and a larger teacher πT that shares the
student’s tokenizer. It produces a post-trained student through four stages; the theoretical justification
is deferred to Section 3.

Stage 1: Teacher-side sparse-reward RL. Run GRPO (or a comparable verifier-based RL al-
gorithm) on the teacher using D. This produces a reward-shaped teacher πT whose distribution
concentrates on high-reward trajectories. Standard recipes either skip this stage or replace it with
supervised fine-tuning on D; we argue in Section 3 that an RL-shaped teacher is qualitatively different
from an SFT-shaped one as a source of dense supervision.

Stage 2a: Forward-KL warmup on teacher rollouts. Sample K rollouts from πT on prompts in
D and train the student to match the teacher’s next-token distribution on those rollouts:

LF(θ) = Es∼dπT
KL(πT (· | s) ∥πθ(· | s)) .

This is supervised next-token training under teacher occupancy. It is mode-covering, off-policy with
respect to the student, and well-conditioned at cold start because it trains directly on teacher-supported
states.

Stage 2b: On-policy distillation under student rollouts. Sample rollouts from the current student
πθ and minimize the reverse-KL to the teacher on those rollouts:

LR(θ) = Es∼dπθ
KL(πθ(· | s) ∥πT (· | s)) .

The teacher’s log-probabilities are queried on-policy at the student’s sampled prefixes; the teacher
itself is frozen. This stage corrects the student on its own state distribution.

Stage 3 (optional): Post-bridge student-side sparse-reward RL. If any labeled data remains held
out from Stages 1–2, run GRPO on the bridged student using that held-out data. Section 4 shows
this stage adds value over (a) skipping it and (b) reusing already-seen bridge data for more student
updates.

The full workflow at a glance
Stage 1. Sparse-reward RL on teacher, using labeled data D.
Stage 2a. Forward-KL distillation on teacher rollouts.
Stage 2b. On-policy reverse-KL distillation on student rollouts.
Stage 3. (Optional.) Sparse-reward RL on student, using held-out labeled data.
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Stages 1–2 are the core bridge; Stage 3 applies only when labeled data has been split between teacher and
student.

What standard recipes drop. The SFT-then-RL recipe on the deployment model corresponds to
“replace Stage 1 with SFT on D, drop Stage 2 entirely, run Stage 3 on the full D.” DeepSeek-R1-style
teacher distillation [Guo et al., 2025] corresponds to “run Stage 1, keep only the off-policy half of
Stage 2 (teacher-sample SFT), drop Stage 2b and Stage 3.” Standalone on-policy distillation [Agarwal
et al., 2024, Lu and Thinking Machines Lab, 2025] corresponds to “run Stage 2b alone, dropping
Stage 2a.” The component ablation in Section 4 measures each of these omissions.

3 Theory: A Reward-Density Principle

We justify the workflow through a trust-region reading of on-policy distillation that mirrors recent
self-distillation analyses [Shenfeld et al., 2026]. The full derivation is in Appendix A; here we keep
the load-bearing equations and arguments.

Reward-shaped target. Let x be a prompt, y = (y1, . . . , yT ) a response, and st = (x, y<t) the
autoregressive state. A sequence-level verifier reward R(x, y) induces the KL-regularized target

π∗
R(y | x) = 1

ZR(x)πref(y | x) exp(R(x, y)/β), (1)

the optimum of Ey∼π[R(x, y)]− βKL(π∥πref) [Rafailov et al., 2023, Shenfeld et al., 2026]. Direct
student RL tries to recover π∗

R from the student’s own sparse rollouts. The workflow instead uses
sparse reward on a larger model and treats the resulting teacher as a proxy

πT (· | x) ≈ π∗
R(· | x). (2)

OPD as a local implicit-reward update. Let πk = πθk be the current student. The negative
reverse-KL gradient at πk equals the policy gradient of a dense per-token implicit reward R̃k

T :

−β∇θ KL(πθ∥πT )
∣∣
θk

= Ey∼πk

[
R̃k

T (x, y)∇θ log πθ(y | x)
]
θk

, R̃k
T (x, y) =

T∑
t=1

β log πT (yt|st)
πk(yt|st) .

(3)
Each OPD step is therefore the local trust-region update that maximizes Eπ[R̃

k
T ]− βKL(π∥πk). The

signal is a dense, on-policy, teacher-induced surrogate for the sparse verifier; its value depends on
two conditions on the proxy.

(C1) Optimality. The teacher must achieve near-maximal reward on the verifier: Ey∼πT
[R] ≈

Ey∼π∗
R
[R]. If πT has not been shaped by sparse reward, then the implicit reward in Eq. 3 pushes the

student toward an unshaped distribution—larger than the student, but not reward-aware. Stage 1 is
the device that enforces C1.

(C2) Minimal deviation. The teacher must lie within a small KL of the student in the relevant
state distribution: KL(πT ∥πθ) small at the current πk. When teacher and student have little cov-
erage overlap—e.g., a cold 1.7B student and a post-RL 8B teacher—the per-token implicit reward
β log(πT /πk) has high variance: it takes large magnitudes on student-sampled tokens the teacher
considers unlikely, while teacher-favored tokens are rarely sampled. The OPD gradient is then
dominated by a few outlier terms and updates are unstable [Li et al., 2026, Hou et al., 2026]. The
forward-KL warmup is supervised next-token training under teacher occupancy: it moves the student
onto teacher-supported tokens without student-side discovery, so that the post-warmup anchor πk is
closer to πT and (C2) is more plausible. Stage 2a is the device that enforces C2. Shenfeld et al. [2026]
satisfy (C2) by construction because their teacher is the same model conditioned on a demonstration;
our cross-scale setting must construct it explicitly.

Three falsifiable predictions. The reward-density principle yields three predictions for the experi-
ments in Section 4.

• (P1, C1): If Stage 1 is removed—a raw teacher in its place—the bridge endpoint should not
exceed direct student GRPO, regardless of teacher scale.
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Table 1: Direct GRPO across Qwen3 scales on MATH-500, AIME 2024, AIME 2025 (avg@16, %).
The Qwen3-1.7B row is the deployment-student baseline that the workflow must beat.

Model MATH AIME 2024 AIME 2025

Qwen3-1.7B 75.9± 0.9 19.8± 1.4 17.1± 0.9
Qwen3-8B 88.4± 0.8 47.7± 1.5 36.7± 1.2
Qwen3-14B 89.5± 0.7 47.1± 1.2 39.0± 0.9

• (P2, C2): If Stage 2a is removed—OPD without the warmup—the endpoint should fall
below the full bridge, because Eq. 3 is ill-conditioned at cold start. A purely off-policy
bridge (no Stage 2b) should also fall below, because the student never receives feedback on
its own states.

• (P3, post-bridge trainability): Once Stages 1–2 place the student in a useful neighborhood
of πT , fresh labeled examples in Stage 3 should produce sparse-reward gradients beyond
what extra updates on bridge data can extract.

4 Experiments

We test the three predictions through one baseline table (Section 4.1) and one component-ablation
table (Section 4.2) on the Qwen3 family—Qwen3-1.7B as the deployment student, with raw and
RL-trained Qwen3-8B and Qwen3-14B as teachers—then replicate the central teacher-quality con-
trast in the Llama family (Section 4.3). The Qwen experiments follow the workflow order: allocation
first, bridge second, and post-bridge student RL third, but fold these questions into a single ablation
table. Accuracies are avg@16 (each problem is scored by mean correctness over 16 independent
samples), with ± standard error across evaluation problems. The training stack builds on verl/Hybrid-
Flow [Sheng et al., 2024]; full hyperparameters and data splits are in Appendix F.

4.1 Direct GRPO baseline across scales

Table 1 establishes that, across Qwen3 models, larger models reach substantially higher endpoints
under the same algorithm. The 1.7B’s lower endpoint is not evidence of a broken optimizer; it reflects
two compounding factors: the model’s smaller intrinsic capacity, and the known inefficiency of
sparse-reward RL on a policy with near-zero base pass rate on hard problems. The workflow targets
only the second factor—the first is a hard ceiling no post-training procedure can move—and the
recoverable portion is what subsequent sections quantify.

4.2 Component ablation: each stage of the workflow is load-bearing

Table 2 is the central experimental result. It asks three questions in order: whether sparse reward
is better placed on the teacher than on the student, whether the bridge needs both the forward-KL
warmup and OPD, and when student-side RL becomes useful again. Each row removes one stage of
the workflow while holding all other stages and the labeled-data pool fixed. The top block isolates
Stages 1, 2a, and 2b in the full-DAPO setting without Stage 3. The bottom block isolates Stage 3 in
the half-split setting, where the first half of DAPO is used for the bridge and the second half is held
out for Stage 3 or for the replay control.

The table confirms all three predictions in Section 3.

(P1, Stage 1 enforces C1.) Removing teacher-side RL collapses the deployment student at both
teacher sizes. Raw 8B and 14B teachers distilled through the same bridge yield only 71.5% and
72.8% MATH—7.8 and 5.8 points below their respective full-workflow endpoints, and both well
below cold GRPO. The dense implicit reward in Eq. 3 carries useful gradient information only
when its source distribution has itself been shaped by sparse reward; scale alone is not the cause—a
larger raw teacher is if anything worse than direct student RL. A non-RL counterfactual (SFT-trained
teacher) sits between the raw and RL-trained endpoints and is reported in Appendix B.

(P2, Stage 2a enforces C2 and Stage 2b uses the local IRL identity.) Removing the forward-KL
warmup degrades MATH by 1.7 points at the 8B teacher (79.3 → 77.6) and by 1.5 points at the
14B teacher (78.6 → 77.1): the cold student’s coverage mismatch with the post-RL teacher makes
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Table 2: Component ablation of the workflow at both teacher sizes. Qwen3-1.7B deployment student;
avg@16 (%). Top: Stages 1/2a/2b, evaluated pre-Stage-3 on full DAPO. Bottom: Stage 3, evaluated
in the half-split setting (1H for bridge, 2H for Stage 3 or replay). Each row removes one stage of the
workflow.

Teacher Configuration MATH AIME 2024 AIME 2025

Stages 1, 2a, 2b (full DAPO; no Stage 3)

RL’d Qwen3-8B

Full bridge: Stage 1 + 2a + 2b 79.3± 0.7 25.2± 1.6 20.2± 1.3
− Stage 1 (raw teacher) 71.5± 0.9 15.0± 1.5 10.6± 1.2
− Stage 2a (no FKL warmup, OPD only) 77.6± 0.8 23.0± 1.4 18.9± 1.4
− Stage 2b (no OPD, teacher-sample SFT only) 76.0± 0.9 22.4± 1.5 19.4± 1.4

RL’d Qwen3-14B

Full bridge: Stage 1 + 2a + 2b 78.6± 0.9 24.6± 1.5 20.8± 1.5
− Stage 1 (raw teacher) 72.8± 0.8 16.7± 1.4 13.5± 1.3
− Stage 2a (no FKL warmup, OPD only) 77.1± 1.0 22.8± 1.5 18.6± 1.7
− Stage 2b (no OPD, teacher-sample SFT only) 76.5± 1.1 21.5± 1.5 17.0± 1.1

— − Entire pipeline (cold GRPO baseline) 75.9± 0.9 19.8± 1.4 17.1± 0.9

Stage 3 (half-split: 1H bridge, 2H held out)

RL’d Qwen3-8B
Full workflow: bridge (1H) + Stage 3 (2H) 78.5± 0.9 23.7± 1.5 18.5± 1.2
− Stage 3 (bridge only on 1H) 75.4± 0.8 22.0± 1.6 16.7± 1.4
◦ Replay control (Stage 3 reuses 1H data) 75.7± 0.7 21.6± 1.3 17.0± 1.2

RL’d Qwen3-14B
Full workflow: bridge (1H) + Stage 3 (2H) 78.7± 1.1 23.1± 1.7 19.2± 1.3
− Stage 3 (bridge only on 1H) 76.3± 1.1 22.7± 1.7 17.3± 1.2
◦ Replay control (Stage 3 reuses 1H data) 75.6± 1.0 22.4± 1.5 17.6± 1.0

the implicit reward high-variance and the OPD update poorly conditioned. Removing OPD and
keeping only the off-policy stage degrades further—to 76.0% and 76.5% respectively—because
teacher-sample SFT never gives feedback on student-only states. Both one-stage variants sit below
the two-stage bridge at both teacher sizes on MATH and AIME 2024, as the trust-region analysis
predicts.

(P3, Stage 3 adds value after the bridge.) Once Stages 1–2 place the student inside the teacher’s
neighborhood, sparse-reward RL on the held-out half lifts MATH from 75.4% to 78.5% at the 8B
teacher and from 76.3% to 78.7% at the 14B teacher (+3.1 and +2.4 points). The replay controls run
the same number of student updates on already-seen bridge data and never improve by more than 0.3
points, so the gains are attributable to new labeled examples rather than to extra updating. Cold direct
GRPO without the bridge reaches only 75.9%, confirming that the bridge changes student trainability
rather than merely providing a better initialization that subsequent RL can match from scratch.

Held-out-half allocation. A residual allocation question—whether the held-out half of the labeled
data is better spent upstream on the teacher or downstream on Stage 3—is examined in Appendix C.
The teacher-side route slightly outperforms the student-side route (0.8 MATH points at the 8B
teacher), but the gap is much smaller than the stage-ablation gaps in Table 2.

4.3 Cross-family replication on Llama

We test whether the teacher-quality ordering generalizes beyond the Qwen3 family by repeating the
central P1 contrast in the Llama family: a Llama-3.1-8B-Instruct deployment student paired with a
Llama-3.3-70B-Instruct teacher (Table 3). The same ordering reproduces—raw-teacher transfer <
direct GRPO < RL-teacher transfer. A 9× larger raw teacher is still worse than direct GRPO on the
student (55.4% vs. 59.8% MATH), confirming that scale alone does not satisfy C1; the same teacher
after Stage 1 RL is the best source (62.1%, +2.3 over cold GRPO; AIME 2024 14.9% vs. 12.5%).
The deployment-student gain is smaller in absolute terms than in the Qwen block because the 8B
Llama student has a higher base capacity than the 1.7B Qwen3 student and therefore less recoverable
headroom. The full Llama component ablation (Stage 2a, Stage 2b, half-split, replay, SFT-teacher
controls) remains future work.
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Table 3: Llama cross-family replication. Student = Llama-3.1-8B-Instruct, Teacher = Llama-3.3-
70B-Instruct; avg@16 (%). Each row uses the same protocol as the corresponding Qwen3 row in
Table 2.

Configuration MATH AIME 2024 AIME 2025

Direct GRPO (cold student) 59.8± 0.9 12.5± 1.2 7.2± 1.1
Two-stage bridge← raw 70B 55.4± 0.8 8.8± 1.5 3.1± 1.2
Two-stage bridge← RL’d 70B 62.1± 0.8 14.9± 1.8 9.2± 1.4

5 Discussion

What changes operationally. The standard reading of the post-training literature is a menu of
competing methods: SFT, RL, distillation. The reward-density principle turns that menu into an
allocation problem. Once OPD is viewed as a local implicit-reward update (Eq. 3), the design choice
is not only which method to run, but which model should receive which density of signal, and in
what order. Direct sparse-reward RL on the deployment model is inefficient placement on both axes:
sparse reward is given to the policy least prepared to use it.

Implication for model-family training. The practical recipe is clearest when a lab trains or
maintains a model family rather than a single deployment checkpoint. A larger teacher and a smaller
deployment student can be pretrained on the same data distribution, preferably with a shared tokenizer,
and kept as parallel post-training targets. The reward-density principle then says that labeled post-
training data should be allocated preferentially to the larger model first, because it can convert sparse
reward into a better reward-shaped distribution. The smaller model should receive that distribution
through the dense FKL-to-OPD bridge, with student-side sparse RL reserved for held-out labeled
data after the bridge.

Why student-side reward still matters. The post-bridge student-RL result keeps the recipe from
becoming a rigid “never train the student” rule. After the bridge, sparse reward on the student gives a
real 3.1-point lift on MATH and is strictly better than running more updates on bridge data. The right
framing is teacher-first with post-bridge student RL; the weaker framing is either “RL the student” or
“never RL the student.”

Limitations. The evidence is on verifiable math with two student-teacher families at relatively
small deployment scale (1.7B and 8B students, with teachers up to 14B and 70B). Whether the
teacher-first advantage persists, grows, or shrinks at larger scales—for example, a 70B student with a
400B+ teacher—remains open. The reward-density argument predicts persistence, but the marginal
value of sparse reward on a stronger student may shift the allocation balance. The bridge requires a
shared tokenizer between teacher and student. Code, instruction following, and open-ended tasks
would need their own verifier-density experiments, and we make no claim about an optimal way to
blend sparse and dense rewards beyond the staged version of Figure 2.

6 Related Work

Post-training reshapes LLM behavior through sparse-reward RL and teacher transfer: RLHF uses
sparse preference or outcome rewards [Ouyang et al., 2022, Stiennon et al., 2020, Bai et al., 2022],
while distillation transfers teacher behavior through dense supervised signals [Hinton et al., 2015].
We position this paper along both axes. Appendix D gives the per-paper detail.

Sparse-reward post-training. PPO, GRPO, and SFT-warmup-then-PPO recipes apply sparse
reward directly to the deployment model [Schulman et al., 2017, Shao et al., 2024, Luong et al., 2024].
Verifier-filtered SFT uses the reward only as a data filter [Zelikman et al., 2022, Singh et al., 2024].
Recent work increases reward density through self-distillation [He et al., 2026, Yang et al., 2026] or
reference-guided trajectories [Wu et al., 2026a]. These methods differ in how they use reward, but
they still train the deployment model on the labeled data. Our workflow uses the same data upstream
on a teacher and then densifies it through the bridge.
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Distillation and OPD. Knowledge distillation transfers teacher behavior into smaller models [Hin-
ton et al., 2015]; teacher-sample SFT is its off-policy form [Guo et al., 2025]. OPD corrects the
student on its own rollouts [Agarwal et al., 2024] and has been framed as dense on-policy teacher-
logprob reward [Lu and Thinking Machines Lab, 2025]. Self-distillation work gives a related
trust-region/implicit-reward derivation for demonstration-conditioned teachers [Shenfeld et al., 2026].
Related work connects distillation to entropy-regularized or RL-aware objectives [Liu et al., 2025,
Zhang et al., 2026b] and extends OPD through KL scheduling, token importance, chain compression,
and offline caching [Xu et al., 2026a,b, Sang et al., 2026, Wu et al., 2026b]. Our Eq. 3 uses the same
connection prescriptively: the dense implicit reward is only as good as the teacher proxy, so sparse
reward should first improve the teacher.

Reasoning teachers and data allocation. DeepSeek-R1 showed that RL-improved models can
teach smaller ones via SFT [Guo et al., 2025]; MiMo-V2-Flash extends this with multi-teacher OPD
that integrates domain specialists through on-policy token-level rewards [Xiaomi LLM-Core Team,
2026]. Our focus is different: not whether an RL-improved model can teach, but where a fixed pool
of labeled training data should be allocated—teacher-side or student-side—and what bridge connects
the two. Appendix E classifies representative methods along this axis.

7 Conclusion

We presented a four-stage post-training workflow—teacher RL, forward-KL warmup, on-policy
distillation, optional post-bridge student RL—that improves a Qwen3-1.7B deployment student from
75.9% to 79.3% on MATH and from 19.8% to 25.2% on AIME 2024 at fixed labeled-data budget.
The workflow is justified by a reward-density principle: each on-policy distillation step is a local
trust-region update under a dense teacher-induced implicit reward, informative only when the teacher
is reward-shaped (enforced by Stage 1) and lies within a trust region of the student (enforced by
Stage 2a). A single component-ablation table confirms that each stage is load-bearing: removing any
one stage costs 1.7–7.8 MATH points. The broader lesson is not to avoid student RL, but to apply it
after dense transfer has made the deployment policy trainable.
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A OPD as a Local Implicit-Reward Update

This appendix expands Eq. 3 of the main text and the surrounding trust-region argument.

Local trust-region identity. For a fixed prompt x, reverse-KL OPD minimizes

LOPD(θ) = KL(πθ∥πT ) = Ey∼πθ
[log πθ(y | x)− log πT (y | x)] . (4)

Let πk = πθk be the current student, and define the per-step fixed implicit reward

R̃k
T (x, y) = β [log πT (y | x)− log πk(y | x)] . (5)

The policy-gradient update that maximizes this reward at θk has gradient

∇θEy∼πθ
[R̃k

T (x, y)]
∣∣
θk

= Ey∼πk

[
R̃k

T (x, y)∇θ log πθ(y | x)
]
θk

. (6)

The negative reverse-KL gradient gives the same expression:

−β∇θLOPD(θ)
∣∣
θk

= βEy∼πk
[(log πT (y | x)− log πk(y | x))∇θ log πθ(y | x)]θk , (7)

where the +1 term from differentiating log πθ has zero expectation against the score function. Using
the autoregressive factorization log π(y | x) =

∑
t log π(yt | st), the sequence reward decomposes

into

R̃k
T (x, y) =

∑
t

β log
πT (yt | st)
πk(yt | st)

. (8)

Thus each OPD gradient step can be interpreted locally as policy-gradient learning with a dense
teacher-student likelihood-ratio reward. This is a local equivalence at πk, not a claim that OPD
globally optimizes the original sparse task reward.

Two levels of abstraction. Eq. 1 defines a reward-shaped fixed point π∗
R from a fixed base πref ; we

use it as bookkeeping for what teacher-side sparse RL approximates. Locally, each OPD step is the
per-step trust-region IRL update above, anchored at the current πk with πT playing the role of the
one-step optimum. The local identity holds at any θk regardless of which global πref was used to
define π∗

R—it is purely a fact about the linearization at πk.

Why FKL closes the (C2) gap. Eq. 3 is mathematically valid for any πT and πk, but it is informative
only when (C2) approximately holds at πk. When teacher and student have little coverage overlap,
the implicit reward β log(πT /πk) takes large magnitudes on student-sampled tokens that the teacher
considers unlikely, while teacher-favored tokens are rarely sampled and contribute little. The OPD
gradient is then dominated by a few outlier terms; updates are unstable. The forward-KL stage is
the explicit device that moves the local anchor toward the trust region of πT : on teacher rollouts,
LF = Es∼dπT

KL(πT ∥πθ) is mode-covering supervised next-token training, off-policy with respect
to the student, and well-conditioned at cold start because it trains directly on teacher-supported tokens.
FKL does not invoke the local IRL identity itself; its role is to move the anchor. After warmup, πθ

has substantial mass on teacher-supported tokens and the subsequent OPD stage applies the local
identity at a post-FKL anchor where (C2) is more plausible. Shenfeld et al. [2026] satisfy (C2) by
construction because their teacher is the same model conditioned on a task-specific demonstration; the
two-stage bridge is the cross-scale construction that obtains the same trust-region property explicitly.
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B Half-Split Experiments: SFT-Teacher and Bridge-Protocol Controls

This appendix gives the SFT-teacher control referenced in Section 4.2 and the bridge-protocol controls
within the half-split setting. The half-split construction itself is described in the bottom block of
Table 2: the DAPO-Math-17K training set [Yu et al., 2025] is split into two random halves 1H and
2H; Stage 1 and Stage 2 are run on 1H, and Stage 3 is run on either the held-out 2H (full workflow)
or on 1H (replay control).

SFT-teacher protocol. The SFT-trained teacher checkpoints used in Tables 4 and 6 are obtained
by supervised fine-tuning Qwen3-8B and Qwen3-14B on responses generated by gpt-oss-120B on
the DAPO-Math-17K prompts. They serve as a non-RL counterfactual to the RL-trained teachers:
same starting checkpoint and same prompt set, but improved through supervised next-token training
on a stronger model’s traces rather than through sparse-reward RL on the verifier. The intermediate
ordering (raw < SFT < RL) in Table 6 confirms C1: supervised teacher improvement helps but does
not replace teacher-side sparse-reward shaping.

Table 4: The same Stage 3 pattern holds when the teacher is SFT-trained instead of RL-trained,
but with lower MATH and AIME 2025 endpoints, consistent with C1: an unshaped teacher gives a
weaker bridge. Qwen3-1.7B student; avg@16 (%).

Teacher Student stage MATH AIME 2024 AIME 2025

SFT’d Qwen3-8B
After two-stage bridge (1H) 74.3± 1.0 21.8± 1.5 14.5± 1.2
+ GRPO on held-out 2H 77.2± 1.0 22.9± 1.3 18.4± 1.0
+ GRPO replay on 1H 74.0± 0.8 22.1± 1.1 14.2± 1.0

SFT’d Qwen3-14B
After two-stage bridge (1H) 75.8± 0.9 22.0± 1.5 15.1± 1.4
+ GRPO on held-out 2H 76.9± 0.8 23.2± 1.3 18.6± 1.1
+ GRPO replay on 1H 75.6± 0.7 22.3± 1.2 14.9± 1.2

Table 5: Bridge controls under the half-split setting. Each row uses the same RL-trained Qwen3
teacher and the same Stage 3 GRPO data; only the transfer protocol differs. The two-stage bridge
remains the strongest pre-Stage-3 starting point for student-side GRPO. Qwen3-1.7B student; avg@16
(%).

Teacher Transfer protocol MATH AIME 2024 AIME 2025

RL’d Qwen3-8B
two-stage bridge 78.5± 0.9 23.7± 1.5 18.5± 1.2
OPD only 77.8± 0.8 22.8± 1.2 16.6± 1.3
teacher-sample SFT 77.3± 0.8 22.5± 1.4 16.9± 1.4

RL’d Qwen3-14B
two-stage bridge 78.7± 1.1 23.1± 1.7 19.2± 1.3
OPD only 77.5± 0.9 21.9± 1.5 19.5± 1.2
teacher-sample SFT 77.2± 1.2 21.6± 1.8 19.0± 1.4

C Where Should the Held-Out Half Go?

A residual allocation question after Section 4.2: given a fixed labeled-data pool, where should the
second half (2H) go—into Stage 1 or into Stage 3?

The teacher-side placement uses both 1H and 2H upstream: the full DAPO set trains the teacher and
the bridge, with no Stage 3. This is the top block of Table 2; the RL’d 8B teacher endpoint is 79.3%
MATH. The student-side placement uses only 1H upstream and applies 2H as Stage 3 on the bridged
student: this is the bottom block of Table 2 (78.5% MATH). Both use the same total labeled data;
only the placement of 2H changes.

The teacher-side placement wins by 0.8 MATH points (AIME points are within standard error). The
margin is small relative to the gaps in Table 2: when teacher-side compute is the binding constraint,
the student-side route remains a competitive lower-cost alternative. The full transfer-only grid (raw,
SFT, and RL’d teachers at 1.7B, 8B, 14B, with one-stage transfer controls) is in Table 6.
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Table 6: Transfer-only endpoints at fixed deployment student (Qwen3-1.7B), without Stage 3. Raw
and SFT rows test C1 by using the same transfer protocol without teacher-side sparse RL. The 1.7B
RL’d-teacher rows are a same-size control that isolates the dense-reward effect from teacher scale.

Teacher checkpoint Transfer protocol MATH AIME 2024 AIME 2025

— Direct GRPO (cold student) 75.9± 0.9 19.8± 1.4 17.1± 0.9

raw Qwen3-8B two-stage bridge 71.5± 0.9 15.0± 1.5 10.6± 1.2
raw Qwen3-14B two-stage bridge 72.8± 0.8 16.7± 1.4 13.5± 1.3

SFT’d Qwen3-8B two-stage bridge 76.9± 0.9 22.1± 1.7 17.6± 1.4
SFT’d Qwen3-14B two-stage bridge 77.6± 0.8 23.2± 1.6 18.4± 1.5

RL’d Qwen3-1.7B two-stage bridge 76.5± 0.8 20.6± 1.5 17.1± 1.4
RL’d Qwen3-8B two-stage bridge 79.3± 0.7 25.2± 1.6 20.2± 1.3
RL’d Qwen3-14B two-stage bridge 78.6± 0.9 24.6± 1.5 20.8± 1.5

RL’d Qwen3-1.7B OPD only 75.2± 0.9 19.1± 1.5 12.4± 1.2
RL’d Qwen3-8B OPD only 77.6± 0.8 23.0± 1.4 18.9± 1.4
RL’d Qwen3-14B OPD only 77.1± 1.0 22.8± 1.5 18.6± 1.7

RL’d Qwen3-1.7B teacher-sample SFT 73.6± 0.9 16.7± 1.4 11.4± 1.0
RL’d Qwen3-8B teacher-sample SFT 76.0± 0.9 22.4± 1.5 19.4± 1.4
RL’d Qwen3-14B teacher-sample SFT 76.5± 1.1 21.5± 1.5 17.0± 1.1

D Extended Related Work

This appendix provides the per-paper detail that the shorter related-work section omits.

Sparse-reward post-training. In sparse-reward policy optimization, the reward directly updates
the policy through PPO, GRPO, or SFT-warmup-then-PPO recipes such as ReFT [Schulman et al.,
2017, Shao et al., 2024, Luong et al., 2024]. Systems work such as verl/HybridFlow makes these
RLHF dataflows practical by combining flexible algorithm representation with efficient distributed
execution [Sheng et al., 2024]. In verifier-filtered SFT, the reward is a data-construction rule: sample
candidate traces, keep correct ones, and then run supervised imitation [Zelikman et al., 2022, Singh
et al., 2024, Yang et al., 2024]. DPO and related derivations make explicit the link between reward
optimization and KL-regularized policy targets [Rafailov et al., 2023]. Recent RLVR work moves
beyond final-answer correctness by training on more informative intermediate reasoning behavior [Lee
et al., 2026]. A related line uses self-distillation to convert sparse binary RLVR rewards into dense
token-level supervision [He et al., 2026, Yang et al., 2026]. Reference-guided fine-tuning targets the
zero-reward hard-problem regime: partial human reference solutions elicit model-generated positive
trajectories before DAPO-style RL, raising the density of rewarding samples on problems the base
model cannot initially solve [Wu et al., 2026a].

Distillation and OPD. Knowledge distillation transfers behavior from stronger models into smaller
models [Hinton et al., 2015]. Reasoning-distillation work shows that intermediate traces can be more
useful than final answers alone [Fu et al., 2023, Li et al., 2022, Magister et al., 2023, Hsieh et al.,
2023]. Domain-aware distillation methods adapt transfer to domain knowledge and teacher-student
capability gaps [Bai et al., 2024]. Teacher-sample SFT is the off-policy form of this idea: imitate
teacher-generated traces, including the DeepSeek-R1 distilled models [Guo et al., 2025]. OPD
instead corrects the student on its own rollout distribution rather than only on teacher-generated
states [Agarwal et al., 2024]; related variants extend this idea to context distillation and black-box
teacher access [Ye et al., 2026, 2025]. Rubric-based OPD pushes the black-box direction further
by inducing prompt-specific rubrics from teacher-student contrasts and using weighted rubric pass
rates as on-policy rewards [Fang et al., 2026a]. Recent practitioner evidence frames OPD as dense
on-policy teacher-logprob reward and reports large compute-efficiency gains over sparse RL and
extended off-policy distillation [Lu and Thinking Machines Lab, 2025]. Liu et al. [2025] formulate
KD as entropy-regularized value optimization with on-policy and off-policy demonstrations, while
Zhang et al. [2026b] propose RL-aware distillation through advantage-aware selective imitation
during PPO/GRPO-style updates. Further OPD work studies a forward-then-reverse KL schedule [Xu
et al., 2026a], analyzes which student-state tokens carry the strongest learning signal [Xu et al.,
2026b], applies on-policy self-distillation to compress overlong reasoning chains [Sang et al., 2026],
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introduces temporal curricula and skill-conditioned self-distillation for multi-turn agents [Wang et al.,
2026b,a], and explores offline OPD through precomputed teacher log-probabilities [Wu et al., 2026b].
Concurrent analyses dissect when OPD succeeds or fails and propose unified recipes across LLM
and MLLM settings [Li et al., 2026, Hou et al., 2026], while Flow-OPD adapts OPD-style dense
multi-teacher supervision to flow-matching text-to-image alignment [Fang et al., 2026b]. Zhang et al.
[2026a] highlight that OPD can systematically miscalibrate confidence even when accuracy improves;
for a taxonomy of OPD feedback signals, teacher access regimes, and loss granularity, see Song and
Zheng [2026].

Reasoning teachers and data allocation. DeepSeek-R1 showed that large-scale RL can elicit
strong reasoning behavior and that smaller models can inherit it through supervised fine-tuning on
DeepSeek-R1-generated traces [Guo et al., 2025]. ORBIT studies a different control dimension: it
uses multi-stage RL under context-length constraints to discover Pareto-frontier reasoning-effort
policies, then fuses those policies by OPD into one controllable model [Liang et al., 2026]. Our
allocation question is different: where should scarce labeled training data enter the post-training
pipeline? MiMo-V2-Flash makes the OPD connection explicit through Multi-Teacher On-Policy
Distillation (MOPD) [Xiaomi LLM-Core Team, 2026]. Its post-training pipeline first runs SFT,
then trains domain-specialized teachers through RL or SFT, and finally integrates those teachers by
having the student sample from its own on-policy distribution while receiving token-level reverse-KL
rewards from the teacher selected for each prompt domain. The formulation is aligned with our
reward-density principle: the teacher log-probability ratio becomes a dense per-token advantage. In
our taxonomy, MOPD is a scalable multi-teacher OPD mechanism for capability integration, while
our paper studies how scarce labeled training data should be allocated before and after such dense
transfer.

E Method Classification

Table 7: Representative methods classified by where sparse reward enters and what signal is used for
transfer.

Method / reference Sparse reward use Transfer signal Student endpoint

InstructGPT [Ouyang
et al., 2022]

preference reward none RLHF policy

GRPO / DeepSeekMath
[Shao et al., 2024]

answer RL none RL policy

ReFT / PPO after SFT [Lu-
ong et al., 2024]

answer RL after SFT none RL policy

Verifier-filtered SFT [Ze-
likman et al., 2022, Singh
et al., 2024]

verifier as filter accepted traces SFT policy

Step-by-step distillation
[Fu et al., 2023]

none rationales distilled policy

GKD / OPD [Agarwal
et al., 2024]

teacher-dependent teacher logits OPD policy

DeepSeek-R1 distilled
models [Guo et al., 2025]

teacher-side RL SFT on teacher-generated
traces

distilled policy

MiMo-V2-Flash / MOPD
[Xiaomi LLM-Core Team,
2026]

specialized teacher
RL/SFT plus optional
outcome reward

multi-teacher OPD logits unified post-trained
model

This work teacher RL plus op-
tional post-bridge stu-
dent RL

FKL-to-OPD bridge workflow-trained stu-
dent
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F Implementation Details

All route comparisons keep the deployment-student size fixed. In the Qwen3 block, the student is
Qwen3-1.7B and the teacher checkpoints are the raw, SFT-trained, and RL-trained Qwen3 checkpoints
listed in Tables 1–5. In the Llama block, the student is Llama-3.1-8B-Instruct and the teacher is
Llama-3.3-70B-Instruct. OPD is only run within a model family, because the token-level KL in
Stage 2b requires a shared tokenizer and vocabulary.

Data splits. The Qwen allocation experiment uses a fixed random split of the DAPO-Math-17K
training set [Yu et al., 2025] into two equal halves. The first half (1H) is the teacher-RL and bridge
data pool for the half-split rows, and also the replay data pool for the replay control. The second
half (2H) is held out from teacher RL and transfer, then used for Stage 3 GRPO in the full workflow.
The full-workflow and replay rows therefore start from the same bridge checkpoint and use the same
Stage 3 data count and update count; they differ only in whether Stage 3 uses new labeled examples
from 2H or replay examples from 1H. The pre-Stage 3 ablation rows of Table 2 instead train teacher
RL and the bridge on the full DAPO set. All rows are evaluated on MATH-500, AIME 2024, and
AIME 2025, not on either DAPO training half. The SFT-teacher rows in Appendix B use the same
first-half/second-half construction, replacing only the source teacher.

Matched training protocol. Direct GRPO, Stage 3 GRPO, and replay GRPO use the same verifier
reward, advantage normalization, optimizer family, batch size, rollout count per prompt, length
limit, learning-rate schedule, KL settings, and update count within each matched contrast. The
full-workflow and replay rows are matched in checkpoint initialization, data count, rollout count,
update count, and sequence-length limit. Teacher-sample SFT and OPD-only ablations keep the
RL-trained teacher and Stage 3 GRPO fixed but replace the bridge protocol.

Bridge protocol. The two-stage bridge runs a forward-KL warmup on cached teacher rollouts
followed by OPD on student rollouts. The forward stage uses cached teacher rollouts and teacher
next-token distributions on those rollouts. The OPD stage queries the frozen teacher on the student’s
sampled prefixes, so the teacher signal is computed on-policy with respect to the current student
distribution. Implementation caches may store these logits for audit and replay, but the teacher
checkpoint is not updated. Unless otherwise stated, the forward and OPD stages use the same
maximum sequence length and tokenizer as the corresponding student/teacher family, and all teacher-
logit temperatures and KL coefficients are fixed across rows inside a contrast.

Evaluation and error bars. All reported accuracies are avg@16. For each evaluation problem,
the model samples 16 independent completions under the same decoding configuration; the problem
score is the mean correctness over those completions, and the table entry is the mean over problems.
The reported ± values are standard errors over evaluation problems, not standard deviations across
independently retrained checkpoints. Data-split seeds, decoding seeds, training seeds, rollout counts,
learning rates, KL coefficients, OPD temperatures, maximum prompt and response lengths, and
exact checkpoint identifiers are recorded with the run configuration for each table row, so the route
contrasts can be reproduced without changing non-ablation hyperparameters.
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Table 8: Key GRPO training hyperparameters for direct-RL and Stage 3 student-RL runs.

Group Parameter Value

Algorithm Framework VERL
Algorithm Estimator GRPO
Optimizer Optimizer AdamW
Optimizer Learning rate 1× 10−6

Update GRPO epochs 10
Update Mini-batch size 8
Update Micro-batch per GPU 1
Length Max prompt tokens 3072
Length Max response tokens 16384
Loss Clip ratio 0.2
Loss Gradient clip 1.0
KL KL coefficient 5× 10−4

Data Validation sets MATH-500, AIME 2024, AIME 2025
Compute Precision bfloat16
Compute GPUs 2× 8× NVIDIA H200
Compute Rollout engine sglang
Compute Tensor parallel size 16

Table 9: Key OPD/transfer-stage hyperparameters.

Group Parameter Value

Algorithm Framework VERL
Algorithm Estimator GRPO-style actor rollout
Optimizer Optimizer AdamW
Optimizer Learning rate 1× 10−6

Training setup Rollouts per prompt 8
Update Epochs 1
Update Mini-batch size 64
Update Micro-batch per GPU 4
Length Max prompt tokens 2048
Length Max response tokens 16384
Sampling Temperature / top-p / top-k 1.0 / 1.0 / −1
Data Validation sets MATH-500, AIME 2024, AIME 2025
Compute Precision bfloat16
Compute GPUs 2× 8× NVIDIA H200
Compute Rollout engine / TP size sglang / 2

16


	Introduction
	The Workflow
	Theory: A Reward-Density Principle
	Experiments
	Direct GRPO baseline across scales
	Component ablation: each stage of the workflow is load-bearing
	Cross-family replication on Llama

	Discussion
	Related Work
	Conclusion
	OPD as a Local Implicit-Reward Update
	Half-Split Experiments: SFT-Teacher and Bridge-Protocol Controls
	Where Should the Held-Out Half Go?
	Extended Related Work
	Method Classification
	Implementation Details

